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Abstract — This paper details and implements a framework for evaluating thermal neutron scattering cross
sections that provide Sðα; βÞ data and covariance data for hydrogen in light water. This methodology involves
perturbing model parameters of molecular dynamics potentials and fitting the simulation results to experi-
mental data. The framework is general and can be applied to any material or simulation method. The fit is
made using the Unified Monte Carlo method to experimentally measure double-differential scattering cross
sections of light water at the Spallation Neutron Source at Oak Ridge National Laboratory. Mean values and
covariance data were generated for model parameters, phonon density of states, double-differential cross
sections, and total scattering cross sections. These posterior parameter values were very similar to their prior
values with a maximum relative error of 0.54%. This falls within in the Unified Monte Carlo–calculated
uncertainties on the order of 2.7%. Additionally, posterior double-differential cross sections agree favorably
with ENDF/B-VIII.0 cross sections. The new thermal scattering law was tested by comparing it against
benchmarks from the International Criticality Safety Benchmark Evaluation Project Handbook, which showed
a slight improvement over the ENDF/B-VIII.0 library. Additionally, the covariance matrix of the phonon
density of states was validated to confirm that the spread of keff from the density of states used to generate the
covariance matrix was similar to the spread of keff from the density of states of the sampled covariance matrix.

Keywords — Thermal neutron scattering, Unified Monte Carlo, uncertainty quantification.

Note — Some figures may be in color only in the electronic version.

I. INTRODUCTION

Accurate nuclear data are paramount for a wide range
of applications, including reactor simulations, criticality
safety, and nonproliferation concerns. With these data,
a fundamental understanding of the underlying
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uncertainties and covariances is crucial for better quanti-
fying uncertainties. Although these data are well known
and available for resolved resonance, unresolved reso-
nance, and fast energy regions, there is not yet an agreed
upon method for generating and disseminating covariance
data for thermal neutron scattering data.

Previous efforts to quantify covariances in thermal
neutron scattering have involved Monte Carlo sampling
from a phonon density of states,1 analytical fitting of
LEAPR (an NJOY module) (Ref. 2) parameters to
data,3,4 or analytical fitting of molecular dynamics
(MD) model parameters to data.5 The latter two studies
explicitly state that although they provided covariances
for their respective parameters, they did not change the
values of their parameters.

This work seeks to expand upon previous efforts by
optimizing model parameters so that the resulting para-
meters yield a better fit to experimental data. Specifically,
this methodology will employ the Unified Monte Carlo
(UMC) method to fit the TIP4P/2005f model parameters
of light water simulated using GROMACS (Ref. 6) and
MCNP6.2 (Ref. 7) to double-differential scattering cross
sections measured at the Oak Ridge National Laboratory
(ORNL) Spallation Neutron Source (SNS). This contrasts
with previous works that constrained the fit to the phonon
density of states4 or the average cosine of the scattering
angle and total cross section.5

Although the method can generate covariance matrix
data for any property used in the evaluation procedure
[including Sðα; βÞ], this work focuses on generating covar-
iance data for the phonon density of states. While there are
several groups looking into thermal scattering covariances
[e.g., the General Nuclear Database Structure andWorking
Party on International Nuclear Data Evaluation Co-
operation (WPEC) subgroup 42/44/48], there is no agreed-
upon method for generating or storing thermal scattering
covariance data. This work will serve as a test case to
determine if this information can be stored in the phonon
density of states for materials where the thermal scattering
law is calculated solely from the phonon density of states.
This will be tested against benchmarks from the
International Criticality Safety Benchmark Evaluation
Project (ICSBEP) Handbook8 by comparing the spread
of the results used to generate the covariance matrix with
the results used when the matrix is sampled.

A brief discourse on the theory behind thermal neu-
tron scattering and the UMC method is discussed in Sec.
II. Fundamental water properties, a description of the
TIP4P/2005f model, and the experimental data are dis-
cussed in Sec. III. A description of how the UMC model
is employed in this work and the associated results are

given in Sec. IV. Results comparing the newly generated
library and the ENDF/B-VIII.0 library against integral
benchmarks, as well as results from testing the covariance
matrix are provided in Sec. V, and some concluding
thoughts are provided in Sec. VI.

II. THEORY

II.A. Thermal Neutron Scattering

At small-incident neutron energies (<1 eV), the de
Broglie wavelength of the neutron becomes comparable
to the interatomic distances in solids and liquids. At
higher-incident neutron energies the effects of the binding
energies of the target molecule or crystal can be
neglected, but they must be accounted for in the thermal
neutron energy range. This derivation has been
expounded upon in other works (e.g., Price and
Fernandez-Alonso9 and Squires10), so only a brief over-
view is detailed in this section.

The double-differential cross section can be repre-
sented by Eq. (1):

d2σ
dEf dΩ

¼ σb
4πkBT

ffiffiffiffiffi
Ef

Ei

r
e�β=2Sðα; βÞ ; ð1Þ

where

σb = bound scattering cross section

kB = Boltzmann constant

T = temperature

Ei;f = incident and final energies of the neutron,
respectively

Sðα; βÞ = thermal scattering law.

