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Abstract

Atomic diffusion in minerals may not be well represented by solutions to the diffusion equation for a sphere with a single-
valued diffusivity, either because they have platy or elongated habits or because the energetics of diffusion is sensitive to crys-
tallographic direction. In many cases, a cylinder having characteristic radial and axial diffusivities is arguably a better model,
but rigorous solutions to the anisotropic diffusion equation for a finite cylinder have not been available. Here we develop gen-
eral analytical solutions that capture both the internal distribution of diffusant as a function of time, C(r, z, t), and the frac-
tion, F, of diffusant lost during a specified thermal history. These solutions are shown to conform with existing analytical
expressions for limiting cases of diffusion in a slab or infinite cylinder. We present, in addition, a simple numerical (finite dif-
ference) approach that not only reproduces the results of our analytical expressions but also enables us to move beyond some
of the limitations of the equations to simulate complex natural scenarios involving non-zero and time-dependent boundary
conditions, arbitrary initial distribution of diffusant within the cylinder and simultaneous diffusion and radiogenic ingrowth.
The complementary nature of the two approaches is emphasized and several illustrative applications to ‘real-world’ problems
are described, including noble-gas thermochronometry and halogen–hydroxyl interdiffusion in apatite.
� 2009 Elsevier Ltd. All rights reserved.

1. INTRODUCTION

Recent decades have witnessed extraordinary growth in
the acquisition of data bearing on the diffusive mobility of
atoms in minerals and the application of these data to geo-
chemical and geological problems. For a restricted set of
minerals containing U or K, information on noble gas dif-
fusion (He or Ar) obtained by laboratory degassing of nat-
ural samples has seen increasing use in the characterization
of time–temperature histories of rocks: i.e., thermochro-
nometry (see McDougall and Harrison, 1999; Reiners and
Ehlers, 2005). In a somewhat different context, diffusion
data for ions in a wide range of minerals—obtained mainly
from laboratory experiments designed to generate measur-

able diffusion profiles—have enabled significant progress
in deducing the conditions and duration of igneous and
metamorphic processes. In a general sense, the growth in
availability of diffusion data has been accompanied by
increasing sophistication of the modeling approaches used
to extract information on time–temperature histories of
natural systems.

A potentially serious limitation to continued progress in
the application of diffusion modeling in the geosciences is
the need to make simplifying assumptions about crystal
shapes and diffusive isotropy in order to make computa-
tions tractable, particularly when inverse modeling ap-
proaches are required. In most cases researchers resort to
the assumption that the mineral grains of interest are spher-
ical and that lattice diffusion in them is independent of crys-
tallographic direction. The acceptability of this assumption
depends upon the subtlety of the inferences sought and the
observational realities of the system. In many cases, mineral
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grains are both equidimensional in shape (warranting
approximation as spheres) and arguably diffusively isotro-
pic on the basis of known crystal structure or actual diffu-
sion measurements (e.g., Fe–Mg interdiffusion in garnet;
see Carlson, 2006). There are, however, many instances
where the diffusively isotropic sphere assumption is unreal-
istic or demonstrably wrong. Diffusion of argon in micas is
the classic example. The characteristically platy habit of
mica crystals and their tendency to cleave in the direction
parallel to the plate surface make a plane-sheet model
geometry a logical choice (e.g., Lister and Baldwin, 1996).
In this case diffusion perpendicular to the plate surface is
considered to dominate the overall diffusive loss of Ar. Oth-
ers have argued, however, that diffusion is so much faster in
the direction parallel to the plate surface (and to the poly-
hedral layers of the mica structure) that Ar diffusion in mica
is best modeled using the ‘infinite cylinder’ assumption
(e.g., Giletti, 1974; Hames and Bowring, 1994; Reddy
et al., 1996; Lo et al., 2000; Grove and Harrison, 2009;
Harrison et al., 2009). Intragrain maps of 40Ar distribution
indeed suggest that Ar loss or gain in natural settings takes
place mainly by layer-parallel diffusion (e.g., Pickles et al.,
1997; Kramar et al., 2001). However, experimental mea-
surements of Ar diffusion in micas are based exclusively
on bulk Ar release rather than on measured concentration
profiles, so rigorous evaluation of the two end-member
models is difficult. Preliminary results for a possible analog
system—F–OH interdiffusion in biotite (Price and Sallet,
2007)—suggest that an intermediate model is also possible:
F–OH diffusion appears to be markedly faster parallel to
the polyhedral layers of the structure, but the diffusive
length scale perpendicular to the plate surface is also very
short—so both play important roles in overall F–OH ex-
change. Interdiffusion of F and OH in apatite is also known
to be highly anisotropic, but in this case the (hexagonal)
structure lends itself to much faster diffusion parallel to
the c crystallographic axis than in the orthogonal a direc-
tions (Brenan, 1993). From a diffusion modeling perspec-
tive, apatite and micas present quite different challenges
because of the way in which their markedly different crystal
shapes map onto their diffusive anisotropies. Other known
or probable examples of diffusive anisotropy include Sr and
Pb in feldspar (Cherniak and Watson, 1994; Cherniak,
1995), halogen–OH exchange in apatite (Brenan, 1993), cat-
ion diffusion in olivine (e.g., Buening and Buseck, 1973;
Misener, 1974; Chakraborty, 1997; Petry et al., 2004; Ito
and Ganguly, 2006), Fe–Mg interdiffusion in biotite
(Uzuki, 2002) and He in zircon (Reich et al., 2007; Cher-
niak et al., 2009; Saadoune et al., 2009) and in orthophos-
phates having the zircon structure (Farley, 2007).

The purpose of this contribution is to provide a basis for
exploring diffusion in crystals whose shapes and lattice
properties suggest diffusion behavior mimicking the charac-
teristics of an anisotropic finite cylinder of any aspect ratio.
We present a general treatment in which the Arrhenius laws
can differ for diffusion parallel to and perpendicular to the
cylinder axis. Because of the complexity of the problem and
the wide variety of potential applications, we discuss both
analytical and numerical (finite difference—‘FD’) solutions.
Each of these has strengths and weaknesses. Many of the

original analytical solutions presented here can be imple-
mented in a spreadsheet. They accommodate step-wise
changes in temperature as well as temperature varying as
a continuous function of time and—most importantly—
provide valuable insight into the causes of the observed
behavior. The downside of the analytical solutions is that
they do not easily accommodate modification of boundary
conditions, heterogeneous initial distribution or inclusion
of the effects of radiogenic ingrowth and/or ‘a ejection’ that
occurs near the margins of crystals in which 4He is gener-
ated by radioactive decay. The FD method, on the other
hand, can easily be adapted to all of these circumstances,
as well as a non-zero surface concentration that is fixed,
for example, by a partitioning equilibrium, or one that var-
ies with time. Multicomponent interdiffusion is also easily
accommodated. The trade-off with the numerical approach
is that it is slower and requires care in the assessment of
accuracy (which we show to be better than �0.05% in most
applications). In a broad sense, the two approaches are
complementary and we hope that both will be of value to
readers, depending on individual modeling needs.

Details of the two approaches are presented below and
model results are compared both with one another and with
existing simple solutions to the diffusion equation for limit-
ing cases. Anisotropic diffusion behavior in a cylinder is
then illustrated with several examples; including evolution
of concentration profiles within the cylinder and assessment
of the fractional loss of diffusant over time (particularly
important in noble gas studies of bulk diffusion properties).
We also investigate whether anisotropic diffusion would be
apparent from bulk step-heating experiments commonly
used for calibration of thermochronometric systems, and
the potential for inaccurate closure temperature estimates
when a spherical geometric model is incorrectly applied to
a system in which diffusion is anisotropic.

2. ANALYTICAL SOLUTION

2.1. Concentrations within the cylinder

Consider a cylinder with height h and radius a (Fig. 1),
having diffusivity D33 along the z axis and diffusivity D11

perpendicular to the z axis. The origin of the coordinates

Fig. 1. Dimensional specifications (left) and coordinate system
(right) of the finite cylinder under consideration.
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is taken at the center of the cylinder. The subscripts on the
diffusivities designate specific constants in the second-order
tensor that describes the relationship between diffusive flux
vectors and concentration gradients in a lattice exhibiting
diffusive anisotropy (see, e.g., Shewmon, 1963, pp. 32–37).
A cylinder having characteristic axial and radial diffusivities
is a useful model for uniaxial crystals such as zircon, which
is tetragonal, apatite, which is hexagonal, and a quartz,
which is trigonal (note that D11 = D22 for such crystals;
Carslaw and Jaeger, 1959, p. 40; Nye, 1985, p. 23). We cau-
tion, however, that the cylinder is an imperfect model be-
cause the axial cross-section of any real tetragonal,
hexagonal or trigonal crystal, although often nearly equidi-
mensional, is not circular. The properties of the diffusivity
tensors of crystals belonging to the hexagonal, tetragonal
and trigonal crystal systems are nevertheless the same as
that of an anisotropic cylinder.

Diffusion in geologic settings may be accompanied by
radiogenic in-growth of the diffusant of interest. In the pres-
ent treatment we consider diffusion only. The solutions to
the combined production–diffusion equation for the aniso-
tropic cylinder, for arbitrary time dependence of the diffu-
sion coefficients, are outside the scope of this work and
will be treated elsewhere. The diffusion equation for the
concentration C of diffusant for the case of uniaxial symme-
try is given in Cartesian (x, y, z) coordinates as (Grifalco,
1964, pp. 149, 151, 154):

D11
@2C
@x2
þ @

2C
@y2

� �
þ D33

@2C
@z2
¼ @C
@t

ð1Þ

Recognizing the term in brackets multiplying D11 as the
two-dimensional part of the Laplacian, its transformation
to standard cylindrical coordinates (r, u, z) (Carslaw and
Jaeger, 1959, p. 17; Arfkin and Weber, 2001, pp. 115–
116) yields
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We restrict our attention to solutions that are cylindrically
symmetric so that Eq. (1) becomes
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ð3Þ

Note that Eqs. (1)–(3) hold for arbitrary time dependence
of D11 and D33. For the development of an analytical solu-
tion we assume a zero-concentration boundary condition
on the surface of the cylinder. This is the standard assump-
tion in many relevant natural situations—e.g., in studies of
noble gas diffusion in minerals in the natural setting (e.g.,
McDougall and Harrison, 1999, ch. 6).

