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Abstract. A nonconforming penalty method for a two-dimensional
curl-curl problem is studied in this paper. It uses weakly con-
tinuous P1 vector fields and penalizes the local divergence. Two
consistency terms involving the jumps of the vector fields across
element boundaries are also included to ensure the convergence of
the scheme. Optimal convergence rates (up to an arbitrary posi-
tive ε) in both the energy norm and the L2 norm are established on
graded meshes. This scheme can also be used in the computation
of Maxwell eigenvalues without generating spurious eigenmodes.
The theoretical results are confirmed by numerical experiments.

1. Introduction

Let Ω ⊂ R
2 be a bounded polygonal domain. We consider the fol-

lowing curl-curl problem in this paper.

Find ů ∈ H0(curl; Ω) ∩ H(div0; Ω) such that

(1.1) (∇× ů,∇× v) + α(ů, v) = (f , v)

for all v ∈ H0(curl; Ω) ∩ H(div0; Ω), where f ∈ [L2(Ω)]2 and (·, ·) de-
notes the inner product of [L2(Ω)]2. Here the function spaces H0(curl; Ω)
and H(div0; Ω) are defined by

H(curl; Ω) =
{

v =

[

v1

v2

]

∈ [L2(Ω)]2 : ∇× v =
∂v2

∂x1
−

∂v1

∂x2
∈ L2(Ω)

}

,

H0(curl; Ω) = {v ∈ H(curl; Ω) : n × v = 0},
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where n is the unit outer normal along ∂Ω, and

H(div0; Ω) =
{

v ∈ [L2(Ω)]2 : ∇ · v =
∂v1

∂x1
+

∂v2

∂x2
= 0

}

.

A related eigenproblem is to find (λ, ů) ∈ R×[H0(curl; Ω)∩H(div0; Ω)]
such that ů 6= 0 and

(1.2) (∇× ů,∇× v) = λ(ů, v) ∀ v ∈ H0(curl; Ω) ∩ H(div0; Ω).

Since H0(curl; Ω) ∩ H(div0; Ω) is compactly embedded in [L2(Ω)]2 (cf.
[20]), it follows from the Fredholm theory that (1.2) has nontrivial
solutions for a sequence of nonnegative numbers (Maxwell eigenvalues)
λj (j ≥ 1) such that λj ↑ ∞ as j ↑ ∞. The problem (1.1) is well-posed
if α 6= −λj for j ≥ 1, and we assume this is the case throughout the
paper. It is also easy to check that the strong (distributional) form of
(1.1) is

(1.3) ∇× (∇× ů) + αů = Qf ,

where Q is the orthogonal projection from [L2(Ω)]2 onto H(div0; Ω).
The curl-curl problem (1.1) is related to the time-harmonic (frequency-

domain) Maxwell equations when α ≤ 0 and the time-dependent (time-
domain) Maxwell equations when α > 0. Historically, since it is difficult
to construct finite element spaces that are subspaces of H0(curl; Ω) ∩
H(div0; Ω), the numerical solution of (1.1) has not been considered,
even though ∇ · ů = 0 is a desired feature in many electromagnetic
problems. Instead, the curl-curl problem is posed on H0(curl; Ω) and
solved numerically by H(curl; Ω) conforming finite elements [35, 36, 11,
27, 32, 34]. See also [10, 5, 26, 3, 4, 22, 24, 19, 30, 31, 28, 29, 13, 12]
for other approaches to the curl-curl problem.

In a recent paper [16], we solved (1.1) using the locally divergence-
free weakly continuous P1 vector fields of Crouzeix-Raviart [25] and
techniques from discontinuous Galerkin methods. However, for a do-
main Ω that is not simply connected, the space of locally divergence-free
weakly continuous P1 vector fields does not have a completely local ba-
sis. To overcome this difficulty, we introduced in [15] an interior penalty
method using locally divergence-free discontinuous P1 vector fields. In
this paper we consider a different approach: instead of giving up the
weak continuity of the discrete vector fields, we abandon the locally
divergence-free condition and replace it by a penalty term involving
the local divergence of the weakly continuous P1 vector fields. The
analysis of the new scheme is greatly facilitated by its connections to
the schemes in [16, 15].
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The rest of the paper is organized as follows. We introduce the
numerical scheme in Section 2, which is then analyzed in Section 3.
Application to the Maxwell eigenproblem is discussed in Section 4. The
results of numerical experiments are presented in Section 5, followed
by some concluding remarks in Section 6.

2. The Numerical Scheme

Let Th be a graded triangular mesh of Ω such that

(2.1) hT ≈ hΦµ(T ) ∀T ∈ Th,

where hT = diam T , h = maxT∈T hT , and the weight Φµ(T ) is defined
as follows:

(2.2) Φµ(T ) =

L
∏

`=1

|c` − cT |
1−µ` .