The bound scattering cross section is related to the free
scattering cross section by

σb ¼ Aþ 1

A

� �2

σf ; ð2Þ

where A is the ratio of the mass of the scattering atom to
the mass of the neutron, and σf is the free atom scattering
cross section. In Eq. (1), α is the unitless variable for
momentum, and β is the unitless variables for energy
transfer; both are defined by Eq. (3):

α ¼ ħ2q2

2MkBT
ð3Þ
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and

β ¼ �E
kBT

;

where

E = energy transfer between the neutron and the target
nucleus

M = mass of the scattering atom

q = wave vector transfer.

The wave vector transfer is defined by

ħq ¼ ki � kf ; ð4Þ

where ki;f are the wave vectors of the incoming and
outgoing neutron, respectively, and ħq is the momentum
transfer between the neutron and the target nucleus. The
thermal scattering law is defined by the dynamic structure
factor by

Sðα; βÞ ¼ kBTe
�E=ð2kBTÞSðq;EÞ; ð5Þ

where Sðq;EÞ is the dynamic structure factor. From
here, Van Hove11 states that this term can be defined
as the Fourier transform of the intermediate structure
factor by

Sðq;EÞ ¼ 1

2πħ

ð1
�1

Fðq; tÞe�iEt=ħdt ; ð6Þ

where Fðq; tÞ is the intermediate structure factor.
Thermal neutron scattering can be split into two

separate categories: coherent and incoherent scatter-
ing. Coherent scattering occurs when the neutron
wavelength interacts with multiple nuclei simulta-
neously. This causes interference effects and is most
often seen in crystalline materials, such as graphite.
Incoherent scattering occurs when the neutron scatters
off of only one nucleus, causing no interference
effects between other atoms in the sample. This is
more prevalent in hydrogenous materials, including
water. While it is possible for a material to contain
both coherent and incoherent scattering (e.g., graphite
has coherent elastic and incoherent elastic features),
because of the relative difference in coherent versus
incoherent scattering cross sections of hydrogen (1.7
versus 80.2 b), the incoherent approximation can be
used, which assumes that there is no coherent scatter-
ing in the final double-differential scattering cross
section. With this approximation, the intermediate

structure factor can be defined by Gurevich and
Tarasov12:

Fðq;tÞ¼exp

�q2

2

ð1
0
dω

gðωÞ
ω

coth
ħω
2kBT

� �
ð1�cosðωtÞÞ�isinðωtÞ

� �� �
;

ð7Þ

where gðωÞ is the generalized frequency distribution. The
generalized frequency distribution is defined here as

gðωÞ ¼
ð1
0
dt cosðωtÞvacfðtÞ ; ð8Þ

where vacfðtÞ is the velocity autocorrelation function.
The generalized frequency distribution can be determined
experimentally13 or computationally from MD
simulations.14

II.B. Unified Monte Carlo

In the resolved, unresolved, and fast-energy regions,
covariance data are often evaluated using the generalized
least-squares (GLS) method.15 This method is robust and
sufficient for those energy regions but requires sensitiv-
ities to calculate the covariance matrix. To use GLS for
this framework, the sensitivities must be calculated,
which would require either modifying the MD code16 or
calculating the derivatives numerically, which would be
prohibitively computationally expensive. Because of this
limitation, a different model is needed to evaluate thermal
scattering law data.

The use of Monte Carlo methods for estimating
uncertainties in cross sections derived from nuclear mod-
els was first detailed in Ref. 17. This would eventually
lead to the UMC method, first described by Smith18 and
Capote and Smith,19 that follows from the Bayes theorem
and the Principle of Maximum Entropy.20 In the follow-
ing description, values with a c index represent computa-
tional simulation results, and values with an E index
represent experimental results. If an experiment contain-
ing n data points is represented by yE, its associated
covariance matrix is represented by VE, the simulation
results containing m data points are represented by xc, and
its associated covariance matrix is Vc, then the Bayes
theorem gives the posterior probability density function
(PDF) as

pðxÞ ¼ NL yE;VEjxð Þpo xjxc;Vcð Þ ; ð9Þ
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where
N = normalization constant

L yE;VEjxð Þ = likelihood PDF

po xjxc;Vcð Þ = prior PDF.

There are two variants of the UMC method: UMC-G
(Ref. 19) and UMC-B (Ref. 21). A more complete
description of the methods can be found in Ref. 22, and
will be summarized here. UMC-G provides an analytic
expression to Eq. (9), which can be sampled using
a Metropolis-Hastings algorithm to provide the best esti-
mate of the result. The primary drawback to using this
algorithm in this work is that each sampling requires
running MD simulations that take on the order of hours
to run, and convergence is usually seen only after 105

iterations. The primary advantage of UMC-B is that mean
values of the simulation data xc and its associated covar-
iance matrix Vc are not calculated. Instead, a collection of
scalar weights ωk are calculated for each independent
simulation k by

ωk ¼ exp � 1

2
yk � yEð ÞT � V�1

E � yk � yEð Þ
h i� �

;

ð10Þ

where yk ¼ f xckð Þ and xck are the simulation data from
simulation k, and f xckð Þ is the function needed to trans-
form the simulation data to simulated experimental data.
In this case, the code simulates the dynamic structure
factor, and f xð Þ is the process of transforming it into
double-differential cross sections to compare against the
experimental data. Once these weights are calculated, the
mean and covariance values can be calculated by

xih i ¼ lim
K!1

PK
k¼1 xikωkPK
k¼1 ωk

ð11Þ

and

Vh ii;j ¼ lim
K!1

PK
k¼1 xikxjkωkPK

k¼1 ωk

� xih i xj
	 


: ð12Þ

In Eqs. (11) and (12), the variable xik can be any variable
from simulation k and does not necessarily need to be the
same value used to calculate the weight.