For the case of isotropic diffusion, the diffusion equa-
tion for arbitrary time dependence of the diffusion coeffi-
cient can be solved by merely transforming to a new
‘time’ variable (Crank, 1975, p. 4). However, this method
does not work when there are two diffusion coefficients
which can have different time dependencies. In order to
find the solution to Eq. (3) for arbitrary time dependence
of the diffusion coefficients, we use an eigenfunction ap-
proach. Note that the eigenfunctions of the spatial parts
of Eq. (3) obey the equations

@2Cos½ð2nþ 1Þpz=h�
@z2

¼ �ð2nþ 1Þ2p2

h2
Cos½ð2nþ 1Þpz=h�

ð4Þ

and
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¼ � am

a

� �2

J 0ðamr=aÞ ð5Þ

The arguments of the functions in Eqs. (4) and (5) have
been chosen so as to make the functions zero on the surface
of the cylinder at z = ±h/2 and at r = a, respectively. In Eq.
(4), in order to avoid repetition of solutions, n is an integer
greater than or equal to zero. The am in Eq. (5) are the roots
of the J0 Bessel function, where the index m is an integer
which labels the number of the root (i.e., J0(am) = 0, a1 is
the first root, a2 the second root, etc.). Eq. (4) can be veri-
fied by elementary differentiation. Eq. (5) follows from Bes-
sel’s differential equation of order zero (Arfkin and Weber,
2001, pp. 673–674).

Given Eqs. (4) and (5), consider solutions to Eq. (3) of
the product form, as is done when solving partial differen-
tial equations by the method of separation of variables
(Matthews and Walker, 1970, pp. 226–237)

Cmnðr; z; tÞ ¼ fmnðtÞJ 0ðamr=aÞCos½ð2nþ 1Þpz=h� ð6Þ

where the fmn(t) are presently unknown functions of time
which are determined by requiring Eq. (6) to satisfy Eq.
(3) and initial conditions. Substituting Eq. (6) into Eq. (3)
and using Eqs. (4) and (5) we find

� D11
am

a

� �2

þ D33
ð2nþ 1Þ2p2

h2

" #
fmnðtÞ ¼

dfmnðtÞ
dt

ð7Þ

Before solving Eq. (7), we note that it holds for arbitrary
time dependent D11(t) and D33(t), since Eq. (3) is also true
for arbitrary time dependence of the diffusion coefficients.
Eq. (7) is a simple first order linear, homogeneous, ordinary
differential equation with non-constant coefficients (for the
general case of time varying diffusion coefficients). The
solution to Eq. (7) is elementary and is given by Arfkin
and Weber (2001, p. 501)

fmnðtÞ ¼

Amn exp � am

a

� �2
Z t

0

dt0D11ðt0Þ �
ð2nþ 1Þ2p2

h2

Z t

0

dt0D33ðt0Þ
" #

ð8Þ

where Amn are integration constants that are determined by
the initial, t = 0, concentration (i.e., fmn(0) = Amn). That
Eq. (8) satisfies Eq. (7) for arbitrary time-dependent diffu-
sion coefficients can be verified by differentiation.

Eq. (8) can be written in a more compact form as

fmnðtÞ ¼ Amn expb�a2
my1ðtÞ � ð2nþ 1Þ2p2y3ðtÞc ð9Þ

in which it is convenient to define the dimensionless release
coordinates y1(t) and y3(t) as

y1ðtÞ ¼
Z t

0

D11ðt0Þ
a2

dt; y3ðtÞ ¼
Z t

0

D33ðt0Þ
h2

dt ð10Þ

Using Eq. (9) in Eq. (6), the solutions to Eq. (3) become
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Cmnðr; z; tÞ ¼ Amn expb�a2
my1ðtÞ � ð2nþ 1Þ2p2y3ðtÞc

� J 0ðamr=aÞCos½ð2nþ 1Þp z=h� ð11Þ

Eq. (11) is a set of solutions to Eq. (3), for arbitrary time
dependence of the diffusion coefficients, which satisfy the
zero-concentration boundary condition on the cylinder sur-
face. However, as they stand, these individual solutions are
not able to satisfy an arbitrary initial concentration profile.
In order to do this, we must take a linear combination of
the product solutions to form the most general solution
(Arfkin and Weber, 2001, pp. 508–509). Thus, the most
general solution to Eq. (3) for arbitrary time dependent
D11(t) and D33(t) and arbitrary initial concentration profile
is given by

Cðr; z; tÞ ¼
X1
m¼1

X1
n¼0

Amn exp �a2
my1ðtÞ � ð2nþ 1Þ2p2y3ðtÞ

h i
� J 0ðamr=aÞCos½ð2nþ 1Þp z=h� ð12Þ

The only remaining task to completely specify the solu-
tion is to determine the coefficients Amn in terms of the ini-
tial concentration profile function. The procedure to find
the coefficients of an expansion in orthogonal functions is
well known (Arfkin and Weber, 2001, pp. 597, 604–605).
For the sake of clarity, we indicate the steps here. Multiply-
ing both sides of Eq. (12) by

rJ 0ðapr=aÞCos½ð2qþ 1Þp z=h�; ð13Þ

specializing to the case of t = 0, and integrating over the do-
mains of r and z, yieldsZ a
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Performing the integrals on the right hand side of Eq. (14)
by using the orthogonality integralsZ h=2

�h=2

dzCos½ð2nþ 1Þp z=h�Cos½ð2qþ 1Þp z=h� ¼ h
2

dnq ð15Þ

andZ a

0

dr r J 0ðamr=aÞJ 0ðapr=aÞ ¼ a2

2
J 2
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(Arfkin and Weber, 2001, p. 689), where dmp and dnq are
Kronecker deltas, we find the expression for the expansion
coefficients in terms of the initial, t = 0, concentration
profile,

Amn ¼
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a2hJ 2
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Z a
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dr r J 0ðamr=aÞ

�
Z h=2

�h=2
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For the important special cases when the initial concentra-
tion profile is separable—i.e., it factors into the product of a
function of r times a function of z, which includes the

important special case of an initial uniform concentration
profile,

Cðr; z; 0Þ ¼ vðrÞfðzÞ ð18Þ

where v(r) is the radial part of the concentration profile
and f(z) is the axial part of the concentration profile. Substi-
tuting Eq. (18) into Eq. (17), the coefficient Amn also factors
so that

Amn ¼ bm dn ð19Þ

where

bm ¼
2

a2J 2
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Substituting Eq. (19) into Eq. (12), the concentration profile
can be written in factored form as

Cðr;z; tÞ¼
X1
m¼1

bm exp �a2
m y1ðtÞ

� 	
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( )

�
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h i

Cos½ð2nþ1Þpz=h�
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Eq. (22) has the great practical advantage of separating into
a factor for an infinite cylinder and a factor for an infinite
slab. As will be seen, this factorization also carries through
to the form of the retention fraction—i.e., the fraction of
the initial amount of diffusant contained within the cylinder
after some duration of diffusion t. The practical advantage
comes when evaluating the sums over a finite number of
terms. If each sum contains a factor of Mmax and Nmax

terms, respectively, Eq. (22) requires only Mmax + Nmax

terms to be evaluated. On the other hand, Eq. (12) requires
the evaluation of Mmax � Nmax number of terms. For exam-
ple, if Mmax and Nmax are each 1000, then Eq. (11) requires
the sum of 106 terms to be evaluated, whereas Eq. (22) re-
quires the sum of only 2000 terms, a significant computa-
tional advantage.

Now we consider the case of an initial uniform concen-
tration of diffusant, C0. Evaluation of the integrals in Eqs.
(20) and (21) (Carslaw and Jaeger, 1959, p. 198, Eq. (5)) for
this case yields

Amn ¼ C0
2

amJ 1ðamÞ

� �
4ð�1Þn

pð2nþ 1Þ

� �
; ð23Þ

so that the concentration profile, Eq. (22), is given by

Cðr; z; tÞ ¼ C0 Rðr; tÞZðz; tÞ ð24Þ

where

Rðr; tÞ ¼ 2
X1
m¼1

J 0ðamr=aÞ
amJ 1ðamÞ

exp½�a2
my1ðtÞ� ð25Þ

and

Zðz; tÞ¼ 4

p
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n¼0

ð�1Þn
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ð26Þ
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Note that Eq. (25) describes the concentration profile for an
infinite cylinder of initially uniform concentration of unity
and with diffusion coefficient D11. Eq. (26) is the concentra-
tion profile for an infinite slab of initially uniform concen-
tration of unity and with diffusion coefficient D33. These
expressions are in agreement with the corresponding ones
of Carslaw and Jaeger (1959, p. 97, Eq. (8), p. 199, Eq.
(5)), when appropriate changes in notation for the Bessel
function roots and slab thickness are made, and specializing
to the case of time-independent diffusion constants along
the appropriate direction.

2.2. Fractional loss equations

Many anticipated applications of the present treatment
will concern diffusive outgassing of anisotropic crystals,
so here we turn our attention to the systematics of frac-
tional loss. We calculate the amount of a diffusant remain-
ing inside the cylinder, Q, after a period of diffusive loss by
integrating over its volume. The fraction of diffusant
remaining inside the cylinder is obtained by taking the ratio
of the amount of diffusant remaining inside to the initial
amount at t = 0, Q0. Thus, using Eq. (24), we write

Q ¼
Z

cylinder
d3xCðr; z; tÞ

¼ C0

Z 2p

0

d/
Z a

0

dr r Rðr; tÞ
Z h=2

�h=2

dzZðz; tÞ ð27Þ

Performing the azimuthal integral over u we have
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Defining the fraction of diffusant retained within the cylin-
der as G, we have

G ¼ Q
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where in the last step above we have conveniently grouped
the two factors in brackets. [Note the fraction of diffusant
released is F = (1 � G)].