Here c1, . . . , cL are the corners of Ω, cT is the center of T , µ = (µ1, . . . , µL)
is the vector containing the grading parameters, and the constants in
the equivalence (2.1) are independent of h. Techniques for the con-
struction of Th can be found for example in [1, 2, 14, 8].

The following choice of the grading parameters is dictated by the
behavior of the solution of (1.1):

µ` = 1 if ω` ≤
π

2
,

µ` <
π

2ω`
if ω` >

π

2
,

(2.3)

where ω` is the interior angle at the corner c`. In other words, grading
is needed around any corner whose angle is larger than a right angle,
which is different from the grading strategy for the Laplace operator,
where grading is needed only around re-entrant corners. This is due to
the fact that the singularity of the solution of (1.1) is one order more
severe than the singularity of the solution of the Poisson problem for
the Laplace operator [9, 6, 23, 21].

Let Vh be the space of weakly continuous P1 vector fields associ-
ated with Th that respect the perfectly conducting boundary condition.
More precisely,

Vh = {v ∈ [L2(Ω)]2 : vT = v
∣

∣

T
∈ [P1(T )]2 ∀T ∈ Th, v is continuous at

the midpoints of the interior edges of Th, and the tangential

component of v vanishes at the midpoints of the boundary

edges}.
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Since the discrete vector fields in Vh are discontinuous in general, we
need the piecewise curl and div operators defined by

(2.4) (∇h × v)T = ∇× vT and (∇h · v)T = ∇ · vT ∀T ∈ Th,

and also take into account the tangential jump [[n × v]] and normal
jump [[n · v]] of the discrete vector fields, which are defined as follows.

Let e ∈ E i
h (the set of interior edges of Th) be shared by the triangles

Te,1, Te,2 ∈ Th and n1 (resp. n2) be the unit normal of e pointing
towards the outside of Te,1 (resp. Te,2). We define on e

[[n × v]] = n1 × v
Te,1

+ n2 × v
Te,2

,(2.5a)

[[n · v]] = n1 · vTe,1
+ n2 · vTe,2

.(2.5b)

For an edge e ∈ E b
h (the set of boundary edges of Th), we take ne to be

the unit normal of e pointing towards the outside of Ω and define on e

(2.6) [[n × v]] = ne × v.

The numerical scheme is: Find ůh ∈ Vh such that

(2.7) ah(ůh, v) = (f , v) ∀ v ∈ Vh,

where

ah(w, v) = (∇h × w,∇h × v) + h−2(∇h · w,∇h · v) + α(w, v)

+
∑

e∈Eh

[Φµ(e)]2

|e|

∫

e

[[n × w]][[n × v]] ds(2.8)

+
∑

e∈Ei
h

[Φµ(e)]2

|e|

∫

e

[[n · w]][[n · v]] ds,

|e| denotes the length of the edge e, the weight Φµ(e) is defined by

(2.9) Φµ(e) =

L
∏

`=1

|c` − me|
1−µ` .

and me denotes the midpoint of the edge e.

Remark 2.1. The two terms in (2.8) involving the jumps of the dis-
crete vector fields across the edges are necessary for controlling the
consistency error. The scheme without these terms is stable but not
convergent (cf. the numerical results in Table 5.3 below). This is dif-
ferent from solving the Poisson problem for the Laplace operator by
weakly continuous P1 functions [18], where such terms are not needed.
This is due to the fact that locally the norm of H(Curl)∩H(div) is too
weak to control the jumps even with the weak continuity of the vector
fields in Vh.
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Remark 2.2. The inclusion of the edge weight comes from the consider-
ation of the regularity/singularity of ů at the corners. The edge weight
Φµ(e) is closely related to the weight Φµ(T ) defined in (2.2). Indeed,
we have

(2.10) Φµ(e) ≈ Φµ(T ) if e ⊂ ∂T,

where the constants in the equivalence depend only on the minimum
angle in Th. The relation (2.10) plays an important role in ensuring
optimal convergence in both the energy and the L2 norm.

The advantage of using weakly continuous P1 vector fields is due to
the existence of a good interpolation operator Πh from H0(curl; Ω) ∩
H(div0; Ω) into Vh. First we can define on each T ∈ Th a local interpo-
lation operator ΠT : [Hs(T )]2 −→ [P1(T )]2 by the formula

(2.11) (ΠT ζ)(mei
) =

1

|ei|

∫

ei

ζ ds i = 1, 2, 3,

where e1, e2 and e3 are the three edges of T . According to the trace
theorem, the operator ΠT is well-defined as long as s > 1/2. Moreover,
we have the following interpolation estimate [25]:

(2.12) ‖ζ − ΠT ζ‖L2(T ) + h
min(s,1)
T |ζ − ΠT ζ|Hmin(s,1)(T ) ≤ CT hs

T |ζ|Hs(T )

for all ζ ∈ [Hs(T )]2 and s ∈ (1/2, 2], where the positive constant CT

depends on the minimum angle of T (and also on s when s is close to
1/2).

