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Power law behavior in diffraction from fractal surfaces
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Abstract

The angular distribution of the diffraction intensity from a fractal surface is proportional to the power spectrum only when V%1,
where V is equal to the square of the product of the interface width, w, and the momentum transfer perpendicular to the surface,
k
)

. However, it is shown that a power law behavior of the form k−2−2a
d

always exists in the large k
d

regime for all values of V,
where a is the roughness exponent that is related to the surface fractal dimension Ds through a=3−Ds, and k

d
is the momentum

transfer parallel to the surface. This power law behavior was confirmed in a light scattering experiment from a rough Si backside
surface under different diffraction conditions, i.e. different k

)
values. © 1998 Elsevier Science B.V. All rights reserved.
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Elastic diffraction is a very useful technique for parts: kd (=kout sin hout), the momentum transfer
parallel to the sample surface (or momentumprobing both the bulk and surface structures of

materials [1–4]. There are many different diffraction transfer perpendicular to incident momentum direc-
tion), and k

)
(=kin−kout cos hout), the momentumtechniques, such as X-ray diffraction, neutron

diffraction, electron diffraction, atom diffraction, transfer perpendicular to the sample surface (or the
momentum transfer parallel to incident momentumand light scattering, which allow measurements of

different regimes in the reciprocal space. Different direction). The diffraction amplitude can be
expressed as a Fourier transform of a function T(r):physical properties of a material can be extracted

from the reciprocal space structure. In general, there
are two classes of diffraction modes: one is transmis-

U(k)=P T(r)e−ik · r dr, (1)sion diffraction (TD), and the other is reflection
diffraction (RD). The TD mode is usually used for
the study of the bulk structure of a material, and where T(r) is, for example, the electron density
is shown in Fig. 1a. The momentum transfer function for X-ray diffraction, or the transmission
k(k=2|kin | sin 1

2
hout) due to the diffraction (or the function for light scattering, and r is the three-

scattered wave vector) can be decomposed into two dimensional position vector [r=(x,y,z)]. The
diffraction intensity is then:
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Fig. 1. Diffraction geometry and reciprocal space geometry for (a) transmission diffraction and (b) reflection diffraction.

The integral in the square brackets is actually the properties, for example, mass fractal and surface
fractal, the diffraction intensity for a large k willautocorrelation function of T(r). Eq. (2) states

that the diffraction intensity is the Fourier trans- follow a power law in k [5–7]:
form of the autocorrelation function of T(r); or,

I(k)3k−b for a large k. (3)
in other words, the diffraction intensity is propor-
tional to the power spectrum of T(r). It is well Here, the fractal is assumed to be isotropic. The

exponent b in Eq. (3) is directly related to theknown that if the material possesses random fractal
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SURFACE SCIENCE

LETTERS

L705Y.-P. Zhao et al. / Surface Science 409 (1998) L703–L708

fractal dimension of a material. For the mass
fractal with a fractal dimension Dm, b=Dm; for
the surface fractal with a fractal dimension I(k)=P GP eik

)
[h(r+r∞)−h(r∞)] dr∞H eik

d
· r dr, (7)

Ds, b=6−Ds [5–7].
The situation in RD is slightly more complicated

i.e. the diffraction intensity is the Fourier transformcompared to TD. The general geometry for RD is
of the height difference function C(k

)
, r)=shown in Fig. 1b. The diffraction amplitude for

∆ eik)[h(r+r∞)−h(r∞)] dr∞, but not the autocorrelationRD can be written as the Fourier transform of a
function of the surface height. This is the majorsurface density function D(r):
difference between RD and TD. The function
C(k

)
,r) is related not only to the surface height

U(k)=P D(r)e−ik · r dr. (4) difference with a separation r in the x−y plane,
but also to the diffraction condition defined by
k
)

. The function C(k
)

,r) is a linear function ofIn this case, we assume that the surface is homo-
the autocorrelation function of the surface heightgeneous, and the surface density function can be
only if k

)
is small. Then, the diffuse part of theexpressed as a d function [4]:

diffraction intensity is proportional to the power
D(r)=d[z−h(r)], (5) spectrum of surface height [2,4]. Does the power

law relation in Eq. (3) still hold under any diffrac-
where h(r) is the surface height at position r[= tion condition, including a large k

)
, for a fractal

(x,y)] in the average plane of the surface. Then, surface morphology? In the following, we shall
the diffraction amplitude can be rewritten as: address this issue quantitatively.