Using Eq. (25), and performing the integral over r in Eq.
(30) (Carslaw and Jaeger, 1959, p. 198) yields
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exp½�a2
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Similarly, using Eq. (26) and performing the (elementary)
integral over z yields
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Thus, we find for the (time dependent) fraction of diffusant
retained within the cylinder

Gðy1;y3Þ¼G1ðy1ÞG3ðy3Þ¼ 4
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A few comments on this result are in order. First, note
that both G1 and G3 are themselves properly normalized
retention fractions (each factor is also 1 when t = 0). G1 is
the fraction that would be retained in the case of diffusion
from an infinitely long cylinder of radius a and diffusivity
D11. G3 is the fraction that would be retained in the case
of diffusion from an infinite slab of thickness h and diffusiv-
ity D33. Both Eqs. (31) and (32) for the retention fractions
are again in agreement with the corresponding equations of
Carslaw and Jaeger (1959, p. 97, Eq. (10), p. 199, Eq. (6)),
when appropriate changes in notation for the Bessel func-
tion roots and slab thickness are made, and specializing
to the case of time-independent diffusion coefficients along
the appropriate direction.

Because the retention equation (33) factors into a prod-
uct of individual retention fractions, it might seem possible
to separate how much is lost from the end faces as
F3 = (1 � G3), vs. how much is lost through the sides as
F1 = (1 � G1). This is not the case, however, because F3 de-
fined this way is the fractional amount released out the ends
in the absence of lateral diffusion, as it is the release fraction
for the infinite slab. Similarly, F1 is the fractional amount
released out the cylinder sides in the absence of longitudinal
or axial diffusion, as it is the fractional amount released for
the case of the infinite cylinder. [Note that the numerical
approach described in Section 3 does allow recovery of
the actual diffusant loss from the ends and sides of the cyl-
inder (see the example in Section 5.3)]. Finally, we observe
that Eq. (33) applies to arbitrary time-dependent diffusion
coefficients, and depends only on the values of the dimen-
sionless release coordinates y1 and y3.

The total fractional release from the cylinder can be
written as:

F ðy1; y3Þ ¼ 1� Gðy1; y3Þ ¼ 1� G1ðy1ÞG3ðy3Þ
¼ 1� ½1� F 1ðy1Þ�½1� F 3ðy3Þ� ð34aÞ

or simplifying

F ðy1; y3Þ ¼ F 1ðy1Þ þ F 3ðy3Þ � F 1ðy1ÞF 3ðy3Þ ð34bÞ

Note that for small yields, the total fractional yield from the
cylinder is reasonably approximated by the sum of F1, the
fraction lost out the sides in the absence of longitudinal dif-
fusion, and F3, the fraction lost out the end caps in the ab-
sence of lateral diffusion, but at large yields the cross-term
F1F3 becomes significant. This is because F1 is the loss out
of the sides when there is no lateral diffusional profile
rounding, corresponding to when F3 is very small. Simi-
larly, F3 is the loss out of the end caps of the cylinder when
there is no longitudinal diffusional profile rounding, corre-
sponding to when F1 is very small.

Because the retention factor G for the anisotropic cylin-
der is equivalent to the product of the retention factors for
the infinite cylinder and the infinite slab (Eq. (33)), we can
take advantage of known approximations for these factors
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to approximate G (and F) for an anisotropic cylinder. For
the case of the infinite cylinder an approximation for the
fractional retention G1 has been given by Crank (1975,
Eq. (5.25)).

G1ðy1Þ ¼ 1� F 1

ffi 1� 4

ffiffiffiffiffi
y1

p

r
þ y1 þ

y3=2
1

3
ffiffiffi
p
p valid for F 1 < 0:6 ð35aÞ

or

F 1 ffi 4

ffiffiffiffiffi
y1

p

r
� y1 �

y3=2
1

3
ffiffiffi
p
p valid for F 1 < 0:6 ð35bÞ

Eq. (35b) is accurate to better than 0.3% for F1 < 0.60. We
improved this approximation by adding an additional term
with a leading coefficient determined by fitting to the exact
solution (Eq. (31) with 1000 terms):

G1ðy1Þ ¼ 1� F 1

ffi 1� 4

ffiffiffiffiffi
y1

p

r
þ y1 þ

y3=2
1

3
ffiffiffi
p
p

þ 0:244122y2
1 valid for F 1 < 0:78 ð36aÞ

or

F 1 ffi 4

ffiffiffiffiffi
y1

p

r
� y1 �

y3=2
1

3
ffiffiffi
p
p � 0:244122y2

1 valid for F 1 < 0:78

ð36bÞ

Eq. (36b) is accurate to better than 0.1% for F1 < 0.78. For
larger values of F1 the m = 1 term in Eq. (31) provides an
adequate approximation:

G1ðy1Þ ¼ 1� F 1 ffi
4

a2
1

exp½�a2
1y1� valid for F 1 � 0:78

ð37aÞ

or

F 1 ffi 1� 4

a2
1

exp½�a2
1y1� valid for F 1 � 0:78 ð37bÞ

where a1 = 2.404825557695773. Eq. (37b) is accurate to
better than 0.04% for F1 P 0.78.

For the case of the infinite slab the fractional retention
G3 is given by Crank (1975, Eq. (4.20))

G3ðy3Þ ¼ 1� F 3 ffi 1� 4

ffiffiffiffiffi
y3

p

r
valid for F 3 < 0:52 ð38aÞ

or

F 3 ffi 4

ffiffiffiffiffi
y3

p

r
valid for F 3 < 0:52 ð38bÞ

Eq. (38b) is accurate to better than 0.15% for F3 < 0.52. For
higher values of F3 we retain just the n = 0 term in Eq. (32):

G3 ¼ 1� F 3 ffi
8

p2
exp½�p2y3� valid for F 3 � 0:52 ð39aÞ

or

F 3 ffi 1� 8

p2
exp½�p2y3� valid for F 3 � 0:52 ð39bÞ

Eq. (39b) is accurate to better than 0.04% for F3 P 0.52.
Combining Eqs. (35a) and (38a), we find the fractional

retention G for the finite cylinder with diffusional anisot-
ropy for small to intermediate degrees of diffusive loss (F1

and F3 both less than �0.5):

Gcyl ¼ G1G3 ¼ 1� F cyl
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and the corresponding fractional release F for the cylinder

F ðy1; y3Þ ffi
4ffiffiffi
p
p ð ffiffiffiffiffiy1

p þ ffiffiffiffiffi
y3

p Þ � y1 �
16

p
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3
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ffiffiffiffiffi
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For small release fractions (F1 and F3 less than �0.1) the
lowest order in y1 and y3 expressions are

Gðy1; y3Þ ffi 1� 4ffiffiffi
p
p ð ffiffiffiffiffiy1

p þ ffiffiffiffiffi
y3

p Þ ð41aÞ

and

F ðy1; y3Þ ffi
4ffiffiffi
p
p ð ffiffiffiffiffiy1

p þ ffiffiffiffiffi
y3

p Þ ð41bÞ

Note that in the small release-fraction limit, Eqs. (41a) and
(41b) exhibit symmetry with respect to interchange of y1

and y3. This axis interchange symmetry has the important
consequence that at small gas yields one cannot distinguish
which axis has the higher or lower diffusivity by looking
only at the fraction of gas released.

In Fig. 2, we present the function F(y1, y3), defined by
Eqs. (33) and (34a), vs. the square root of the release coor-
dinates,

ffiffiffiffiffi
y1

p
and

ffiffiffiffiffi
y3

p
, as a contour plot. This choice of axis

is motivated by Eq. (41b) and the simplicity and symmetry
of the resulting contour plot.

As can be seen from the figure, the interchange symme-
try manifests itself for release fractions less than about 0.2
as a series of straight lines near the origin that have a slope
of �1. As one proceeds to higher release fractions the inter-
change symmetry becomes progressively broken. The asym-
metry becomes noticeable at release fractions greater than
about 0.45, as is expected by a comparison of Eqs. (41b)
and (40b). It is surprising that the interchange symmetry
persists out to such large values of the release fraction given
the much smaller range of validity of Eq. (41b).

One way to quantify the degree to which the interchange
symmetry is broken is to define an asymmetry parameter as
follows: Let

gðyÞ ¼ ½F ð0; yÞ � F ðy; 0Þ�
½F ðy; 0Þ þ F ð0; yÞ�=2

ð42Þ

Noting that F1(0) = F3(0) = 0 and using Eq. (34b) we find

gðyÞ ¼ ½F 3ðyÞ � F 1ðyÞ�
½F 1ðyÞ þ F 3ðyÞ�=2

ð43Þ
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Thus, the asymmetry parameter g is the fractional difference
between the release fraction for the infinite slab and the infi-
nite cylinder for a given release coordinate value (taken to
be the same on each axis for comparison purposes so that
y = y1 = y3 here). In Fig. 3, we plot the asymmetry param-
eter vs. release coordinate y. It is interesting that there is an
optimum release coordinate for maximum asymmetry, but
even so, the asymmetry, when quantified this way, is rela-
tively low, taking on a maximum value of only �0.144 at
a release coordinate of �0.123.

For purposes of comparison, we give the well-known re-
sult for the fraction of diffusing species retained in the case
of a sphere with isotropic diffusivity (Fechtig and Kalbitzer,
1966; see their Eq. (6))

GsðysÞ ¼
6

p2

X1
n¼1

1

n2
exp½�n2p2ys�; where ys ¼

Z t

0

DsðtÞ
R2

dt;

ð44Þ

R is the radius and Ds the diffusion coefficient pertaining to
the sphere. For short times (i.e., ys� 1) this can be approx-
imated as (Crank, 1975, Eq. (6.22)):

GsðysÞ ¼ 1� F sðysÞ ffi 1� 6

ffiffiffiffi
ys

p

r
ð45aÞ

and the release fraction for the sphere as

F sðysÞ ffi 6

ffiffiffiffi
ys

p

r
ð45bÞ

Eq. (45b) is accurate to better than 2.76% for Fs < 0.1, and
1% for Fs < 0.0375.