Since H0(curl; Ω) ∩ H(div0; Ω) can be embedded into [Hs(Ω)]2 for
some s > 1/2 (cf. e.g. [34]), we can piece together the local interpola-
tion operator to define the global interpolation operator Πh by

(Πhζ)T = ΠT ζ
T

∀ ζ ∈ H0(curl; Ω) ∩ H(div0; Ω), T ∈ Th.

Note that (2.11) implies Πhζ is continuous at the midpoints of the
interior edges of Th and the tangential component of Πhζ vanishes
at the midpoints of the boundary edges. Hence Πh maps the space
H0(curl; Ω)∩H(div0; Ω) into Vh. Moreover it follows from the midpoint
rule that

∫

e

ΠT ζ ds =

∫

e

ζ ds

for any edge e of T ∈ Th, which together with the Greens’ theorem
implies

∫

T

∇× (ΠT ζ) dx =

∫

T

∇× ζ dx ∀T ∈ Th,

∫

T

∇ · (ΠT ζ) dx =

∫

T

∇ · ζ dx ∀T ∈ Th.
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This means, in view of (2.4), that

(2.13) Πh
0(∇× ζ) = ∇h × (Πhζ) and Πh

0(∇ · ζ) = ∇h · (Πhζ)

for all ζ ∈ H0(curl; Ω) ∩ H(div0; Ω), where Πh
0 is the L2 orthogonal

projection onto the space of piecewise constant functions associated
with Th. The commutative relations in (2.13) indicate that we have
good control for both the curl operator and the div operator, which
explains why it is feasible to solve (1.1) using Vh.

3. Convergence Analysis

Since the scheme (2.7) is closely related to the schemes in [16] and
[15], its convergence analysis can be carried out as in [16, 15] with only
minor modifications.

We will measure the discretization error in both the L2 norm and
the mesh-dependent energy norm ‖ · ‖h defined by

‖v‖2
h = ‖∇h × v‖2

L2(Ω) + ‖v‖2
L2(Ω) + h−2‖∇h · v‖

2
L2(Ω)(3.1)

+
∑

e∈Eh

[Φµ(e)]2

|e|
‖[[n × v]]‖2

L2(e) +
∑

e∈Ei
h

[Φµ(e)]2

|e|
‖[[n · v]]‖2

L2(e).

Observe that ah(·, ·) is bounded by the energy norm:

ah(w, v) ≤ (1+|α|)‖w‖h‖v‖h ∀ v, w ∈ H0(curl; Ω)∩H(div0; Ω)+Vh.

For α > 0, ah(·, ·) is also coercive with respect to ‖ · ‖h, i.e.,

ah(v, v) ≥ min(1, α)‖v‖2
h ∀ v ∈ [H0(curl; Ω) ∩ H(div0; Ω)] + Vh.

In this case the discrete problem is well-posed and we have the follow-
ing abstract error estimate, whose proof is identical with the proof of
Lemma 3.5 in [15].

Lemma 3.1. Let α be positive, β = min(1, α), ů ∈ H0(curl; Ω) ∩
H(div0; Ω) be the solution of (1.1) and ůh ∈ Vh satisfy (2.7). It holds

that

‖ů − ůh‖h ≤
(1 + α + β

β

)

inf
v∈Vh

‖ů − v‖h(3.2)

+
1

β
sup

w∈Vh\{0}

ah(ů − ůh, w)

‖w‖h
.

For α ≤ 0, we have the following G̊arding (in)equality:

ah(v, v)+(|α|+1)(v, v) = ‖v‖2
h ∀ v ∈ [H0(curl; Ω)∩H(div0; Ω)]+Vh.

In this case the discrete problem is indefinite and the following lemma
provides an abstract error estimate for the scheme (2.7) under the
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assumption that it has a solution. Its proof is identical with that of
Lemma 3.6 in [15].

Lemma 3.2. Let ů ∈ H0(curl; Ω) ∩ H(div0; Ω) satisfy (1.1) and ůh ∈
Vh be a solution of (2.7). It holds that

‖ů − ůh‖h ≤ (2|α| + 3) inf
v∈Vh

‖ů − v‖h + sup
w∈Vh\{0}

ah(ů − ůh, w)

‖w‖h
(3.3)

+ (|α| + 1)‖ů − ůh‖L2(Ω).