III. WATER

III.A. Water Model

Water is a difficult material to model computation-
ally. There are several reasons for this that are detailed
elsewhere,23 and can range from the creation of extensive
hydrogen bonding networks, to dimer interactions, to
nonadditive effects due to large dipole and the polariz-
ability of water. Depending on the chosen computational
simulation method (i.e., classical versus ab initio MD),
the models can vary between empirical models fitted to
experimental data or defined using potential wave func-
tions of the corresponding atoms in the molecule. This
study will focus on classical MD and will not take into
account noncontinuous motions of water molecules at the
picosecond timescale (jump-diffusion). These empirical
models are defined by the number of sites that are simu-
lated in an MD simulation. Each site represents an inter-
action point that can interact with another site. An
example configuration of a four-site model is shown in
Fig. 1.

The model used in this study is the TIP4P/2005f
potential.25 This model was chosen in part because it
offers a favorable tradeoff between model complexity
and the accuracy of the phonon density of states, and
also because it is the model on which the ENDF/
B-VIII.0 evaluation of light water is based.26 The model
is a four-site model in which the fourth site (labeled M in
Fig. 1) is called a dummy site. In this case, the electric
charge of the oxygen atom is stored on the dummy
particle, and the mass of the oxygen atom is stored at
the oxygen atom. This improves the electrostatic distribu-
tion around the water molecule. Eight parameters from
this model will be varied using UMC.

Fig. 1. Four-site water model.24
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The model is governed by a potential function VðrÞ
defined by

VðrÞ ¼ VcðrÞ þ VLJ ðrÞ þ VbsðrÞ þ VθðrÞ ; ð13Þ

where

VcðrÞ = Coulomb potential

VLJ ðrÞ = Lennard-Jones potential

VbsðrÞ = bond stretching term

VθðrÞ = bond angle term.

The first two terms can be considered intermolecular
terms, and the latter two can be considered intramolecular
terms.

The Coulomb potential describes how charged parti-
cles interact with each other, and it is defined as

VcðrÞ ¼ 1

4π�o

qiqj
�rrij

; ð14Þ

where

�o = permittivity of free space

�r = dielectric constant

qi;j = charges of particles i and j, respectively

ri;j = distance between particles i and j.

Because the potential extends over all space, MD
codes will cut off these Coulombic interactions at
a given length. Beyond this length, long-range electro-
statics are handled using the particle-mesh Ewald
method.27

The Lennard-Jones potential describes how neutrally
charged particles interact with one another. Because the
oxygen atoms contain no charge, this is necessary for
describing how oxygen atoms of different water mole-
cules interact. This is defined by

VLJ ðrÞ ¼ 4�
σ
rij

� �12

� σ
rij

� �6
 !

; ð15Þ

where � is the depth of the potential well, and σ is the
finite distance between particles i and j where the poten-
tial changes from repulsive to attractive. The r�12 term
describes the Pauli repulsion at short ranges due to over-
lapping electron orbitals, and the r�6 term describes the
attraction at long ranges due to the van der Waals force.

The bond-stretching term describes the strength of
the bond between the hydrogen and oxygen atoms and
how the atoms vibrate along the bond length. The TIP4P/

2005f model uses an anharmonic function called the
Morse potential because it yields better agreement with
the higher-energy stretching bands and is less computa-
tionally intensive than a quartic function. This Morse
potential is defined as

VbsðrÞ ¼ Dr 1� e�β rij�b0ð Þ2h i
; ð16Þ

where

Dr = depth of the potential well

β = steepness of the well

b0 = equilibrium length between the hydrogen and oxy-
gen atoms within the same molecule.

The bond angle term describes how the hydrogen
atoms bend in relation to the oxygen atom. The bond
angle is given by the following harmonic function:

VθðrÞ ¼ 1

2
Kθ θijk � θ0
� �2

; ð17Þ

where

Kθ = bond strength

θijk = angle between atoms i, j, and k

θ0 = equilibrium angle between atoms i, j, and k.

All of the parameters that will be modified and their
published values from Gonzlez and Abascal25 are shown
in Table I. The parameters are the same as those
described in Eqs. (15), (16), and (17), with the addition
of the d0 parameter, which describes the distance between
the oxygen atom and the dummy particle site.

III.B. Experiment

The experimental data were gathered from the Fine-
Resolution Fermi Chopper28 (SEQUOIA) beamline at the
ORNL SNS in 2012 by a research group from the
Rensselaer Polytechnic Institute. SEQUOIA is a direct
geometry time-of-flight chopper spectrometer in which
an incident energy is specified and a spectra of final
energies and scattering angles are measured. This is per-
formed using a Fermi Chopper, which has a series of
curved, closely spaced neutron-absorbing blades (slit
package) held together by a rotor that spins around
a vertical axis in the path of the beam. The Fermi
Chopper can rotate at a specific frequency, 60 to
600 Hz, to allow only neutrons at a specific energy to
pass. The neutrons then hit the sample of water, which
was encapsulated within a 0.1-mm-thick aluminum flat
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container with a 50� 50 mm2 cross sectional area. This
thickness was chosen to reduce the effects of multiple
neutron scattering. The sample size of the aluminum
container coincided with the cross-sectional area of the
neutron beam, as the equipment is designed to have the
sample in the center of the beam. The uncertainties in the
sample geometry are negligible compared with other
sources of experimental uncertainty, which are on the
order of 1% to 5%.