Equating Eq. (45b) for the sphere with the equivalent
Eq. (41b) for the anisotropic cylinder yields

ys ffi
4

9
ð ffiffiffiffiffiy1

p þ ffiffiffiffiffi
y3

p Þ2 ð46Þ

Eq. (46) shows how the effective spherical release coordi-
nate ys, determined from step-heating experiments by using
the equations of Fechtig and Kalbitzer (1966), is related to
the release coordinates y1 and y3 from the anisotropic cylin-
der. To show the usefulness of this relation, consider cases
where one of the cylinder release coordinates is much larger
than the other. In such cases, one can easily see from Eq.
(46), and the definitions of the release coordinates (Eq.
(10)), that

Ds

R2
¼

4D11

9a2
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ffiffiffiffiffiffiffi
D11

a2

r
	

ffiffiffiffiffiffiffi
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D11

a2

r
8>>><
>>>:

9>>>=
>>>;

ð47Þ

This defines how the effective spherical diffusion constant is
related to the anisotropic cylinder diffusion coefficients in
such situations, which can include non-isothermal step-
heating. For the other simple case of isothermal release,
where the diffusion coefficients are constant, one can show
that

Ds

R2
¼ 4

9

D11

a2
þ D33

h2
þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D11 D33

a2h2

r !
ð48Þ

This equation is somewhat more useful than Eq. (47), in
that it shows how the effective spherical diffusion constant
and effective sphere radius is related to the actual diffusion

Fig. 2. Contour plot of the release fraction, F, for an anisotropic
cylinder.

Fig. 3. Asymmetry parameter vs. release coordinate. Maximum value at y = 0.1229, g = 0.1439, corresponding to F1 = 0.6571 and
F3 = 0.7590.
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constants and dimensions of the cylinder with anisotropic
diffusion. Eq. (48) can be further specialized to the case of
isotropic cylinder diffusion where D11 = D33 = D, a case
considered numerically by Meesters and Dunai (2002).
For isotropic cylinder diffusion we find

Ds

R2
¼ 4

9

1

a
þ 1

h

� �2

D ð49Þ

Eq. (49) shows that Ds, the spherical model diffusion con-
stant, will be equal to the actual cylindrical model diffusion
coefficient D provided the effective radius R of the sphere is
taken as

1

R
¼ 2

3

1

a
þ 1

h

� �
ð50Þ

To see what this effective radius corresponds to, we note
that the surface S to volume V ratio of the cylinder is given
by

S
V
¼ ð2pa2 þ 2pahÞ

ðpa2hÞ ¼ 2
1

a
þ 1

h

� �
ð51Þ

and for the sphere of radius R by

S
V
¼ ð4pR2Þ
ð4pR3=3Þ

¼ 3

R
ð52Þ

Setting the surface to volume ratio of Eq. (51) equal to that
of Eq. (52) yields the equivalent sphere radius of Eq. (50),
and thus we have shown analytically and explicitly that
the release fraction for the cylinder with isotropic diffusion
is equivalent, for small release fractions and isothermal
degassing, to the release fraction for diffusion in a sphere
whose radius has the same surface to volume ratio as the
cylinder. This provides the rigorous justification for the
statement that a cylinder can be approximated by a sphere
with the same surface to volume ratio (Meesters and Dunai,
2002). This conclusion was based on approximate similari-
ties resulting from numerical simulations of isotropic diffu-
sion in a few different shapes, a result that was known
analytically for arbitrary shapes much earlier (Eqs. (7)
and (8) of Fechtig and Kalbitzer, 1966). However, our re-
sult Eq. (48) for the cylinder is more general than their
Eq. (7) in that it also applies to the case of anisotropic
diffusion.

Care was taken in the foregoing treatment to indicate
accuracies of the equations presented and the range of re-
lease fraction values over which these accuracies apply.
Eqs. (36–39) will be adequate for most applications, given
worst-case errors of only 0.1% for F1 and 0.15% for F3.
With modest increase in complexity, however, significant
improvements in accuracy can be achieved if necessary as
described in Appendix A.

3. NUMERICAL SOLUTION USING A FINITE-

DIFFERENCE METHOD

3.1. General considerations

In this section we discuss an accurate and versatile fi-
nite-difference approach to the problem of diffusion in a

cylinder. The focus here will be upon the practical aspects
of implementing the finite-difference (FD) method for a
finite cylinder exhibiting diffusive anisotropy. It will be-
come clear shortly that our strategy differs in a superficial
way from commonly used finite-difference approaches in
that we define discrete volume elements and explicitly cal-
culate fluxes between them rather than solving a finite-
difference approximation of Eq. (3). In effect, we revert
to the physical basis of numerical methods as described
by Crank (1975, p. 139). We prefer this conceptualization
because many geochemical applications—e.g., those
involving diffusive loss of radiogenic gases—require con-
tinuous monitoring of fluxes, which is the essence of
our approach. The use of discrete volume elements also
simplifies the handling of programming strategies such
as re-gridding, as well as anticipated future complications
to the modeling such as a ejection. Despite our reliance
on discrete volume elements, it would be misleading to
refer to our approach as a finite-element method because
this term implies the use of iterative curve-fitting to the
specified system of nodes. It will become clear below that
our method is ‘explicit’ (in the terminology of Crank
(1975)) because concentration changes at each individual
node are computed separately for each time step on the
basis of a linear relationship to concentrations at neigh-
boring nodes.

As noted previously, 3-D diffusion in a cylinder can be
treated as a 2-D problem because of the rotational sym-
metry about the cylinder axis. The symmetry of a cylin-
der means that the diffusive flux vector at any location
within the cylinder has only two components: one radial
(governed by D11 in the notation established in Sec-
tion 2.1), the other parallel to the cylinder axis (governed
by D33). In setting up an array of volume elements on
which to implement the finite-difference method, the goal
is thus to choose a geometry that can be used to capture
efficiently and accurately the behavior implied by this
statement. The logical choice is a system of nested rings
like that shown in Fig. 4.

The cylindrical volume of interest—representing half the
length, h/2, of actual cylinder to be modeled (the other half
is given by mirror reflection)—is sectioned into a predeter-
mined number of slices perpendicular to the axis, and each
slice is further divided into concentric rings. As shown in
Fig. 4, each annular volume element thus has a radial width
Dr between its bounding (inner and outer) cylindrical sur-
faces and a thickness Dz parallel to the cylinder axis; to-
gether these dimensions determine its volume. For
computational purposes each ring has spatial coordinates
(r, z) that specify the individual node point in the finite-dif-
ference grid: r is given by the radial position within each ele-
ment at which half of the mass lies radially inward and half
outward (for rings distant from the cylinder axis, this is
close to the radius of the inner cylindrical bound-
ary + ½Dr). The axial coordinate z is simply the mid-plane
of the slice in which the ring resides (see Fig. 4).

Once the cylindrical finite-difference grid is set up, con-
centration changes within the volume elements are calcu-
lated by allowing adjacent rings to interact by diffusion
both radially and axially. For a small time interval dt, the
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diffusive fluxes between rings are given simply by Fick’s first
law—that is, the products of the appropriate diffusivity
(D11 or D33) and the radial or axial concentration gradients
(Dc/Dr or Dc/Dz) between the adjacent rings. The overall
mass conservation relation for a given ring in time interval
dt is given by

dnr;z ¼ fðUin 
 Ai�1 � Uout 
 AiÞradial þ Aj 
 ðUin � UoutÞaxialg 
 dt

ð53Þ

where dnr,z is the change in the number of diffusant atoms
within the ring, U designates a diffusive flux (e.g.,
atoms
cm�2 s�1), and A is the area of the specific surface
through which that flux occurs (each ring has four neigh-
bors: two bounding it radially and two axially). Expressing
the fluxes in terms of diffusivities and concentration differ-
ences between adjacent rings,

dn
dt
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The subscripts i and j in Eqs. (53) and (54) identify individ-
ual rings in terms of their radial and axial positions, respec-
tively, in the coordinate system shown in Fig. 4. Note that
the two flat sides of given ring are of the same area, but the
inner and outer cylindrical surfaces are not.

3.2. Gridding strategy

The finite-difference (FD) method requires small vol-
ume- or distance elements at critical regions of the system
of interest in order to accurately capture behavior. In mod-
eling diffusion phenomena, locations that are especially crit-
ical might include stationary or moving interfaces where
reactions occur or other regions of the system where gradi-
ents in concentration are steep or change markedly over
short distances (i.e., where o2C/oz2 and/or o2C/or2 are
large). In this case, the critical location is the near-surface
region of the cylinder, because it is here that the initial re-
sponse of the system to the imposed boundary condition
occurs. Many of the anticipated applications of our cylinder
model (e.g., out-diffusion of noble gases) will involve a zero-
concentration boundary condition, so it is important that
our gridding strategy be able to handle rapid evolution of
the system in this region. This is essential not only for accu-
rate representation of diffusant distribution within the cyl-
inder but also (perhaps especially) to keep accurate
‘bookkeeping’ on time-integrated effects. The diffusant flux
into or out of an object is determined by the normal com-
ponent of the concentration gradient at the surface (i.e.,
the normal derivative of the concentration at the surface).
In cases of noble-gas release in the geological environment
or in the laboratory, the time-integrated flux determines the
cumulative total noble gas loss during a ‘diffusion event’,
typically induced by heating. Inaccurate characterization
of oC/or and/or oC/oz near the outer surface of the cylinder

Fig. 4. Illustration of the gridding system used to model diffusion in a cylinder using discrete volume elements and the finite-difference
method. In the top left panel, the volume elements are created by sectioning the cylinder into slices perpendicular to the axis, and each slice is
further subdivided into concentric rings (236 slices are used at the start of a simulation, each of which contains 236 rings). Calculations are
performed on only one half of the cylinder: the ‘ghosted’ half is given by mirror reflection (the circular mid-plane is a zero-flux boundary). The
bottom left panel shows the dimensions (r, Dr, Dz) and coordinates (ri, zi) of an individual ring. The right panel illustrates the radial and axial
components (U) of the flux vectors affecting a single ring in a given time step (the directions shown are arbitrary; Uin and Uout are the flux terms
in the mass conservation equation (53)). See text for details.
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can thus lead to errors in the calculation of time-integrated
loss.