From here on we consider α to be fixed and drop the dependence on
α in our estimates.

Remark 3.3. The first term on the right-hand sides of (3.2) and (3.3)
measures the approximation property of the finite element space Vh, the
second term measures the error due to the nonconforming nature of the
scheme, and the third term on the right-hand side of (3.3) addresses
the indefiniteness of (2.7) when α ≤ 0.

Since ∇ · ů = 0 implies ∇h · (Πhů) = 0 because of (2.13), we have

‖ů − Πhů‖
2
h = ‖ů − Πhů‖

2
L2(Ω) + ‖∇h × (ů − Πhů)‖2

L2(Ω)

+
∑

e∈Eh

[Φµ(e)]2

|e|
‖[[n × (ů − Πhů)]]‖2

L2(e)(3.4)

+
∑

e∈Ei
h

[Φµ(e)]2

|e|
‖[[n · (ů − Πhů)]]‖2

L2(e).

The terms on the right-hand side of (3.4) are identical with the terms
that appear in the energy norm associated with the scheme in [16].
Therefore we have the following result on the approximation property of
Vh, whose proof can be found in Lemma 5.1, Lemma 5.2 and Lemma 6.1
of [16].

Lemma 3.4. Let ů ∈ H0(curl; Ω)∩H(div0; Ω) be the solution of (1.1).
For any ε > 0 there exists a positive constant Cε independent of h and

f such that

(3.5) inf
v∈Vh

‖ů − v‖h ≤ ‖ů − Πhů‖h ≤ Cεh
1−ε‖f‖L2(Ω).

From here on we will use C (with or without subscripts) to denote
a generic positive constant independent of h that can take different
values at different appearances.

Remark 3.5. The proof of Lemma 3.4 is based on the regularity of
the solution ů of (1.1), the inclusion of the edge weight Φµ(e) in (2.8),
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properties (2.12) and (2.13) of the interpolation operator Πh, and prop-
erties (2.1) and (2.3) of the graded meshes Th. In [16] we focused on
the case where α ≤ 0. Since the regularity of the solution ů does not
depend on the sign of α, the results in [16] carry over to general α.

Next we consider the consistency error, the analysis of which requires
two preliminary estimates. The first one, which follows from the trace
theorem with scaling, is identical with Lemma 5.3 in [16].

Lemma 3.6. There exists a positive constant C depending only on the

shape regularity of Th such that
∑

e∈Eh

|e| [Φµ(e)]
−2‖η − η̄

Te
‖2

L2(e) ≤ Ch2|∇η|2L2(Ω) ∀ η ∈ H1(Ω),

where

η̄
Te

=
1

|Te|

∫

Te

η dx

is the mean of η over Te, one of the triangles in Th that has e as an

edge.

Recall that Q is the L2 orthogonal projection operator onto H(div0; Ω).
The following result is useful in addressing the consistency error caused
by the appearance of Q in (1.3).

Lemma 3.7. The following estimate holds:

(3.6) ‖v−Qv‖L2(Ω) ≤ Ch‖v‖h ∀ v ∈ [H0(curl; Ω)∩H(div0; Ω)]+Vh.

Proof. Let v ∈ [H0(curl; Ω) ∩ H(div0; Ω)] + Vh be arbitrary.
Since ∇H1

0 (Ω) is the orthogonal complement of H(div0; Ω) in [L2(Ω)]2,
we have the following duality formula:

‖v − Qv‖L2(Ω) = sup
η∈H1

0 (Ω)\{0}

(v − Qv,∇η)

‖∇η‖L2(Ω)

(3.7)

= sup
η∈H1

0 (Ω)\{0}

(v,∇η)

‖∇η‖L2(Ω)
.

It follows from integration by parts and (2.5) that

(3.8) (v,∇η) = −(∇h · v, η) +
∑

e∈Ei
h

∫

e

[[n · v]]η ds.

In view of (3.1) and the Poincaré-Friedrichs inequality, we have

(3.9) −(∇h · v, η) ≤ ‖∇h · v‖L2(Ω)‖η‖L2(Ω) ≤ Ch‖v‖h‖∇η‖L2(Ω).