The scattered neutrons are then detected by one of
the detectors, which tally the neutrons’ arrival time so the
scattered energy can be calculated. The detector bank
covers scattering angles from −30 to 60 deg in the hor-
izontal plane and � 18 deg in the vertical direction. The
collected inelastic neutron scattering (INS) data were
transformed from the time-of-flight and instrument coor-
dinates to the dynamic structure factor Sðq;EÞ as defined
in Eq. (6) and corrected for the detectors’ efficiency by
using white-beam vanadium data. Monochromatic vana-
dium normalization of the data was not performed. The
spectra from the empty aluminum container were also
measured at the same conditions and subtracted from
the water data to remove the effect of the neutron scatter-
ing from the container.

The data were collected at incident energies of 55,
160, 250, 600, 1000, 3000, and 5000 milli-electron volts
(meV) between scattering angles of 3 to 58 deg and
grouped with 1-deg increments. The energy resolution
for the double-differential cross sections with the used
Fermi Chopper 1 at the elastic line (energy transfer
E ¼ 0) and at E ¼ 0:9Ei are given in Table II. These
energies correspond to the full-width half-maximum of
the Gaussian resolution function for each experiment at
the given value (at E ¼ 0 and E ¼ 0:9Ei). Each experi-
ment was performed at 300 K.

IV. FRAMEWORK AND RESULTS

IV.A. Framework Overview

The MD simulations were run using GROMACS and
were divided into four steps. First, a system of 512 water
molecules in a cube with sides of 2.407 nm was mini-
mized using the steepest descent method over 500 000
steps, and the positions of the atoms were changed so that
the total force in the system was minimized. Then, the
system was simulated for 100 ps with a 0.1-fs time step in
a canonical (NVT) ensemble in which the number of
molecules, volume, and temperature were held constant.
The temperature was coupled using a Nose-Hoover
extended ensemble. Next, an isothermal-isobaric simula-
tion (NPT), in which the number of molecules, pressure,
and temperature are held constant, was performed for 1
ns with a 0.1-fs time step. Again, the temperature was
coupled using a Nose-Hoover extended ensemble, and the
pressure was coupled using the Parrinello-Rahnam
scheme in which the pressure coupling of the box vectors
was subject to the equations of motion. Finally,
a microcanonical ensemble (NVE), in which the number
of molecules, volume, and total energy are held constant,
was performed for 100 ps with a 0.1-fs time step. In this
step, the MD frames were saved every 0.4 fs. In all of
these runs, a cutoff length of 0.8 nm was used for the
electrostatic and Lennard-Jones potentials, and periodic
boundary conditions were assumed so that, for example,
particles leaving the system in the þ x direction were
simulated as entering in the system from the � x
direction.

In this work, the model parameters were randomly
generated using the Latin hypercube sampling method to
ensure that the entire phase space of parameters was
appropriately sampled. The parameters sampled in this
work are limited to only the parameters in the TIP4P/
2005f parameter set. There has been work to modify
other physical properties of water (e.g., the free atom
scattering cross section4), but those will not be explored
in this analysis. A total of 2048 samples were generated
with a maximum value of any individual parameter of
� 5% of the published value of that parameter.

The MD simulations were initialized assuming
a random orientation of water molecules and were ran-
domly reoriented if the configuration was incompatible
with the parameter set (i.e., if the MD simulation failed).
Several physical properties were calculated from the
resulting trajectories, including dielectric constant, rela-
tive static dielectric constant, density, diffusion

TABLE I

TIP4P/2005f Parameters*

Parameter (unit) Value

β (nm−1) 22.87
b0 (nm) 0.09419
d0 (nm) 0.01546
Dr (kJ/mol) 432.581
� (kJ/mol) 0.7749
Kθ [kJ/(mol rad2)] 367.810
σ (nm) 0.31644
θ0 (deg) 107.4

*As reported in Ref. 25 and detailed in paper.

6 CHAPMAN et al. · GENERATING COVARIANCE DATA OF THERMAL NEUTRON SCATTERING CROSS SECTIONS

NUCLEAR SCIENCE AND ENGINEERING · VOLUME 00 · XXXX 2020



coefficient, isothermal compressibility, and heat capacity,
to further verify that the simulations produced physically
realistic results. Additionally, the velocity autocorrelation
functions for hydrogen and oxygen were calculated so
that the phonon density of states could be calculated
using Eq. (8). With this density of states, a thermal scat-
tering law was calculated using an in-house program
written for this project29 that evaluates Eqs. (6) and (7).

Of the 2048 samples, 1615 ran successfully, as the
remaining 433 parameter sets caused the MD simulations
to crash. These crashes occurred even after repeated reor-
ientation of the initial water molecule configuration, mean-
ing that these 433 parameter sets were not possible to
simulate. From the 1615 successful runs, 250 simulations
were used to calculate the UMCweights. These simulations
correspond to the runs where the calculated densities and
diffusion coefficients were within 15% and 30% of their
experimentally measured values, respectively. Values with
larger deviations away from the experimental values
resulted in smaller values for the UMC weights, and thus
made a small contribution to the UMC-calculated mean and
covariances. The density and diffusion coefficients were
chosen because they are accurately known and have the
highest correlation to a correct phonon density of states.
To better replicate the experimental setup, a simplified
model of the SEQUOIA spectrometer detector was modeled
in MCNP6.2, in which a monoenergetic beam of neutrons
was fired at a sample of water and the scattering results were
tallied at rings meant to represent how SEQUOIA tallied the
scattering events.

