
Math 4820
D. Schwendeman Problem Set 3

Due:
Thursday, 2/13/20

1. Consider the constant coefficient system y′ = Ay for the two cases

(i) A =

[
−4 1

2 −3

]
, (ii) A =

[
−1 5

−2 −3

]

(a) For each system, find the largest value of the step size h such that the Euler’s method
is absolutely stable.

(b) Repeat part (a) for the explicit midpoint method.

2. The trapezoidal method is an implicit 2-stage RK method which can be written in the
form

wn = wn−1 +
h

2
[f(tn−1, wn−1) + f(tn, wn)]

(a) Apply the trapezoidal method to the test equation y′ = λy to show that

wn =

(
1 + hλ/2

1− hλ/2

)
wn−1

(b) Show that the trapezoidal method is A-stable.

3. Consider the initial-value problem

d

dt
s(t) = −s+ (s+ 1) c s(0) = 1

ε
d

dt
c(t) = s− (s+ 2) c c(0) = 0

where ε is a positive constant. This IVP arises as a model of a biochemical system. Let
us take ε = 0.02, and consider the interval 0 ≤ t ≤ 1. Note that for small values of ε the
solution changes rapidly near t = 0 so that this is a stiff problem.

(a) Write a code to solve the IVP using the backward Euler method for a given h. (Note
that even though the method is implicit, you can manipulate the equations for this problem
algebraically so that you can determine the solution at the nth step explicitly in terms of
the solution at the previous step.)

(b) Compute solutions for h = 1/100 and h = 1/200, and plot the results with the “exact”
solution obtained using Matlab’s ODE45 code. Compute the global error in the backward
Euler solutions for each value for h. Does the error appear to be first order?

4. Consider the IVP
y′ = f(t, y), a ≤ t ≤ b, y(a) = α

A single-step method to solve the IVP can be constructed that selects the step size adap-
tively based on an estimate of the local error at each time step. To do this, let us assume
that the numerical solution wn−1 is known at a time tn−1, and that a value for the step
size h is known. Second-order and third-order accurate solutions at tn = tn−1 +h are given
by

w̃n = wn−1 +K2 (second order)

ŵn = wn−1 +
1

9
(2K1 + 3K2 + 4K3) (third order)



where
K1 = hf(tn−1, wn−1)

K2 = hf

(
tn−1 +

h

2
, wn−1 +

K1

2

)
K3 = hf

(
tn−1 +

3h

4
, wn−1 +

3K2

4

)
These solutions can be used to give the error estimate

`n =
1

h
|ŵn − w̃n| =

1

9h
|2K1 − 6K2 + 4K3|

Note that K1, K2 and K3 can be computed from the given data (tn−1, wn−1, h), and these
K’s give w̃n, ŵn and `n. Suppose a tolerance for the error, `max, and a minimum step size,
hmin, are chosen. Start with t0 = a, w0 = α, h = hmin and n = 1. The algorithm proceeds
as follows:

While tn−1 + h ≤ b, perform the steps:

1. Compute K1, K2 and K3 using (tn−1, wn−1, h), and compute w̃n, ŵn and `n.

2. If `n ≤ `max, then set tn = tn−1 + h and wn = ŵn, and assign n = n+ 1.

3. Compute q =
√
`max/(2`n) and assign h = qh.

4. If h < hmin, then print an error message, otherwise go to step 1 and repeat.

Algorithmic notes:

• The error tolerance is checked at Step 2 to determine whether the solution should be
accepted and thus n incremented.

• Regardless of whether the solution is accepted at Step 2, the value for h is adjusted
at Step 3. If the solution was rejected, then q will be less than one so that the value
for h is reduced. If the solution was accepted, then h may be increased or reduced
depending on q.

• You should include limits on q in Step 3 so that 1/2 ≤ q ≤ 2.

(a) Write a code to solve the IVP using the Runge-Kutta error-control algorithm described
above.

(b) Test your code for the IVP

y′ = 20 sin(t+ y2), 0 ≤ t ≤ 12, y(0) =
√
π

using `max = 0.001 and hmin = 0.0001. Plot the numerical solution versus t. It is also
interesting to plot h versus t. You can use Matlab’s ODE45 to check your results.