An important consideration in our FD strategy was that
the outcome would be more useful if the computer code
were designed to run efficiently (e.g., in a few minutes) on
a typical desk-top or laptop computer, while still achieving
the accuracy needed. To achieve this goal we used a dynam-
ically changing node density, beginning with a dense mesh
of �56,000 nodes (236 radial � 236 axial) that adjusted to
sparser densities as the concentration gradients relaxed by
diffusion. The details of the mesh and re-gridding approach
are described in Appendix B.

3.3. Evaluation of FD results: end-member scenarios

Simple tests were performed that enable a visual com-
parison with the results of commonly used analytical solu-

tions. The axial or radial component of diffusion can be
‘turned off’ in a given FD simulation, which enables the
numerical results to be compared with familiar analytical
solutions of the non-steady state diffusion equation. If no
radial diffusion is permitted, diffusive loss occurs only at
the cylinder ends; if the cylinder is infinitely long (i.e., diffu-
sive loss does not reach the mid-plane), behavior should
conform the equation for 1-D diffusion from an infinite
half-space

Cz ¼ C0erf
z

2ðD33tÞ1=2

" #
ð55Þ

where Cz is the concentration at some distance z from the
cylinder end at z0 = 0 (where Cz = 0) and C0 is the initial
(uniform) concentration. If, on the other hand, axial diffu-
sion is ‘turned off’ and radial diffusion occurs, the expected

Fig. 5. Comparison of isothermal diffusion results obtained using the finite-difference approach with commonly used solutions to the non-
steady state diffusion equation (the FD results are shown as symbols in (a) and (c), the continuous curves represent Eqs. (55) and (56)). (a) and
(b) Comparison of numerical vs. analytical results for 1-D diffusion parallel to the cylinder axis (radial diffusion ‘turned off’). The top panel
shows concentration profiles computed with the dense initial node spacing (+) as well as the location of nodes after recalculation to a coarser
grid (�); the bottom panel shows deviation of the FD results from the analytical expressions as a percentage of the concentration at a given
location (which approaches zero at the surface). (c) and (d) Similar comparison for radial diffusion with axis-parallel diffusion turned off.
These comparisons clearly represent a ‘snapshot’ evaluation because the finite-difference simulation was terminated at a specific instant;
however, the deviations shown are typical. See text for additional discussion.
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diffusion behavior is that of an infinite cylinder and should
conform in the near-surface to

Cr � C0

�C0

¼ a1=2

r1=2
erfc

a� r

2ðD11tÞ1=2

þ ða� rÞðD11taÞ1=2

4ar3=2
ierfc

a� r

2ðD11tÞ1=2

" #

þ ð9a2 � 7r2 � 2arÞD11t
32a3=2r5=2

i2erfc
a� r

2ðD11tÞ1=2

" #

þ . . . ð56Þ

where a is the cylinder radius and r is the distance from the
cylinder axis [this is Eq. (5.24) of Crank (1975), with minor
changes in notation: Crank’s C0 is taken as 0 and his C1 is
C0 in Eq. (56); this equation holds ‘provided r/a is not
small’]. We assume cylinder dimensions h = a = 0.01 cm;
these are realistic for many applications of geochemical
interest, so the results convey the accuracy with which dif-
fusant distribution within a hypothetical natural crystal can
be computed.

In Fig. 5, the finite-difference results are compared with
those given by Eqs. (55) and (56) for specific isothermal dif-
fusion scenarios. We chose D
t values leading to relatively
steep concentration profiles in the near-surface region of
the cylinder because these are more challenging than more
‘relaxed’ profiles for the finite-difference approach to cap-
ture accurately. Only the outer portions of the cylinder were
affected by diffusion: that is, the mid-plane was not ap-
proached during axial diffusion, nor was the cylinder axis
affected during radial diffusion. The initial node spacing
was 0.17 lm for radial diffusion and 0.08 lm for axis-paral-
lel diffusion.

The panels at the left in Fig. 5 show diffusive loss from
the planar ends of the cylinder for a D
t value of 1 � 10�7

(in terms of the release coordinates defined in Section 2,
y1 = 0 and y3 = 0.001 for this simulation). The top left pa-
nel is a direct comparison of the concentration profile calcu-
lated using Eq. (55) (smooth curve) with the result obtained
using the finite-difference approach (symbols). The profiles
are visually indistinguishable, so the results are compared in
the lower panel (Fig. 5b) in terms of the deviation in con-
centration at individual node points from the values given
by Eq. (55). The more tightly-gridded mesh yields concen-
trations that differ by no more than �0.006% relative
(60 ppm). As expected, the biggest differences occur very
near the surface where the absolute concentrations are low-
est. After re-gridding (diamond symbols in Fig. 5a) the
deviation of the FD results from the analytical solution is
at most �0.02%. This is roughly a factor of 3–4 larger than
the maximum deviation for the closely-gridded mesh,
which, interestingly, is roughly the same as the difference
in node spacing between the two meshes.

In Fig. 5c and d, a similar comparison is made for radial
diffusion computed numerically and using Eq. (56). In this
case comparisons are made for D
t values of 2 � 10�8,
1 � 10�7, and 5 � 10�7, which correspond to
y1 = 2 � 10�4, 0.001 and 0.005, respectively (y3 = 0 in all
cases). The results are not as impressive as for the axial dif-
fusion case, but the deviations are still typically 0.06% at
most, with the maximum values appearing very near the
interface. It may be significant that Eq. (56) represents
only three terms of an infinite series. In light of the results
of the more comprehensive test described in Section 4, the
underlying cause(s) of the small numerical–analytical dis-
crepancies might be considered immaterial.

Table 1
Helium release during step-heating of a hypothetical accessory-mineral cylinder calculated using our analytical expressions (Section 2)
compared with results obtained by finite-difference modeling (Section 3). The quantity G is the fraction of the initial He that remains in the
cylinder after a given heating step (so 1 � G is the cumulative fraction F that has been outgassed). The subscripts ‘an’ and ‘num’ refer to the
analytical and numerical results, respectively. The quantities y1 and y3 are the release coordinates discussed in Section 2 and defined
specifically in Eq. (10). Gan is calculated from knowledge of y1 and y3 as described in Eqs. (31–34). See text for discussion and Fig. 6 for
graphical summary.

Step T (�C) t (s) y1 y3 Gan Gnum % Dev. in Ga % Dev. in F (=1 � G)b

1 100 3600 8.69E�11 5.61E�08 0.99945 0.99973 0.029 �51.793
2 150 3600 1.91E�08 1.89E�06 0.99659 0.99692 0.033 �9.581
3 200 3600 1.35E�06 3.05E�05 0.98495 0.98537 0.043 �2.803
4 225 3600 9.42E�06 0.00012 0.96829 0.96842 0.014 �0.413
5 250 3600 5.07E�05 0.00039 0.94032 0.94053 0.023 �0.360
6 275 3600 0.00023 0.00108 0.89431 0.89442 0.013 �0.107
7 300 3600 0.00094 0.00273 0.82195 0.82199 0.005 �0.024
8 325 3600 0.00337 0.00643 0.71456 0.71457 0.001 �0.003
9 350 3600 0.01099 0.01416 0.56668 0.56667 �0.002 0.003

10 375 3600 0.03281 0.02943 0.38328 0.38320 �0.023 0.013
11 400 3600 0.09063 0.05813 0.19106 0.19102 �0.023 0.006
12 425 3600 0.23353 0.10967 0.04921 0.04922 0.021 �0.001
13 450 3600 0.56524 0.19855 0.00301 0.00300 �0.104 3.155E�4
14 475 3600 1.29313 0.34633 1.039E�5 1.032E�5 �0.644 9.017E�6
15 500 3600 2.81118 0.58411 1.529E�10 1.502E�10 �1.800 2.329E�6

a Gnum�Gan

Gan
� 100:

b F num�F an

F an
� 100:
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4. COMPARISON OF ANALYTICAL AND

NUMERICAL RESULTS: A ‘REAL-LIFE’ TEST CASE

Because this paper presents both analytical and numer-
ical solutions to the problem of diffusion in a finite cylin-
der, the ultimate test of the finite-difference protocol is to
see how the results compare with our own analytical solu-
tions when both are applied to the same realistically com-
plex problem. A suitable test case is the step-heating of a
generic U-bearing accessory mineral to out-gas radiogenic
helium for quantification by mass spectrometry. Our start-
ing material for the test simulations is a crystal of uniform
He content and aspect ratio (height/radius, h/a) of 1. The
results are more general if the diffusion calculations are
conducted in a spatially non-dimensionalized system; we
used the following Arrhenius laws to describe radial and
axial diffusion:

D11

a2
¼ 1:5� 106 exp

�17; 000

T ðKÞ

� �
s�1 ðradialÞ ð57Þ

D33

h2
¼ 100 exp

�11; 000

T ðKÞ

� �
s�1 ðaxialÞ ð58Þ

These values are arbitrary but were chosen to deliberately
cross (at �350 �C) so as to investigate the consequences
of a changeover in the faster-diffusing axis in the course
of the simulation. The model system was heated in step-
wise fashion at 100, 150, 200, 225, 250, 275, 300, 325,
350, 375, 400, 425, 450, 475 and 500 �C for 1 h at each tem-
perature (see Table 1 for release coordinates y1 and y3). The
progress of He release during this step-heating treatment
was computed from our analytical expressions (Eqs. (31–
34)) and also using our numerical code. The results are
compared in Table 1 and Fig. 6 in terms of both the frac-
tion G of initial He retained in the cylinder (a and b) and
the fraction F of He released with each heating step (c

Fig. 6. Evaluation of FD performance against our own diffusion equations for simulated step-wise degassing of a hypothetical anisotropic
cylinder. In (a), the fraction of gas remaining in the cylinder (G) is plotted as a function of temperature for the step-heating schedule described
in the text and Table 1. Minor differences in G between the analytical (Gan) and numerical (Gnum) results are revealed in (b), which shows the %
deviation [(Gnum � Gan)/Gan] � 100 as a function of temperature (and of G). The % deviation in fractional loss (F = 1 � G) computed
numerically and analytically is shown in (c) as [(Fnum � Fan)/Fan] � 100. This is pronounced at very small F, but marked improvements are
possible by going to a closer near-surface grid spacing (grey vs. black symbols in (d)). See text for discussion and Table 1 for plotted data.
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and d). It is immediately clear from Fig. 6a that the analyt-
ical and numerical predictions are in good agreement with
respect to the fraction of gas retained.