Since [[n · v]] vanishes at the midpoints of the interior edges, using
the midpoint rule we can write
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∑

e∈Ei
h

∫

e

[[n · v]]η ds =
∑

e∈Ei
h

∫

e

[[n · v]](η − η̄
Te

) ds,

where η̄
Te

is the mean of η on Te, one of the triangles in Th containing
e as an edge. It then follows from the Cauchy-Schwarz inequality, (3.1)
and Lemma 3.6 that

∑

e∈Ei
h

∫

e

[[n · v]]η ds ≤
(

∑

e∈Ei
h

[Φµ(e)]2

|e|
‖[[n · v]]‖2

L2(e)

)1/2

×
(

∑

e∈Ei
h

|e|

[Φµ(e)]2
‖η − η̄

Te
‖2

L2(e)

)1/2

(3.10)

≤ Ch‖v‖h‖∇η‖L2(Ω).

The estimate (3.6) follows from (3.7)–(3.10). �

With Lemma 3.6 and Lemma 3.7 in hand, the following result is
proved in exactly the same way as Lemma 6.2 of [16].

Lemma 3.8. Let ů ∈ H0(curl; Ω)∩H(div0; Ω) be the solution of (1.1)
and ůh ∈ Vh satisfy (2.7). It holds that

sup
w∈Vh\{0}

ah(ů − ůh, w)

‖w‖h
≤ Ch‖f‖L2(Ω).

Finally, we can establish the following L2 estimate using a standard
duality argument. The proof is identical with that of Lemma 6.5 in
[16].

Lemma 3.9. Let ů ∈ H0(curl; Ω)∩H(div0; Ω) be the solution of (1.1)
and ůh ∈ Vh satisfy (2.7). It holds that

‖ů − ůh‖L2(Ω) ≤ Cε

(

h2−ε‖f‖L2(Ω) + h1−ε‖ů − ůh‖h

)

for any ε > 0.

Remark 3.10. The fact that the problem (1.1) is posed for f ∈ [L2(Ω)]2

greatly simplifies the duality argument. In particular, the (continuous
or discrete) Helmholtz decomposition is not needed.

In the case where α > 0, the following convergence theorem follows
immediately from Lemma 3.1, Lemma 3.4, Lemma 3.8 and Lemma 3.9.

Theorem 3.11. Let α be positive. The following estimates hold for

the solution ůh of (2.7):

‖ů − ůh‖h ≤ Cεh
1−ε‖f‖L2(Ω) for any ε > 0,

‖ů − ůh‖L2(Ω) ≤ Cεh
2−ε‖f‖L2(Ω) for any ε > 0.
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In the case where α ≤ 0, we have the following convergence theo-
rem for the scheme (2.7). The proof, which is based on Lemma 3.2,
Lemma 3.4, Lemma 3.8, Lemma 3.9 and the approach of Schatz [37]
for indefinite problems, is identical with the proof of Theorem 4.5 in
[15].

Theorem 3.12. Assume that −α ≥ 0 is not a Maxwell eigenvalue.

There exists a positive number h∗ such that the discrete problem (2.7)
is uniquely solvable for all h ≤ h∗, in which case the following dis-

cretization error estimates are valid:

‖ů − ůh‖h ≤ Cεh
1−ε‖f‖L2(Ω) for any ε > 0,

‖ů − ůh‖L2(Ω) ≤ Cεh
2−ε‖f‖L2(Ω) for any ε > 0.

4. Application to the Maxwell Eigenproblem

We can find approximate solutions to the Maxwell eigenproblem (1.2)
by solving the following discrete eigenproblem.

Find (λh, ůh) ∈ R × Vh such that ůh 6= 0 and

(4.1) ah,0(ůh, v) = λh(ůh, v) ∀ v ∈ Vh,

where ah,0(·, ·) is defined by (2.8) with α = 0.

Let T : [L2(Ω)]2 −→ H0(curl; Ω) ∩ H(div0; Ω) ⊂⊂ [L2(Ω)]2 be the
solution operator of the curl-curl problem define by

(∇× Tf ,∇× v) + (Tf , v) = (f , v)

for all v ∈ H0(curl; Ω) ∩ H(div0; Ω). Then T is a symmetric posi-
tive compact operator on [L2(Ω)]2 and (λ, ů) ∈ R × [H0(curl; Ω) ∩
H(div0; Ω)] satisfies (1.2) if and only if

(4.2) T ů =
1

1 + λ
ů.

Similarly, let Th : [L2(Ω)]2 −→ Vh ⊂ [L2(Ω)]2 be the discrete solution
operator defined by

ah,1(Thf , v) = (f , v) ∀ v ∈ Vh,

where ah,1(·, ·) is defined by (2.8) with α = 1. Then Th is a symmetric
finite rank operator and (λh, ůh) ∈ R × Vh satisfies (4.1) if and only if

(4.3) Thůh =
1

1 + λh
ůh.