The choice to down-select from 1615 to 250 parameter
sets is twofold. From a theoretical perspective, as the large
ensemble of parameter sets was chosen to ensure a proper
sampling of phase space, it was expected that some simula-
tions would run to completion while providing unrealistic
thermophysical properties. This down-selecting served as
a way to ensure that the whole phase space of the TIP4P/
2005f parameters leading to physically reasonable properties
of water was covered while ensuring the UMC-calculated
uncertainties were realistic. From a practical standpoint, run-
ning 11 305 MCNP runs (the number required if we had

selected all 1615 successfully run simulations) would be
computationally prohibitive. Additionally, including the
1365 omitted ensembles in the UMC analysis would not
have affected the presented results, as their UMC-generated
weights from Eq. (10) would so small as to not make
a meaningful contribution to the UMC mean or covariance
values.

After the SEQUOIA resolution function was applied,
the resulting double-differential scattering cross sections
were used to calculate the UMC weights using Eq. (10),
where yk is the calculated double-differential scattering
cross section, yE is the experimental double-differential
scattering cross section, and VE is the experimental covar-
iance matrix. This covariance matrix was assumed to con-
tain no cross correlations, making it a diagonal matrix of the
variance of the experimental results. In addition to the
double-differential scattering cross section, the calculated
diffusion coefficient and density were also included in the
generation of the UMC weights since they were determined
to be critical for achieving good agreement between simu-
lated and experimental results.

A flow chart detailing the framework is shown in
Fig. 2. The weights were computed according to Eq. (10)
by scaling the value of χ2 in order for posterior mean
values and their uncertainties to be deemed in harmony
with the double-differential data.30 The weights calcu-
lated for the UMC ensemble of the TIP4P/2005f para-
meter sets in this work are plotted in Fig. 3 and are listed
in the supplemental material along with the correspond-
ing TIP4P/2005f parameter sets.

A plot of the UMC weights sorted from largest to
smallest is shown in Fig. 3. The weights are normalized
such that the average value equals 1. This was done for
convenience, as it does not affect the calculations asso-
ciated with these weights. The larger value weights
indicate a better agreement with the differential data,
density, and diffusion coefficient, meaning that they
will have a larger impact on the UMC-averaged values.
These weights were then used to calculate the mean
values and covariance matrices for the model para-
meters, physical properties density of states, and double-

TABLE II

Fermi Chopper 1 Energy Resolution*

Ei 55 160 250 600 1000 3000 5000

E ¼ 0 3.2 9.5 13 34 74 360 850
E ¼ 0:9Ei 0.8 2.0 3.0 7.0 15 80 200

*All units are in milli-electron volts.
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differential scattering cross sections. The mean value
and variance of the dynamic structure factor were also
calculated.

IV.B. Model Parameters and Thermophysical
Properties

Using the UMC weights, the average values of the
updated TIP4P/2005f model parameters and the tabulated
physical properties, along with their comparison with the
values calculated from Gonzlez and Abascal,25 were

calculated and are shown in Tables III and IV, respec-
tively. The spread of the 250 values are shown in Figs. 4
and 5. Their corresponding correlation matrix was calcu-
lated using

Ci;j ¼ Vi;jffiffiffiffiffiffiffiffiffiffiffiffi
Vi;iVj;j

p ; ð18Þ

where Vi;j is the covariance matrix defined by Eq. (12),
which is shown in Fig. 6. The correlation matrix of the
TIP4P/2005f parameters is shown in Table V.

10-1
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Fig. 3. Sorted UMC weights calculated using Eq. (11).

Fig. 2. Flow chart detailing outlined thermal neutron scattering evaluation methodology.
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The UMC analysis changed the mean values of the
TIP4P/2005f parameters as expected, but none of the
values were significantly changed. Although the UMC
uncertainties might appear small, the intent of running
a large number of simulations and then discarding those
with unphysical values of density and diffusivity was
precisely a way to ensure that the 250 parameter sets
used in the final UMC analysis completely covered the
physical range of the TIP4P/2005f parameters, thus yield-
ing realistic uncertainties of the TIP4P/2005f parameters.a

The values all have a relative error of less than 1%, and
most are below 0.25%. These results were expected
because the TIP4P/2005f parameter set was already
tuned to give agreeable results when compared with
thermophysical properties. This analysis effectively
tuned these parameters to the double-differential cross
section of water. The frequency plots provide some
insight into which parameters were chosen from the ori-
ginal 1615 parameter sets for further analysis. The para-
meters were originally sampled assuming a uniform
distribution, and although some of the parameters show
a somewhat uniform distribution (specifically β and do),
some of them exhibit a noticeable trend. Specifically, σ

appears to be centrally peaked, and θo shows a decreasing
frequency with increasing angle.

Neither the dipole moment nor the relative static
dielectric constant are accurately calculated by the
TIP4P/2005f potential or the updated parameter set.
This is most likely because the TIP4P/2005f model is
a four-site model, and higher site models tend to calculate
these properties more accurately. This is an active area of
research, and other types of water models (such as polar-
izable potentials, or use of ab initio MD) might yield
more accurate results for these values.