Recently, a considerable advancement in the
understanding of the nature of rough surfaces hasU(k)=P e−ik

)
h(r)e−ik

d
· r dr. (6)

been made based on the concept of self-affinity
[10,11]. A self-affine surface is a class of fractalNote that there are approximations imposed on
objects that can be described by a ‘‘roughnessEq. (6) if different diffraction techniques are used.
exponent’’, which is related to the fractal dimen-For electron diffraction, Eq. (6) is obtained under
sion of the surface. The surface can be describedthe kinematic diffraction approximation. For other
using a height–height correlation function definedparticle diffractions, Eq. (6) can be derived in the
as [10,11]:first-order Born approximation. For light scatter-

ing, Eq. (6) is the result of the Kirchhoff approxi-
H(r)=[h(r)−h(0)]2�=2w2 f Ar

jB. (8)mation (KA). The criteria for the validity of
Eq. (6) for light scattering are that the surface
lateral correlation length is much larger than the Here,
wavelength of the incident light [8,9], the root-

w=[h(r)−h:]2�1/2mean-square slope angle of the surface is very
small, and all absolute values of the tangent of the is called the interface width, and h: is the average
scattered grazing angles are greater than the tan- surface height. The function f(x) is a scaling func-
gent of the root-mean-square slope angle [9]. It is tion, having the following properties:
shown that within the valid range of the KA, the
backscattering enhancement is non-existent or very

f (x)=Gx2a for x%1

1 for x&1.
(9)small [8].

Eq. (6) is a two-dimensional Fourier transform,
whereas Eq. (1) is a three-dimensional Fourier The exponent a is called the roughness exponent

(0≤a≤1), which describes how wiggly the surfacetransform. The transfer function in Eq. (6) is a
function of phase, determined by both the surface is. The roughness exponent is directly related to

the surface fractal dimension Ds by a=d+1−Ds,height distribution and the diffraction condition.
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where d+1 is the dimension of the embedded where f ∞(x)#2ax2a−1. Therefore:
space. The lateral correlation length, j, is the
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distance within which the surface heights of any P(k)#8paw2k−2 22aC(1+a)

(jk)2aC(1−a)two points are correlated. These three parameters,
w, a, and j, are independent from each other, and =4pw2Aj−2ak−2−2a for kj&1, (15)
vary according to the processes by which the

where:surface morphology is formed. The parameters w,
j, and a characterize the major statistical proper-
ties of a self-affine surface. A=

22a+1aC(a+1)

C(1−a)
.

The characteristics of a self-affine surface can
also be defined through the surface power Therefore, the definitions in Eqs. (9) and (11) for
spectrum, which gives: a self-affine surface are equivalent. (These relations

are equivalent only for values of a that are notP(k)=w2g(jk), (10)
too close to 1. For a~1, a discrepancy may occur

where the function g(x) has the properties: between these two definitions of a; see Ref. [12].)
The diffraction profile of a surface is determined

solely by the function C(k
)

,r). For a random andg(x)=G 1 for k%1

k−2a−d for k&1.
(11)

fractal surface, C(k
)

,r) is the characteristic function
of the height difference separated by r and shouldNote that both scaling functions in Eqs. (9) and
contain all of the statistical parameters that describe(11) give only the asymptotic behaviors of the
the surface. For example, for a Gaussian heightcharacteristic functions; the exact forms of these
distributed and isotropic surface, Eq. (7) becomes:characteristic functions may vary. For 0≤a<1,

we can show that Eqs. (9) and (11) are equivalent,
I(k)=P e−1/2k2

)
H(r)eik

d
· r dr. (16)in the following.

The relation between the surface power spectrum
For a self-affine rough surface, the diffractionand height–height correlation function can be writ-
profile contains a sharp d peak resulting from theten as:
features of the surface on the long-range scale,
and a broad diffuse region reflecting the roughnessP(k)=P [2w2−H(r)]e−ik · r dr. (12)
on the short-range scale. The diffraction structure
factor can be written as [4]:

For an isotropic surface:
I(k)=(2p2)e−k2

)
w2d(k

d
)+Sdiff(kd

,k
)

), (17)

P(k)=2p P
0

2
[2w2−H(r)]rJ

0
(kr) dr where:

Sdiff(kd
,k

)
)=P dr[e−1/2k2

)
H(r)−e−k2

)
w2 ]eik

d
· r ,=4pw2j2 P

0

2
[1−f (x)]xJ

0
(kjx) dx, (13)

(18)where 1−f(x)=1−x2a for x%1, and 1−f(x)=0
for x�2, and J0(x) is the zeroth-order Bessel for a self-affine surface with a Gaussian height
function. Integrating Eq. (13) by parts, one has: distribution. Therefore, the power law behavior, if

it exists, should be exhibited in Eq. (18). We can
express Eq. (18) as:P(k)=4pw2k−2 P

0

2
jkxJ

1
(jkx) f ∞(x) dx. (14)

Sdiff(kd,k
)

)=2pj2e−V
Here, J1(x) is the first-order Bessel function. For
kj&1, the dominant contribution in the integral × ∑

m=1
2 1

m!
Vm P

0

2
x[1−f (x)]mJ

0
(k

d
jx) dx, (19)

of Eq. (14) comes from the region of small x (%1),
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where V=k2
)

w2 , by expanding the integral kernel
in a Taylor series. For a small V, only m=1 gives
the major contribution to the diffraction intensity,
and then Sdiff(kd

,k
)

) is proportional to the power
spectrum shown in Eq. (13). For any V, and for
a large kd (&j−1), the main contribution to the
integration in Eq. (19) is from the region x%1,
and therefore, the asymptotic behavior of the
integral for a large kd can be written as:

P
0

2
x[1−f (x)]mJ

0
(k

d
jx) dx

#P
0

2
x[1−x2a ]mJ

0
(kdjx) dx

#P
0

2
x[1−mx2a]J

0
(k

d
jx) dx.

(20)

Then, based on the result obtained from Eqs. (14),
(15) and (20), one can reduce Eq. (19) to:

Sdiff(kd ,k
)

)#2pj−2ae−VA ∑
m=1
2 m

m!
Vmk−2−2ad

=2pj−2aVAk−2−2a
d

. (21)

For any value of V, the shape of the diffuse profile
varies as a power law in k

d
for a large k

d
, as shown

Fig. 2. Height–height correlation function H(r) for a Si backsidein the asymptotic form of Eq. (21). This power
sample obtained from AFM images (100 mm×100 mm). The

law relation also holds for surfaces with non- H(r) is averaged over 10 images.
Gaussian height distributions [13]. The general
relationship for a surface embedded in d+1 dimen-
sions can be expressed as: used in the light scattering experiment. The details

will be published elsewhere [14]. We changed the
Sdiff(kd

,k
)

)3k−d−2a
d

for k
d
&j−1 . (22)

light scattering conditions by varying the incident
angle hin as denoted in Fig. 1b. Fig. 3 shows aThe FWHM of the diffuse profile is proportional

to k1/a
)

[4]. Therefore, as k
)

increases, the corre- log–log plot of the normalized light scattering
intensity profiles for h=84°, 80°, 76°, 70°, 66°, andsponding power law tail of the diffuse profile

would start at a larger kd value. 60°, which correspond to V=0.42, 1.38, 1.92, 2.72,
3.23, and 3.97, respectively. Despite the differencesTo demonstrate our prediction (Eq. (22)), we

performed an experiment of light scattering from observed in the small kd region, all six curves show
a similar power law behavior at large kd. Thea rough surface (the backside of a silicon wafer).

The surface of the Si backside was first charac- slopes for the tails are 2.90, 2.91, 2.51, 2.70, 2.85,
and 3.00, respectively. The average slope extractedterized by atomic force microscopy (AFM), from

which the real-space height–height correlation from the log–log plot is −2.81±0.07. Since we
used a slit detector, the asymptotic power lawfunction was calculated (and plotted in Fig. 2).

From Fig. 2, we extracted w=2400±70 Å, j= becomes 3k−1−2ad instead of 3k−2−2ad for a large
k
d

[14]. From this, we determined that a=5.50±0.02 mm, and a=0.91±0.02 [14]. An
in-plane configuration with a detector array was 0.91±0.04, which is quite consistent with the value
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power spectrum, but only for V%1. However, at
a large k

d
value, the diffuse profile does obey the
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power law relation, Sdiff(kd ,k
)

)3k−d−2ad for all V,
which depends neither on the diffraction condition
nor on the surface height distribution. Therefore,
from one diffraction profile, one can directly
extract a of a fractal surface at any V, not just
V%1.
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