It follows from Theorem 3.11 that

(4.4) ‖Tf − Thf‖L2(Ω) ≤ Cεh
2−ε‖f‖L2(Ω) ∀f ∈ [L2(Ω)]2, ε > 0.
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Because of the uniform convergence of Th to T described by (4.4),
we can apply the classical theory of spectral approximation [33, 7] to
prove the convergence of the eigenvalues (resp. eigenfunctions) of Th

to the eigenvalues (resp. eigenfunctions) of T . The convergence of
the eigenvalues (resp. eigenfunctions) of (4.1) to the eigenvalues (resp.
eigenfunctions) of (1.2) then follows from (4.2) and (4.3). The proof
of the following theorem is identical with the proof of Theorem 5.1 in
[15].

Theorem 4.1. Let 0 ≤ λ1 ≤ λ2 ≤ . . . be the eigenvalues of (1.2),
λ = λj = λj+1 = · · · = λj+m−1 be an eigenvalue with multiplicity m,

and Vλ ⊂ H0(curl; Ω)∩H(div0; Ω) be the corresponding m dimensional

eigenspace. Let λh,1 ≤ λh,2 ≤ . . . be the eigenvalues of (4.1). Then, as

h ↓ 0, we have

|λh,` − λ| ≤ Cλ,εh
2−ε ` = j, . . . , j + m − 1.

Furthermore, if Vh,λ ⊂ Vh is the space spanned by the eigenfunctions

corresponding to λh,j, . . . , λh,j+m−1, then the gap between Vλ and Vh,λ

goes to zero at the rate of Cεh
2−ε in the L2 norm and at the rate of

Cεh
1−ε in the norm ‖ · ‖h.

In particular, our scheme does not generate any spurious eigenmode.

5. Numerical Experiments

In this section we report the results of a series of numerical experi-
ments that confirm our theoretical results. Besides the errors in the L2

norm ‖ · ‖L2(Ω) and the energy norm ‖ · ‖h, we also include the errors
in the semi-norm | · |curl defined by

|v|curl = ‖∇h × v‖L2(Ω)

5.1. Source Problem. We first demonstrate the performance of our
scheme for the source problem in this subsection.

In the first experiment we examine the convergence behavior of our
numerical scheme on the square domain (0, 0.5)2 with uniform meshes,
where the exact solution is

(5.1) ů = [y(y − 0.5) sin(ky), x(x − 0.5) cos(kx)].

The results are tabulated in Table 5.1 where α = k2 for k = 0, 1 and
10, and in Table 5.2 where α = −k2 for k = 1 and 10. They show that
the method proposed in this paper is second order accurate in the L2

norm and first order accurate in the energy norm, which agree with the
error estimates in Theorem 3.11 and Theorem 3.12.
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Table 5.1. Convergence of the scheme on the square
(0, 0.5)2 for α = k2, with uniform meshes and the exact
solution given by (5.1).

h
‖ů − ůh‖L2(Ω)

‖ů‖L2(Ω)
order

||ů − ůh||h
||ů||h

order
|ů − ůh|curl

|ů|curl
order

k = 0
1/10 4.28E−02 − 2.89E−01 − 1.70E−01 −
1/20 9.68E−03 2.15 1.42E−01 1.02 8.52E−02 1.00
1/40 2.29E−03 2.08 7.05E−02 1.01 4.25E−02 1.00
1/80 5.56E−04 2.04 3.50E−02 1.00 2.12E−02 1.00

k = 1
1/10 3.75E−02 − 2.70E−01 − 1.64E−01 −
1/20 8.46E−03 2.15 1.33E−01 1.02 8.14E−02 1.01
1/40 2.01E−03 2.08 6.60E−02 1.01 4.09E−02 1.00
1/80 4.86E−04 2.04 3.29E−02 1.01 2.05E−02 1.00

k = 10
1/10 1.53E−01 − 6.49E−01 − 3.89E−01 −
1/20 3.49E−02 2.14 3.32E−01 0.97 1.97E−01 0.98
1/40 7.97E−03 2.13 1.66E−01 1.00 9.89E−02 0.99
1/80 1.90E−03 2.07 8.27E−02 1.00 4.93E−02 1.01

Table 5.2. Convergence of the scheme on the square
(0, 0.5)2 for α = −k2, with uniform meshes and the exact
solution given by (5.1).

h
‖ů − ůh‖L2(Ω)

‖ů‖L2(Ω)
order

||ů − ůh||h
||ů||h

order
|ů − ůh|curl

|ů|curl
order

k = 1
1/10 3.83E−02 − 2.70E−01 − 1.64E−01 −
1/20 8.64E−03 2.15 1.33E−01 1.02 8.14E−02 1.00
1/40 2.04E−03 2.08 6.60E−02 1.01 4.09E−02 1.00
1/80 4.95E−04 2.04 3.29E−02 1.01 2.05E−02 1.00

k = 10
1/10 3.69E−01 − 8.41E−01 − 4.07E−01 −
1/20 5.30E−02 2.80 3.46E−01 1.28 1.98E−01 1.04
1/40 1.13E−02 2.23 1.67E−01 1.05 9.89E−02 1.00
1/80 2.68E−03 2.08 8.27E−02 1.02 4.93E−02 1.00

In the second experiment we check the behavior of the scheme (2.7)
without the consistency terms. The results in Table 5.3 show that these
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consistency terms are necessary for the convergence of the proposed
scheme.