The diffusion coefficient and isothermal compressa-
bility are calculated to be much closer to the experimental

TABLE III

UMC-Updated TIP4P/2005f Parameters

Parameter UMC Mean Value UMC Uncertainty Published Valuea Relative Error

β 2.291E+01 6.672E−01 (2.91%) 2.287E+01 0.15%
b0 9.441E−02 2.707E−03 (2.87%) 9.419E−02 0.23%
d0 1.545E−02 4.664E−04 (3.02%) 1.546E−02 0.08%
Dr 4.34152E+02 1.23567E+01 (2.85%) 4.32581E+02 0.36%
� 7.717E−01 2.141E−02 (2.77%) 7.749E−01 0.42%
Kθ 3.6695E+02 1.0209E+01 (2.78%) 3.6781E+02 0.23%
σ 3.1679E−01 7.6056E−03 (2.40%) 3.1644E−01 0.11%
θ0 1.068E+02 3.087E+00 (2.89%) 1.074E+02 0.54%

aReference 25.

TABLE IV

UMC-Updated Thermophysical Properties

Property (unit) UMC Mean Value UMC Uncertainty Published Value Exp. Value

p (Debye) 2.299E+00 1.597E−01 (6.949%) 2.319E+00 2.95E+00
�r (N/A)

a 5.518E+01 1.230E+01 (22.29%) 5.53E+00 7.84E+01
ρ (g cm−3) 9.961E−01 7.165E−02 (7.193%) 9.977E−01 9.97E−01
Ds (10

9 m2 s−1) 2.241E+00 3.644E−01 (16.26%) 1.93E+00 2.27E+00
κT (104 MPa−1) 4.953E−01 5.402E−02 (10.91%) 4.46E−01 4.95E−01

aN/A = Not applicable. Exp. = Experimental.

a This may be illustrated by considering the pitfalls of random
sampling of the TIP4P/2005f parameters from a too narrow range
of values, such that all MD simulations would be acceptable but
would yield unrealistically small uncertainties. Conversely, sam-
pling from a much larger range of TIP4P/2005f parameters would
yield a much smaller fraction of acceptable runs. Consequently, we
have sampled over a range of parameter values that would still
yield a sufficient number of acceptable runs, i.e., 250, for a statis-
tically meaningful UMC analysis, but without unduly restricting
the range of parameters.
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Fig. 4. Frequency plots of the TIP4P/2005f parameters. The red line corresponds to the published values of the parameters from
Gonzlez and Abascal.25
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values than the published values. This is expected since the
diffusion coefficient was included in the calculation of the
UMC weights, and isothermal compressability is related to
density. The spread in the diffusion coefficient is larger
than expected given that it was used as a constraint in the
UMC weights, likely because the original parameters cal-
culated the diffusion coefficient to be approximately 15%
of the experimental value, which is similar to the percent
UMC uncertainty calculated in Table IV.

In Fig. 6, very few of the TIP4P/2005f model para-
meters share a strong cross correlation, except the

hydrogen-oxygen bond length b0 and the Lennard-Jones
distance parameter σ. Aside from including an oxygen
atom, no significant reason exists for why these two
parameters should relate; the Lennard-Jones distance
parameter is an intermolecular component, and the hydro-
gen-oxygen bond length is intramolecular. Regarding the
thermophysical properties, there is a strong correlation
between the dipole moment and relative static dielectric
constant (p and �r), which is expected.

Besides these two properties, the most notable cross-
correlation terms all involve the density, including the
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Fig. 6. Correlation matrix of the TIP4P/2005f model parameters and thermophysical properties.

TABLE V

Correlation Matrix of the TIP4P/2005f Parameters

β b0 d0 Dr � kθ σ θ0

β 1.000
b0 0.106 1.000
d0 0.092 −0.163 1.000
Dr −0.041 0.024 −0.005 1.000
� −0.010 −0.061 0.031 −0.099 1.000
kθ −0.023 −0.109 0.097 −0.046 −0.029 1.000
σ 0.063 0.969 −0.286 0.022 −0.164 −0.095 1.000
θ0 −0.055 −0.017 0.090 −0.006 0.089 −0.054 −0.104 1.000
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anticorrelations between density and the hydrogen-
oxygen bond length, Lennard-Jones distance parameter,
and isothermal compressibility. The hydrogen-oxygen
bond length affects how closely packed the water mole-
cule is, and the Lennard-Jones distance parameter affects
how closely packed the neighboring water molecules are
to one another, both of which directly impact the density
of the system. The isothermal compressibility relates how
volume changes with varying pressure, which is strongly
dependent on density.

Additionally, the bond angle exhibits a strong antic-
orrelation with both electrostatic thermophysical proper-
ties. Because the bond angle is a component that
determines the location of hydrogen atoms, both of
which contain a positive charge in the model, the
authors expected that the electrostatic terms would be
affected. Although there are noticeable correlations
between these electrostatic terms and the other distance
parameters, the bond angle unexpectedly contains the
strongest correlation.

IV.C. Phonon Density of States

The covariance matrix on the phonon density of
states can also be calculated using the UMC weights.
The mean value of the phonon density of states with
a 1-standard-deviation band is shown in Fig. 7.
Generally, the uncertainty band below 150 meV is reason-
ably constrained, which is not the case for the 205- and
430-meV peaks. The large uncertainty bands around
these modes are largely due to variations in the peak
locations rather than the peak magnitudes, as shown in

Fig. 8, which shows the 250 phonon density of states
from the accepted runs used to calculate the UMC
weights. The continuous spectrum (below 150 meV) is
consistent between the 250 accepted runs, and the 205-
meV modes are fairly consistent across the runs. The
430-meV mode exhibits a wide spread in the energy of
the peak locations. These large uncertainties appear in
certain quantities but not others, as discussed in Sec. V.