Differences that are indistinguishable in Fig. 6a are
shown quantitatively in Fig. 6b, which reveals the discrep-
ancy between the two predictions in terms of % deviation
of the numerical G values from those given by the analytical
expressions (the latter are considered to be correct). For G

ranging from 0.9994 to 0.05, the error in the numerical re-
sults is within ±0.04%. At G � 0.003 (99.7% outgassing),
the error rises significantly to �0.1%, and at G � 0.001
the discrepancy is �0.6%. This inability of the FD ap-
proach to accurately compute the loss of the last residual
He in our model accessory mineral is due to the very small
concentrations involved and the accumulated errors over
the entire simulation.

The limitations of the numerical algorithm are more
apparent when the results are cast in terms of the fractional
loss (F) of initial gas, as shown in the right panel of Fig. 6.
In Fig. 6c, the % deviation of the numerical results from the
analytical expressions is plotted as a function of F. For
F � 0.0006 the code (with settings as described in Sec-
tion 3.2) underestimates F by 52%, but the discrepancy
drops rapidly to achieve agreement within �3% at
F � 0.015, within �0.4% at F � 0.03 and much better at
higher values of F. This error is an inevitable consequence
of the failure of nodes spaced at finite distances from one
another to perfectly represent the derivative of the concen-
tration profile near the zero-concentration interface (DC/
Dr – oC/or). The slope will generally be underestimated
by the finite-difference approximation, so the diffusive flux
at the surface (which determines F) is also underestimated
as a consequence (Fig. 6c).

Given the cause of the finite-difference error in F at the
start of a simulation, improvement should be achievable by
reduction of the near-surface node spacing. The initial node
distribution and re-gridding criteria (Appendix B) represent
a balance between execution speed and computational
accuracy. To explore the potential to improve accuracy at
very small F, we repeated the first 5 heating steps of the
above comparison using a near-surface node spacing 1/5
the ‘standard’ distance (i.e., �0.0003 � z or r). The results
of the closer gridding are compared with the analytical re-
sults and previous numerical calculations in Fig. 6d. Smal-
ler inter-node distances result in substantial improvement:
F is underestimated by only 6% even at F � 0.00055, and
the discrepancy drops to insignificance at F � 0.01. The
standard node spacing and re-gridding strategy are proba-
bly adequate for most purposes, but future versions of the
code will include the option for more accurate simulation
of the initial gas lost in thermochronological applications.
The other stage of a simulation where improved accuracy
might be desirable is at F > �0.995% (note, however, that
the FD error is very small in the late stages of a simulation
if it is expressed as a fraction of the gas initially present). As
was demonstrated above for the case of very small F,
‘recovery’ of the last residual gas (F approaching 1) could
be improved by using alternative gridding approaches.
Additional practical aspects of our computer program are
described in Appendix B.

5. ILLUSTRATIVE EXAMPLES

5.1. General

In this section we provide simple examples of the ways in
which our modeling capabilities can reveal heretofore inac-
cessible details of diffusive transport in crystals that are
either anisotropic or of aspect ratio differing from 1 (or
both). The ability to model diffusion in cylinders subjected
to arbitrary time–temperature histories makes the possibil-
ities almost unlimited, but from a practical standpoint the
choices are sharply limited by availability of diffusion data.
Relatively few studies exist in which diffusive anisotropy of
geochemically interesting crystals has been characterized by
direct measurements of D in specific crystallographic direc-
tions, so the illustrative examples below were chosen partly
on the basis of availability of input parameters. In the first
example (halogen–hydroxyl exchange in apatite), axial dif-
fusion is much faster than radial diffusion (D33	 D11)
and natural crystals are typically elongated along the c crys-
tallographic axis. In the second example (Ar diffusion in
mica), D11 is believed to be much larger than D33, and typ-
ical crystals are axially flattened. These two examples are in
this sense a study in contrasts.

5.2. Halogen–hydroxyl exchange in apatite

Halogen–hydroxyl interdiffusion in apatite is highly
anisotropic, as revealed by direct profiling of samples an-
nealed isothermally in the laboratory (Brenan, 1993). The
Arrhenius laws governing interdiffusion of chlorine, fluo-
rine and hydroxyl are:

D11 ¼ 1:3� 10�5 exp½�25; 979=T ðKÞ� cm2 s�1 ðradialÞ ð59Þ
D33 ¼ 1:6 exp½�34; 158=T ðKÞ� cm2 s�1 ðaxialÞ ð60Þ

The diffusion laws represented by Eqs. (59) and (60) give
coincident D values at �430 �C, but the �20% difference
in activation energy causes them to diverge substantially
at other temperatures, with D33 higher by �1.5 orders of
magnitude at 700 �C. To provide insight into the conse-
quences of this anisotropy for F–Cl–OH exchange between
a model apatite and its surroundings, we ran an isothermal
FD simulation at 700 �C for a duration sufficient to com-
pletely exchange the diffusant of interest (e.g., F for Cl or
OH) in an apatite cylinder 100 lm in radius and 500 lm
long. The simulation is simplified by assuming that the dif-
fusant of interest (say, fluorine in fluorapatite) is rate-limit-
ing and maintained at zero concentration at the interface—
conditions approximated, for example, by exposure of F-
bearing apatite to F-free aqueous fluid. The results are
shown in Fig. 7 as contour plots and 3-D graphs corre-
sponding to �4, 25, 50 and 90% diffusive exchange (the
y1 and y3 values for each case are shown on the figure).
The implications are largely self-explanatory; it is clear that,
as expected, much of the diffusive exchange occurs along
the cylinder axis due to the substantially higher axial diffu-
sivity. We emphasize that this simulation is intended only as
an illustration, and the results are unique to the crystal
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dimensions and diffusivities chosen. However, the ability to
compute the 3-D internal distribution of diffusant following
a ‘diffusion event’ underscores the potential benefits of spa-
tially mapping the halogen contents of apatite grains in
rocks—which, unlike He, can be done using the electron
microprobe. Because the temperature dependencies of D11

and D33 for halogen–hydroxyl exchange are known and dif-
ferent from one another, it may be possible to constrain T–t

histories of individual apatite grains by matching the results
of forward diffusion models with observed 3-D zoning. Gi-
ven our previous discussion of the y1My3 interchange sym-
metry at small release fractions, a promising approach may
be to think in terms of anisotropic cylinders having ‘diffu-
sive aspect ratios’ that represent a convolution of the phys-
ical aspect ratio with the direction-dependent diffusivity.
We are currently exploring the systematics of diffusive clo-
sure with the analytical and numerical approaches pre-

sented in this paper (see also the discussion of He
diffusion in zircon by Cherniak et al., 2009).

5.3. Argon diffusion in mica

We now turn our attention briefly to a classic problem in
diffusive anisotropy—diffusion of Ar in platy mica crystals.
Many studies have been conducted in which Ar transport in
muscovite or biotite has been characterized by bulk-loss
experiments or exploited for geo- or thermochronological
purposes (see McDougall and Harrison, 1999, for a sum-
mary). In addition, several authors have modeled bulk dif-
fusion behavior of Ar in micas using the limiting infinite-
cylinder assumption (e.g., Reddy et al., 1996; Pickles
et al., 1997); Kramar et al. (2001) also presented maps of
40Ar distribution in natural sheared muscovites. Unfortu-
nately, however, direct experimental measurements of Ar

Fig. 7. Results of a finite-difference simulation of isothermal halogen–hydroxyl exchange between apatite and its surroundings using the
diffusion laws of (Brenan, 1993). The four panels at the left are concentration contour ‘maps’ of the shaded quadrant of the ‘crystal’ at the
upper right (the contoured element could be F, Cl or OH). The maps depict progress of exchange as time progresses from 1 � 109 to 3 � 1011 s
using D11 and D33 given by Eqs. (59) and (60) at 700 �C (D11 and D33 are the radial and axial diffusivities, respectively). For the aspect ratio
shown (h/a = 5) the results would be the same for all equivalent values of y1 and y3. Wire mesh concentration plots in 3-D are shown at the
lower right for the two longer annealing times. See text for details.
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diffusion in specific crystallographic directions have not
been performed, so we must resort to a largely hypothetical
treatment. Insight into the diffusive anisotropy of micas in
general might be gained by examination of other diffusants
that are more easily mapped following a laboratory treat-
ment. For example, a qualitative characterization of F–
OH exchange in biotite was obtained experimentally by
Price and Sallet (2007), who produced the post-diffusion
F concentration maps shown in Fig. 8. Brightness in these
images is proportional to F content. ‘Intraplate’ streaks
suggest a possible contribution to bulk diffusion from fast
pathways parallel to the mica layers (these may reflect ac-
tual cleavage that occurred during pressurization of the
samples). It is nevertheless clear that inward diffusion of
fluorine at the edges of the mica plates is generally much
more advanced than F uptake perpendicular to the biotite
plates. We are not suggesting that F–OH exchange is a suit-
able proxy for Ar diffusion in micas, but the Price and Sallet
(2007) F maps provide a graphic indication of the type of
anisotropy that might be expected of other diffusants.