Table 5.3. Errors of the scheme without the consis-
tency terms on the squares (0, 0.5)2, with uniform meshes
and the exact solution given by (5.1) with k = 1.

h
‖ů − ůh‖L2(Ω)

‖ů‖L2(Ω)
order

|ů − ůh|curl

|ů|curl
order

α = 1
1/10 3.06E+01 − 4.66E−01 −
1/20 3.07E+01 0.00 4.51E−01 0.05
1/40 3.07E+01 0.00 4.48E−01 0.01
1/80 3.07E+01 0.00 4.46E−01 0.00

α = −1
1/10 3.06E+01 − 4.76E−01 −
1/20 3.07E+01 0.00 4.61E−01 0.04
1/40 3.07E+01 0.00 4.58E−01 0.01
1/80 3.07E+01 0.00 4.56E−01 0.00

The third experiment demonstrates the convergence behavior of our
scheme on the L-shaped domain (−0.5, 0.5)2 \ [0, 0.5]2. The exact so-
lution is chosen to be

(5.2) ů = ∇×
(

r2/3 cos
(2

3
θ −

π

3

)

φ(r/0.5)
)

,

where (r, θ) are the polar coordinates at the origin and the cut-off
function is given by

φ(r) =















1 r ≤ 0.25
−16(r − 0.75)3

×
[

5 + 15(r − 0.75) + 12(r − 0.75)2
]

0.25 ≤ r ≤ 0.75
0 r ≥ 0.75

The meshes are graded around the re-entrant corner with the grading
parameter equal to 1/3. The results are tabulated in Table 5.4 and they
agree with the error estimates for our scheme. That is, the scheme is
second order accurate in the L2 norm and first order accurate in the
energy norm.

Remark 5.1. In the case where α < 0, the results of the experiments in
this subsection are almost identical with those computed by the scheme
in [16].
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Table 5.4. Convergence of the scheme on the L-shaped
domain (−0.5, 0.5)2\[0, 0.5]2, with graded meshes and the
exact solution given by (5.2).

h
‖ů − ůh‖L2(Ω)

‖ů‖L2(Ω)
order

‖ů − ůh‖h

‖ů‖h
order

|ů − ůh|curl

|ů|curl
order

α = 0
1/4 9.85E+01 − 1.31E+01 − 4.94E−00 −
1/8 3.20E+01 1.62 6.50E−00 1.01 3.59E−00 0.46
1/16 3.27E−00 3.29 2.21E−00 1.56 7.79E−01 2.21
1/32 6.80E−01 2.26 1.09E−00 1.02 4.34E−01 0.84
1/64 1.65E−01 2.05 5.51E−01 0.99 2.34E−01 0.90

α = 1
1/4 7.53E+01 − 1.01E+01 − 3.52E−00 −
1/8 2.78E+01 1.44 5.87E−00 0.78 3.06E−00 0.20
1/16 3.20E−00 3.12 2.19E−00 1.42 7.74E−01 1.98
1/32 6.75E−01 2.24 1.09E−00 1.01 4.33E−01 0.84
1/64 1.61E−01 2.07 5.51E−01 0.99 2.34E−01 0.89

α = −1
1/4 1.44E+02 − 1.88E+01 − 7.77E−00 −
1/8 3.81E+01 1.92 7.40E−00 1.35 4.41E−00 0.82
1/16 3.35E−00 3.50 2.24E−00 1.73 7.87E−01 2.49
1/32 6.88E−01 2.28 1.09E−00 1.03 4.34E−01 0.86
1/64 1.71E−01 2.01 5.51E−01 0.99 2.34E−01 0.90

5.2. Maxwell Eigenproblem. In this subsection, we report numeri-
cal results for the Maxwell eigenproblem. In all of the plots, the symbol
“o” on the right denotes the exact eigenvalue, and “(2)” indicates that
the multiplicity of the eigenvalue is 2.