A plot of the correlation matrix is shown in Fig. 9,
and the uncertainties around the 205- and 430-meV
peaks are clearly significantly larger than the peaks
below 150 meV. Interestingly, there is a noticeable dip
in the overall uncertainty at the actual peak values and
an increase in uncertainty immediately surrounding
them. This is validation that the location of these
modes is well known, whereas the peak width is more
uncertain. In other nuclear data processing codes [e.g.,
NJOY], these higher energy modes are approximated as
Dirac delta functions with an associated weight to sig-
nify the peak magnitudes. The small relative uncertain-
ties of the mode locations could indicate that
approximating the modes as Dirac delta functions is
appropriate.

IV.D. Dynamic Structure Factor

A plot of the mean value of the dynamic structure
factor Sðq;EÞ is shown in Fig. 10, and its relative uncer-
tainty is shown in Fig. 11. The relative uncertainty plot is
capped between 0 and 1 because some values on the edge
of the plots are much greater than 1 but correspond to
very small values of Sðq;EÞ. Overall, the relative
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Fig. 7. Phonon density of states with � 1 standard deviation uncertainty band.
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uncertainty is around 0.15, which is near the uncertainty
in the phonon density of states below 100 meV. This
could indicate that the majority of the uncertainties are
dictated by the phonon density of states below the 100- to
150-meV range. The relative uncertainties differ from this
in two areas. The first is the two distinct bands that

appear in Fig. 11 starting at q ¼ 0:025Å
�1
. What these

dips represent in relative uncertainty is unclear, but the
valley moves linearly in energy and quadratically in
momentum. This could be related to how the intermediate
structure factor is calculated from Eq. (7) since there is a
q2 term in the exponential. However, the relative uncer-
tainties of the intermediate structure factor do not indicate
that it would manifest in the dynamic structure factor.
Additionally, there are noticeable increases in relative
uncertainty that occur around 205 and 430 meV from
the increased uncertainties in the phonon density of states
mentioned previously.

IV.E. Double-Differential Cross Section

Plots of the double-differential cross section for
various incident energies and scattering angles, as

well as the relative uncertainty between the ORNL
evaluation and experimental data, are shown in Fig.
12. The green band represents the ORNL evaluation
with � 1 standard deviation from the mean. Overall,
both the ENDF/B-VIII.0 and the new ORNL evalua-
tion agree somewhat favorably with the experimental
data near the quasielastic peaks, but there are dis-
agreements near the tails of the double-differential
cross sections. The large spikes in relative uncertainty
correspond to uncertainties in the phonon density of
states. Because these spikes do not correspond to an
increase in uncertainty in the experimental results,
there could be a bias in the model toward being
more sensitive to the translational and vibrational
modes of water than to the double-differential data
used to generate the UMC weights.

Interestingly, the intensity of the relative uncer-
tainties is not consistent across different double-
differential cross sections. For example, when the
energy transfer is 50 meV, the relative uncertainty is
around 0.125 for Ei ¼ 160 meV, 0.325 for Ei ¼ 250
meV, and 0.1 for Ei ¼ 600 meV. This contrasts with
the uncertainty at the elastic peak at which the energy
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transfer = 0, which is close to 0.05 for all four inci-
dent energies.

IV.F. Total Cross Section

Plots of the scattering cross section and the UMC-
generated relative uncertainty are shown in Fig. 13.
Although there are independent experimental values
of the total cross section of water at thermal energies,
they are not at the same temperature as the scattering
experiment (300 K), and therefore are not shown here.
The UMC-generated cross section is slightly larger
than the ENDF/B-VIII.0 evaluation below 0.05 eV
with a slight increase around 1 eV. The relative uncer-
tainties, unlike with the dynamic structure factor and
double-differential cross sections, do not show any
significant dependence on the 205- or 430-meV
peaks from the phonon density of states. Instead, the
relative uncertainties tend to be largest where the
cross section diverges from the ENDF/B-VIII.0
value, including a small increase in uncertainty

corresponding to the small increase in cross section
at 1 eV. The increased relative uncertainties at 30 and
360 meV are unusual, and it is unclear if they corre-
spond to any physical phenomena. Previous work3

suggests the increase at 360 meV may be due to the
uncertainty associated with the 430-meV peak from
the phonon density of states.

V. TESTING

To test the new thermal scattering cross section and
covariance, several critical benchmarks were simulated.
Because the experiment was conducted at 300 K, higher
temperature benchmarks were preferred. This preference
and the need for a thermal spectrum meant only a handful
of benchmarks from the ICSBEP Handbook8 could be
considered. Experiments LCT-078, LCT-079, and LCT-
080 were chosen because they were performed at 298 K,
300 K, and 298 K, respectively. LCT-078 and LCT-080
are part of the Seven Percent Critical Experiment
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Fig. 11. Relative uncertainty of Sðq;EÞ. The intensity is limited to 1 because there are some large relative uncertainties on the
edges of the plot that also correspond to very small values of Sðq;EÞ.
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performed at Sandia National Laboratories for which the
fuel was arranged in square-pitched arrays with different
pitches for the two sets of experiments. LCT-079 is part
of the Burnup Credit Critical Experiment at Sandia
National Laboratories and contains triangular-pitched
fuel rods.