With the fluorine map in mind (Fig. 8), we ran finite-
difference simulations on hypothetical mica plates to ex-
plore the consequences of strong diffusive and shape
anisotropy for release of a generic diffusant of interest

(e.g., Ar). The primary goal was simply to evaluate the
circumstances under which a plate can be modeled with
reasonable accuracy as either an infinite cylinder or a
slab. Our model mica plate is a flat cylinder 0.1
high � 2.0 mm in diameter (h/a = 0.1; see Fig. 9); this
was assumed initially to contain a uniformly distributed
diffusant whose concentration at the surface is zero for
all t. The actual dimensions of the mica plate are unim-
portant because the diffusivities we used are hypothetical,
but the results must be considered unique to the specific
aspect ratio used. We explored diffusive loss of Ar for a
mock isothermal degassing, which really just means that

Fig. 8. Fluorine X-ray maps of natural biotite grains treated in
dilute HF at 650 �C and 4 MPa, courtesy of J. Price (Price and
Sallet, 2007). The top and bottom images are of micas treated for
144 and 332 h, respectively. The dark interiors of the sectioned
mica plates contain their original 0.3 wt% F. The light-colored
margins reveal F uptake by diffusion, which has generally
progressed much further into the narrow edges of the sectioned
plates than into their flat surfaces (the lightest regions contain
�2.5 wt% fluorine). The light streaks traversing the plates suggest a
possible fast-path contribution to diffusion (see text). These
experiments reveal that F–OH interdiffusion in biotite is faster in
the direction parallel to the polyhedral layers of the structure, as
may also be true of Ar diffusion.

Fig. 9. Results of numerical simulations of Ar loss from the
hypothetical mica plate depicted at the top of the figure. The plot
shows the fraction of gas lost from the edges of the plate (frad)
relative to the total loss (F) as a function of diffusion progress
expressed as D11
t. [Note that frad is not the same quantity as the F1

discussed in Section 2: frad is the actual amount of diffusant lost
from the cylindrical surface (as opposed to the ends); F1 is the
fraction that would be lost from the cylindrical surface if the system
were treated as an infinite cylinder in which diffusion were governed
by D11.] Curves are shown for D11/D33 = 10, 100 and 1000; tick
marks indicate % outgassing along each curve. At the bottom are
shown cross-sections of partially out-gassed mica plates with
concentration contours (10–100% of initial Ar at 10% intervals).
Grayscale versions mimic the images shown in Fig. 8. See text for
discussion.
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D11 (radial) and D33 (axial) were constants over the entire
outgassing ‘event’, as of course was their ratio.

Results of the simulations are shown in Fig. 9 as the
fraction of gas released from the curved edges of the plate
relative to that diffusing out of the flat surfaces, for D11/
D33 = 10, 100 and 1000 (y1/y3 = 0.1, 1 and 10). For the spe-
cific aspect ratio used, D11/D33 = 10–1000 is the crucial
range of anisotropy over which the plate is not well repre-
sented diffusively as either a plate or a slab. For D11/
D33 = 10, the fraction of Ar escaping from the edges of
the plate by radial diffusion (frad) is only about 0.2 (this
actually varies between �0.24 and �0.16 as outgassing pro-
ceeds). For D11/D33 = 1000, on the other hand, outgassing
is dominantly from the edges (frad ffi 0.8). A simple conclu-
sion from this numerical exploration is that when D11/D33

exceeds 1000, the infinite cylinder model will capture diffu-
sion behavior reasonably well—depending, of course, upon
accuracy requirements. Conversely, when D11/D33 < 10, the
simple slab model may mimic diffusive outgassing well en-
ough for many purposes.

At the bottom of Fig. 9 are shown sections through our
hypothetical mica plate for D11/D33 = 100 and total outgas-
sing values (F) of 0.43 and 0.21. These sections are con-
toured and ‘gray-scaled’ for hypothetical Ar content at
intervals representing 10% of the initial Ar concentration.
We would argue that they bear a qualitative resemblance
to the fluorine concentration maps in Fig. 8.

5.4. Interpretation of noble-gas step-release patterns

As a final example, we investigate how anisotropic diffu-
sion might be manifest in the typical diffusion experiments
used in noble gas studies, e.g., to determine closure temper-
atures. Standard practice is to subject a test sample to a ser-
ies of partial outgassing steps at a range of different
temperatures. By assuming isotropic diffusion (usually from
a sphere) it is possible to convert the fractional yield of dif-
fusant in each step into a diffusion coefficient (Fechtig and
Kalbitzer, 1966). The resulting data are fit to an Arrhenius
law from which the activation energy (Ea) and the diffusiv-
ity at infinite temperature (D0) can be determined. Here we
examine the consequences for such data of erroneously
assuming spherical-isotropic diffusion if instead diffusion
in the sample is actually anisotropic and cylindrical in nat-
ure. We consider two cases: one in which only the pre-expo-
nential factor differs between the two axes, and one in
which both the activation energy and the pre-exponential
factor differ. The magnitude of the anisotropy adopted
for these two cases as well as the heating schedules were
chosen simply to illustrate the behavior of anisotropic sys-
tems rather than to apply to any specific mineral–diffusant
pair.

For the first case we assume the following diffusion
behavior:

D11

a2
¼ 1:5� 104 exp

�17; 000

T ðKÞ

� �
s�1 ð61Þ

D33

h2
¼ 1:5� 106 exp

�17; 000

T ðKÞ

� �
s�1 ð62Þ

Here radial diffusion is always a factor of 100 slower than
axial diffusion (Fig. 10a), a situation qualitatively similar
to that reported by Cherniak et al. (2009) for He diffusion
in zircon. Our simulated schedules involved temperature cy-
cling, in which the temperature cycle is repeated at least
twice; in many cases this type of cycling can reveal devia-
tions from simple diffusion behavior (e.g., Lovera et al.,
1991) and we wish to see if it does so in this case as well.
We used the approximations given in Section 2.2 (i.e.,

Fig. 10. Hypothetical Arrhenius arrays produced by gas release
from a model anisotropic cylinder: (a) with parallel diffusion
arrays; and (b) and (c) with crossing arrays ((b) and (c) differ only
in the assumed heating schedule). Individual points are diffusion
coefficients computed from fractional yields by (incorrectly)
assuming spherical geometry. The solid and dashed lines are the
diffusion laws assumed for the calculations. See text for discussion.
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Eqs. (36b)–(39b)). In all of these simulations the cylinder
was degassed to >99.5%.

For the second case—non-parallel diffusion arrays—we
assume:

D11

a2
¼ 1:1� 1013 exp

�25; 000

T ðKÞ

� �
s�1 ð63Þ

and

D33

h2
¼ 3:3� 106 exp

�17; 000

T ðKÞ

� �
s�1 ð64Þ

As shown in Fig. 10b and c, the resulting Arrhenius arrays
cross at 260 �C. Below this temperature axial diffusion is
faster, while radial diffusion is faster above the cross over
temperature.

Fig. 10 shows that, in general, the diffusivity obtained by
incorrectly assuming spherical isotropic diffusion from an
anisotropic cylinder essentially tracks the diffusivity of
whichever axis is faster. In the case of the parallel diffusion
arrays (Fig. 10a), there is a very slight difference between
the initial heating cycle and those that follow. This ‘hyster-
esis’—i.e., dependence of the computed diffusivity on the
details of the preceding steps of the heating schedule—is
most apparent in a comparison between the results of the
first cycle (open symbols in Fig. 10a) compared to later
cycled (filled symbols). This discrepancy hints at the exis-
tence of a more complex system than was assumed in the
spherical computation, but the magnitude is not large. In-
deed additional simulations in which the difference in diffu-
sivities between the two axes was varied reveals that this
effect is always minor. Given typical analytical uncertainties
in diffusion coefficient measurements using the step-heat
technique, it is unclear whether the presence of this style
of anisotropy could be detected. Alternative techniques,
such as step-heating of crystals with extreme aspect ratios
or crystallographically-oriented slabs (e.g., Farley, 2000
[Durango apatite]; Farley, 2007 [orthophosphates]) or
implantation methods (Cherniak et al., 2009) may be re-
quired. The fact that the diffusivity measured by bulk
step-heating tracks the least retentive axis in such a system
has an important implication for thermochronometry. In
this scenario, extrapolation of diffusivities measured at lab-
oratory temperatures to those relevant in nature (or, simi-
larly, computation of closure temperatures) will not be
grossly in error even if bulk step-heat data is used. While
the geometric model is incorrect, the consequences for the
interpretation of thermochronometry data will in general
be small.

The results for the case of crossing diffusion arrays are
somewhat different. Here we did several different simula-
tions using different heating schedules. In the case of simu-
lations done at temperatures exclusively higher or
exclusively lower than the cross over point (260 �C), the
resulting diffusion arrays are extremely linear, and show
no deviations on the cycling steps to hint that something
other than simple spherical isotropic diffusion is occurring
(Fig. 10b). Importantly, if such data were used to extrapo-
late to diffusivities at much lower temperatures than where
the measurements were made (i.e., as effectively occurs
when computing closure temperatures from laboratory

data), the low-temperature simulation would yield a reason-
ably accurate diffusivity, but the high-temperature simula-
tion could suggest far lower diffusivity than actually
pertains. If such a system were used for thermochronome-
try, the closure temperature implied from the high-temper-
ature schedule would be erroneously high. The magnitude
of the effect depends on the activation energies along the
two cylinder axes and the position of the cross over point
relative to the closure temperature. This observation raises
the unsettling prospect that even perfect linear arrays on an
Arrhenius plot can yield incorrect estimates of low-temper-
ature diffusivity and closure temperature if anisotropy exists
in both D0/a2 and Ea.

In contrast, the simulation that spans the cross over
temperature (Fig. 10c) shows a characteristic concave-up
curvature: the array tracks the diffusivity of whichever
axis is faster, and where the two axes have similar diffu-
sivities, the computed spherical diffusivity is substantially
higher than either one individually. In addition, there is a
clear indication of hysteresis. On the first cycle the com-
puted diffusivities are systematically lower than in later
cycles. Thus, a concave-up Arrhenius plot and hysteresis
are the expected hallmarks of anisotropic diffusion, but
only in the case that the cross over temperature is
spanned in the step-heating schedule. We are not aware
of noble gas diffusion data from minerals that exhibit this
particular set of behaviors, but anisotropy characterized
by crossing Arrhenius lines is clearly possible for other
diffusants (e.g., Brenan, 1993).