The first example concerns the eigenvalue problem on the square do-
main (0, π)2. For this case, the exact eigenvalues are r2 + s2, r, s =
0, 1, 2, 3, · · · , with r2 + s2 6= 0. For instance, the first ten values
are 1, 1, 2, 4, 4, 5, 5, 8, 9, 9. The computation is performed with uniform
meshes. Figure 5.1 shows the first twenty numerical eigenvalues ver-
sus the parameter n = π/h, and one can see the eigenvalues are well
resolved even when the meshes are still coarse. Furthermore, the nu-
merical eigenvalues are second order accurate (see Table 5.5) and there
is no spurious eigenvalue.

In the second example, the eigenvalues for the L-shaped domain
(−0.5, 0.5)2 \ [0, 0.5]2 are computed and the meshes are graded around
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n=pi/h
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Figure 5.1. First twenty numerical Maxwell eigenval-
ues versus n = π/h on the square (0, π)2

Table 5.5. Convergence of the first five numerical
Maxwell eigenvalues on the square (0, π)2, with γ = order
of the convergence and λ = exact eigenvalue

h/π 1st γ 2nd γ 3rd γ 4th γ 5th γ

2−2 0.943 - 1.000 - 1.798 - 2.647 - 3.145 -
2−3 0.988 2.2 1.000 - 1.967 2.6 3.895 3.7 3.896 3.0
2−4 0.997 2.1 1.000 1.3 1.993 2.3 3.977 2.2 3.977 2.2
2−5 0.999 2.0 1.000 1.7 1.998 2.1 3.995 2.1 3.995 2.1
2−6 1.000 2.0 1.000 1.9 2.000 2.1 3.999 2.0 3.999 2.0
2−7 1.000 2.0 1.000 1.9 2.000 2.0 4.000 2.0 4.000 2.0

λ 1 1 2 4 4

the re-entrant corner with the grading parameter equal to 1/3. Ta-
ble 5.6 contains the first five numerical eigenvalues which show second
order convergence of our method. This agrees with our analysis. The
“exact eigenvalues” in the table are derived from the Maxwell eigen-
problem benchmark of Monique Dauge ( http://perso.univ-rennes1.fr/
monique.dauge/core/index.html). In Figure 5.2, we plot the first ten
numerical eigenvalues versus the parameter n = 1/2h. Again, there is
no spurious eigenvalue.
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Table 5.6. Convergence of the first five numeri-
cal Maxwell eigenvalues on the L-shaped domain
(−0.5, 0.5)2 \ [0, 0.5]2 with graded meshes, µ = 1/3 at
the re-entrant corner, γ = order of the convergence and
λ = exact eigenvalue

h 1st γ 2nd γ 3rd γ 4th γ 5th γ

2−2 5.319 - 10.726 - 11.275 - 11.440 - 12.349 -
2−3 5.756 2.0 13.532 2.5 31.448 1.8 37.651 3.9 39.529 2.5
2−4 5.867 2.1 13.992 2.1 37.307 1.9 39.100 2.3 44.429 2.4
2−5 5.894 2.1 14.101 2.0 38.929 2.0 39.390 2.1 45.291 2.1
2−6 5.901 2.1 14.127 2.00 39.341 2.0 39.457 2.1 45.493 2.0

λ 5.902 14.136 39.478 39.478 45.558

n=1/(2h)
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Figure 5.2. First ten numerical Maxwell eigenvalues
versus n = 1/2h on the L-shaped domain (−0.5, 0.5)2 \
[0, 0.5]2

6. Concluding Remarks

The numerical scheme in this paper is the third one we developed
for the curl-curl problem posed on the space H0(curl; Ω) ∩ H(div0; Ω).
The scheme in [16] uses the smallest number of degrees of freedom
(≈ 2×number of triangles in Th), but the finite element space involved
does not have a completely local basis when the domain is not simply
connected. The scheme in the current paper uses a larger number of
degrees of freedom (≈ 3×number of triangles in Th), but it has a local
basis for general domains. The scheme in [15] uses even more degrees
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of freedom (≈ 5 × number of triangles in Th), but it has a local basis
for general domains and can also handle nonconforming meshes. All
three schemes can be used in the computation of Maxwell eigenvalues
without generating any spurious eigenmode. The numerical properties
of these three schemes as Maxwell eigensolvers are further studied in
[17].

The condition numbers of the discrete systems resulting from our
schemes behave like the condition numbers of fourth order problems.
It is therefore important to develop fast solvers for these methods. This
is currently under investigation.
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[30] P. Houston, I. Perugia, and D. Schötzau. Mixed discontinuous Galerkin ap-
proximation of of the Maxwell opertor. SIAM J. Numer. Anal., 42:434–459,
2004.



NONCONFORMING PENALTY METHOD FOR A CURL-CURL PROBLEM 19

[31] P. Houston, I. Perugia, and D. Schötzau. Mixed discontinuous Galerkin ap-
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