An updated library of light water was generated using
the mean value of the dynamic structure factor shown in
Sec. II.A. A plot comparing the benchmark results against
simulations run using the ENDF/B-VIII.0 library of water
and this updated library of water is shown in Fig. 14. The
simulations were run using MCNP6.2, and all the cross
sections were processed using NJOY21. The error bars on
the benchmark bars indicate the benchmark uncertainties,

and the error bars on the ENDF/B-VIII.0 and ORNL bars
indicate statistical uncertainties from the MCNP simula-
tions (i.e., they do not incorporate uncertainties in the
nuclear data).

Overall, the new library agrees very favorably with
the ENDF/B-VIII.0 library. This is expected because the
methods for generating the libraries are similar. The new
library performs slightly better than the ENDF/B-VIII.0
library, but the improvement is usually negligible.

Although this analysis validates the mean value, it
does not validate the generated covariance matrices.
Ideally, the spread of the data generated from the covar-
iance matrix should match the spread of the data used to
generate the covariance matrix. To validate the
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covariance matrix methodology, the phonon density of
states covariance matrix was used to generate 250 ran-
dom phonon density of states. Phonon density of states
were chosen instead of the thermal scattering law for
several reasons. First, there is a direct relation from
phonon density of states to the thermal scattering law
due to the incoherent approximation outlined in Eqs.
(5), (6), and (7), so it should be possible to capture all

the physics of thermal neutron scattering within the pho-
non density of states. Additionally, a full covariance
matrix of the thermal scattering law would be on the
order of 40 GB, which is too large to store in memory
and quickly sample. Finally, because there is no agreed-
upon method for storing the covariance matrices of ther-
mal scattering cross sections, it would serve as
a possibility for storing covariance information in
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materials that are traditionally evaluated using the inco-
herent approximation.

These 250 phonon density of states were transformed
into the requisite dynamic structure factor to be compared
against benchmark results. The accepted phonon density of
states used to calculate the UMC weights were used as
a baseline to compare against these newly generated phonon
density of states. The results of these runs for one of the
benchmarks (LCT-079-005) is shown in Fig. 15.

The text labeled μ describes the mean value of the
250 runs, either accepted runs or UMC-generated runs,
and gives their 1-standard-deviation spread. Not only
do both cases have very similar mean values, but they
also have an identical standard deviation, indicating
that the covariance matrix of the phonon density of
states might be a memory-saving method for describing
the spread of uncertainty of the thermal scattering law
as opposed to requiring the covariance matrix of the
full Sðα; βÞ.

VI. CONCLUSION

A methodology for evaluating thermal neutron scat-
tering cross sections was developed. Using the UMC
method to compare experimentally measured double-
differential scattering cross sections against computa-
tional simulations, this work generated optimized values
of the TIP4P/2005f potential parameter set, phonon den-
sity of states, thermal scattering law, double-differential

scattering cross sections, and total scattering cross sec-
tions of light water. The updated model parameters were
found to have a maximum of 0.54% relative error from
the published values, which is well within the UMC-
calculated uncertainties on the order of 2.7%, and the
double-differential cross sections agreed favorably with
ENDF/B-VIII.0 cross sections. Covariance matrices of
the parameter set, thermophysical properties, and phonon
density of states were also generated. The mean values of
the thermal scattering law and covariance matrix of the
phonon density of states were compared against ICSBEP
benchmarks and found to be in good agreement with
experimental results and a slight improvement over the
ENDF/B-VIII.0 data set.

The uncertainties present in the double-differential
scattering cross section and total cross section could be
reduced. The TIP4P/2005f parameters were initially
sampled assuming no correlations to one another.
Including the calculated correlations from the lower-left
8� 8 square in Fig. 6 might reduce the overall uncertain-
ties. Additionally, including experimental cross sections
in the calculation of the UMC weights could reduce or
remove the uncertainty found in Fig. 13.

In addition to the TIP4P/2005f parameters, other
physical parameters describing water could be included
in the sampling. Of note is the free-atom scattering cross
section. This could prove influential as Ref. 3 has con-
cluded, but since there are predefined uncertainties in this
value,9 this would serve as a bound to the sampling phase
space.
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Fig. 15. Spread of keff using (a) the 250 phonon density of states used to generate covariance matrix, and (b) the 250 phonon
density of states sampled from covariance matrix.
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As previously mentioned, there is no agreed-upon
method to address the large memory footprint of a full
thermal scattering covariance matrix. These issues are
being addressed in various WPEC subgroups, and we look
forward to incorporating those methods in future iterations
of this work. Themethods range from storing the covariance
matrix as a groupwise Sðα; βÞ to implementing the iterated
fission probability method for calculating sensitivities.

The method used to validate the covariance matrix is not
analogous to how covariance data are validated for the reso-
nance region or fast region cross sections because current
neutron transport code systems are not equipped to handle
thermal scattering covariance matrices. This work was done
partially to promote the development of such capabilities in
future transport code systems. Additionally, once a method
for storing covariance matrices of thermal scattering law data
is developed, comparing the spread in the results from that
method to the one described in this work will be interesting.

Supplemental Data

Supplemental data for this article can be accessed online—see
DOI on the title page.
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