6. CONCLUDING REMARKS

The mathematics and the numerical approach presented
here are both versatile in themselves and sufficiently com-
plementary to one another to address a wide variety of
cylindrical diffusion problems. The results should be useful
in any situation that involves diffusion in crystals whose
structures dictate direction-dependent diffusion, or even
in crystals that are diffusively isotropic but elongated in
one direction (i.e., ones that exhibit ‘shape anisotropy’
even if not diffusive anisotropy). The geochemical exam-
ples discussed in the last section represent several broad
types of problems that are likely to be encountered in nat-
ural systems and in the laboratory. They are by no means
exhaustive, nor are they necessarily the most geologically
compelling, having been chosen on the basis of either the
availability of data (e.g., the case of F–OH exchange in
apatite) or the need to demonstrate the capabilities and
consistency of the analytical and numerical results. We
hope that the solutions presented here will stimulate new
experimental efforts to characterize diffusive anisotropy
and also encourage exploration of the potential conse-
quences of anisotropy in both geologic settings and labora-
tory step-release studies. Future papers will discuss the
implications and consequences of anisotropic diffusion in
more detail and address additional applications, including
‘geologic’ diffusion–production models and laboratory
step-wise degassing from crystals having a-ejection
profiles.
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APPENDIX A

A.1. Higher accuracy expressions for the release fractions F1

and F3

In the interest of simplicity and to facilitate analytic
work and use in spreadsheets, we presented the expres-
sions for the release fractions F1 and F3 Eqs. (35–39) with
the fewest possible terms, consistent with about 0.1%
accuracy. The worst case error of Eqs. (36–39) (near
the cross over points for the expressions) is only 0.1%
for F1 and 0.15% for F3, which is adequate for many sit-
uations. Nevertheless, we caution that in some circum-
stances where one is using extremely small release
fraction steps, such as occurs in some step-heating exper-
iments, those approximations can yield an unphysical
negative release fraction step near the cross over points.
To avoid this problem we present here expressions with
greatly improved accuracy and little sacrifice in additional
complexity, so that the expressions can still be utilized in
a spreadsheet. The improved accuracy comes from
including one or two additional exponential terms in
the series expansions at larger release coordinates, and
from reducing the release coordinate values of the cross
over points for the low release coordinate expressions.

For the case of the infinite cylinder the release coordi-
nate value of the cross over point is reduced, which neces-
sitated a refitting of the coefficient of the additional term
added in Eq. (36a). The higher accuracy expression is

G1ðy1Þ¼ 1�F 1

ffi 1�4

ffiffiffiffiffi
y1

p

r
þ y1þ

y3=2
1

3
ffiffiffi
p
p

þ0:1604932y2
1 valid for y1 < 0:056 ðA1Þ

or

F 1 ffi 4

ffiffiffiffiffi
y1

p

r
� y1 �

y3=2
1

3
ffiffiffi
p
p

� 0:1604932y2
1 valid for y1 < 0:056 ðA2Þ

Eq. (A1) yields a result with a relative accuracy of better
than 2.46 � 10�5 for y1 < 0.056, corresponding to
F1 < 0.475. For larger values of F1 we include up to the
m = 3 term in Eq. (31) to obtain the approximation:

G1ðy1Þ ¼ 1� F 1 ffi 4
1

a2
1

exp½�a2
1y1� þ

1

a2
2

exp½�a2
2y1�

�

þ 1

a2
3

exp½�a2
3y1�
�

valid for y1 � 0:056

ðA3Þ

or

F 1 ffi 1� 4
1

a2
1

exp½�a2
1y1� þ

1

a2
2

exp½�a2
2y1� þ

1

a2
3

exp½�a2
3y1�

� �
valid for y1 � 0:056 ðA4Þ

The first 3 roots of the zero-order Bessel function are
a1 = 2.404825557695773, a2 = 5.520078110286311 and
a3 = 8.653727912911013, correct to 16 decimals. Eq. (A4)
is correct to better than a relative accuracy of 2.46 � 10�5

for y1 < 0.056.
For the case of the infinite slab, the release coordinate of

the cross over boundary of the single term expression is re-
duced so that the fractional retention G3 is given by

G3ðy3Þ ¼ 1� F 3 ffi 1� 4

ffiffiffiffiffi
y3

p

r
valid for y3 < 0:0315 ðA5Þ

or

F 3 ffi 4

ffiffiffiffiffi
y3

p

r
valid for y3 < 0:0315 ðA6Þ

Eq. (A6) is correct to better than a relative accuracy of
3.8 � 10�5 for y3 < 0.0315, corresponding to F3 < 0.400.
For larger values of F3 we retain both the n = 0 and 1 terms
in Eq. (32):

G3 ¼ 1� F 3 ffi
8

p2
exp½�p2y3� þ

1

9
exp½�9p2y3�

� �
valid for y3 � 0:0315 ðA7Þ

or

F 3 ffi 1� 8

p2
exp½�p2y3� þ

1

9
exp½�9p2y3�

� �
valid for y3 � 0:0315 ðA8Þ

Eq. (A8) is correct to better than a relative accuracy of
3.4 � 10�5 for y3 < 0.0315. It is interesting that the addition
of only one or two extra terms in the power series of Eqs.
(31) and (32) produces such a large improvement in the
accuracy of the approximate expressions for F1 and F3.

APPENDIX B

B.1. Details of gridding strategy for finite-difference

approach

An initial gridding system of 236 radial node points and
an equal number of axial slices (Fig. 4) was used to repre-
sent a cylinder of arbitrary aspect ratio h/a (h is the cylinder
height and a its radius). In order to capture with reasonable
accuracy the initial few % loss (or gain) of diffusant from a
cylinder of initially uniform concentration, 144 of the 236
radial and axial nodes were concentrated in the outermost
1=4 of the cylinder dimension as shown schematically in
Fig. B1. The near-surface node spacing is approximately
0.0017� the relevant cylinder dimension (z or r). For clar-
ity, each point on the figure represents 100 actual nodes;
these can be thought of as populating the shaded plane in
the top panel of Fig. 4. This mesh provides especially good
control near the cylinder ‘corner’ where the flux vectors
have significant components in both the radial and axial
directions. The overall node distribution enables an accu-
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rate characterization of time-integrated effects even under
the most challenging circumstances, but in fact is unneces-
sarily dense for many applications—and also for systems
that have ‘relaxed’ somewhat by diffusion. For these rea-
sons we built in the capability in our finite-difference code
to re-grid the initial mesh after a predetermined amount
of diffusive relaxation. In the tests and examples presented
in the main text (all of which involve diffusive loss from an
initial uniform distribution), our program was set to de-
crease the number of nodes from the initial 236 � 236 to
128 � 128 at a fractional loss F = 0.04, to 64 � 64 at
F = 0.5 and finally to 32 � 32 at F = 0.998. This dynamic
re-gridding strategy dramatically reduces simulation times
while still preserving accuracy, as discussed in Sections 3.3
and 4. Ultimately, F is not the ideal re-gridding trigger be-
cause the accuracy with which the program estimates diffu-
sant loss is actually determined by how closely (DC/Dr)a=r

or (DC/Dz)z=h/2 approximates the normal derivative at the
surface. Future versions of the code will re-grid at a specific
value of (DC/Dr)a=r or (DC/Dz)z=h/2, whichever is steeper.
[In the simulation described in Section 4, the re-gridding
triggers at F = 0.04, 0.5 and 0.998 corresponded to
(DC/Dr)a=r �94, 3 and 0.01, respectively.]

Re-gridding is done by creating new volume elements
(Fig. 4) whose dimensions Dr and Dz are multiples of the
previous ones. A new volume element thus encompasses
an integral number of pre-existing ones. The diffusant
atoms in the ‘old’ volume elements are re-assigned to the
new one, so mass conservation is explicitly maintained.

B.2. Other code details

The finite-difference calculations were performed using
double precision (14 decimal places) for all key variables

and a dynamically adjusted time-step having a value 0.3�
the maximum permissible value for numerical stability, gi-
ven by Dz2/D33 (or Dr2/D11, whichever is smaller). The exe-
cutable code ‘CYLMOD’ (obtainable from EBW on
request) was produced using the new QB64 compiler for
C++ and QBasic source code. This compiler is designed
to exploit 64-bit processors running Microsoft Windows
or Linux, and produces executable files that run efficiently
on low-end computers. Despite the 56,000-node initial FD
mesh, CYLMOD performs the entire step-heating simula-
tion described in Section 4 in less than 7 min running in
Windows XP with a 5-year-old AMD Athlon-64 3400+
processor. This reasonably quick execution is possible be-
cause of the dynamic re-gridding described above. In appli-
cations other than laboratory step-release of gases, a
relatively coarse grid may be adequate and re-gridding
unnecessary. Substantially faster execution is possible if
accuracy is not required in the very early stages of a diffu-
sion simulation.

During the step-heating simulation described in the text,
CYLMOD keeps track of the extent of diffusive outgassing
in two ways, one by performing an integration over the vol-
ume of the cylinder at the end of each temperature step to
determine the amount of diffusant remaining, the other by
maintaining a running sum of diffusant lost from the cylin-
drical surface and cylinder ends at every time step. This
duplicate bookkeeping monitors mass conservation during
the simulation, but it also provides two estimates of cumu-
lative gas lost at the end of each time step. These are the
same to the seventh decimal place through the 15-step ana-
lytical vs. numerical comparison described in Section 4.

Because of the nature of the calculations performed by
CYLMOD (arithmetic describing the diffusive interaction
of annular volume elements), the program ‘knows’ the dis-
tribution of diffusant within the crystal at any moment dur-
ing the simulation. This information can be dumped to a
file for contour- or 3-D plotting at any point during a sim-
ulation (see Fig. 7).
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