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1:3+2-4=11

[11 2]
(112

* 10 20}

5. no answer — can’t multiply a 1x3 matrix by a 2x1 matrix

'3 6 21
6 |4 8 28}

18 21 24}

Answers to Exercises with Matrices

—

bt

5 10 15
(7 8 9
8. |1 2 3
4 5 6

5 10]
9. |15 20
125 30

S
10. | -3 —4
5 6

-9 —18
11. =27 =36
|45 54
i 5
12. 6}

13.

3

4

35 . . .

46 (the superscript T means transpose, same as in question 12)
5

4

14.

6

15. x=0 and y=1
16. x=5 and y=2
s

17. 0 1l since the identity matrix times itself equals the identity matrix.
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18.

19.

20.
21.
22.
23.
24.
25.
26.
27.
28.

29.

30.

31.

-1
Let [ecl E’J = [_13 ﬂ , SO [i (ﬂ [_13 ‘ﬂ :[(1) (1)} by definition of an inverse.

la—3b 2a+ 4b}

c—3d 2c+4d

Hence [ 0 1

= [1 0}. Solve 1a-3b=1 and 2a+4b=0 to get

=g

, b=_—1. Solve ¢-3d=0 and 2c+4d=1 to get c=%,d=%. Hence the answer is

04 -0.2 : . 1 2|04 -02 1 0 .
' =
[0.3 01 } Verify this! [_3 4}[0.3 01 } [0 1} so indeed

1 27" [04 -02
[—3 4} B [0.3 0.1 }
You can check the rules for determinants in the text:
a. 1-4-3-2=-2,not singular
b. 0, singular
c. —30, not singular
d. —30, not singular
square matrix
column matrix or column vector (or just “vector”)
row matrix or row vector
identity matrix
diagonal matrix
symmetric matrix
permutation matrix
upper triangular matrix
lower triangular matrix

11 1
n n n
11 1
nonoon
11 1
'n n n |

X
1 —
— X. X — .
n z i|=|" | where X is the mean of x, through x_
X
1
_n -
X, —X
X, —X
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32.

33.

34.

35.

36.

37.
38.

39.
40.
41.

42.

43.

44,

45.

46.

— Xl i XI—X
I—lii'}x:lx—lii'x: X || X2 X% oF
L n n . . .
X, X X, —X
0
0
0
L1 1]
n
I 1
Ms[l—lii'}: o 7 n
n : :
11 -1
| n n n |

iI'(Mx) = Z X, —nX =nx —nX =0 (for MX, plug in your four-previous answer)

M i=1

>

2.(x _i)2
ZXiYi

Z(Xi -X)(y;-9)

1
o1 (xi =X)(vi )
Xll El X12 EZ Xlk )ik
X, =X, X, —X X, — X — .
2, 7 T2, 2k 7k | where X, 1s the mean of x,; through x
L X =X X 7 Xy Kok ~ Xy
B 2

2 (%0 = %) (% — %)
Z(Xiz _iz:)(xik _ik)

2 (xi = %)) (%, ;Xz)
Z(Xizz_iz)
Z(Xik _ik)(xiz _iz)

cov(x,,X,)
cov(x,,X,)

_Z(Xik -X,)(x - X))
[ var(x,)
cov(x;2 ,X,)

cov(X,,X,)

Var(.x,z ) where

| COV(X,,X ) COV(X,,X,) var(x,, )

cov(x,,X,) = %Z(xia -X, )(x; =X, ) and var(x,) = cov(x,,,X,)
n—
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47.
48.

49.
50.

51.
52.
53.
54.

55.

56.

57.
58.

59.

60.
61.

62.

63.

64.

65.

I
C

I

D'C’

D'C”

A"'A’= A"'A =1, since A is symmetric

C™'C’ (this cannot be simplified, since C is not necessarily symmetric)
B'(AB)YA' =B'B'A'A" =B'BAA =1l =1

sl

0 05 05]x
[x1 X, x3] 05 0 05]x,
05 05 0 ||x,
not a quadratic form — the term 7x, is not quadratic

[x, 101[x,]
[X1 Xz][oos O(.)S}[Xl}
. X,

not a quadratic form
not a quadratic form

3 05 -5/2n]| x,
[x, x, x;]| 05 1 -6 || x,

| —5/2n -6 7 X,

o 8/2p ¢/2]] x,
[x, x, x,]|8/2p B o/2|x,

| ¢/2 o/2 Yo X

The answer to the first step is a,u, +a,u, +---+a_ u, . The answer to the second step

da'u oO(au, +a,u,+---+au , ,
_dau, +au, ) _ a,. The answer to the third step is therefore

1S

ou, ou, '

% : ofw _[ofw  arw]

: |=la, -+ a_|. By definition, = <o ————=1|, so applyin
L ] [a, .]- By » ou ou pplying
this formula to the function f(u)=a'u, you see that you have proved the formula
o@'u) _a

ou

First compute the scalar U’Au, and compute its vector of derivatives. Then compute
2AuU and see if you get the same answer.

a a u
u'Au :[u] u2]|: 11 12jH: 1}
a4y Ay | W,

u

— 1
=[a,u, +a,u, a,u +a,u,] u }

2

— 2 2
- allul + 3.21111112 + a12u]u2 + a22u2
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O(U'Au)
O(UAU) | o |_ {2311111 +(a,, +a,)u, } 0
ou d(u'Au) (ay +a,)u, +2a,u,
ou,
2AU =2[311 alz}[u1}={2auu1 +2a12u2:| (2)
Ay An W 2a,u, +2a,,u,

Comparing (1) and (2), it is apparent that they are equal if a, +a, =2a,, and
a, +a,, =2a,,. This can be true only if a,, =a,,. Thus (1) and (2) are equal if and

only if A is symmetric. Thus a(uaAu) =2AuU if and only if A is symmetric.
u
of,(u) of () 9f,(u)
66 of | ou ou, ou, | _ 2 4 6
“ou | Of,(u) Of,(u) Of,(w) || 2uuiul 3uiuiul 4duiulul

ou,  du,  du,

0 f(u) D f(u) O f(u) |
N zaul2 812’128111 812’136111 2 O 0
Ciw _|&fw) Ffw FIW|_|y o 4
’ 3
oudu’ | dudu,  Auy  dwdu, | [ g4y 12,0
O’ f(u) O’ f(u) & f(u) : :
_81116113 8[,126113 8‘u§

68. When answering this question, it helps if you remember quadratic forms.

67.

2 0 0 v,

VAV=[v, v, v,]J0 0 4ui || v, [=2v] +8uiv,v, +12u,uiv;
0 4u] 12u,ui || Vs

69. Plug the value given for U into the above answer, yielding V'Av =2v;. This is

positive or zero for all vectors of real numbers v, V'Av >0. (However V'AvV >0 is

0
not correct, for example v = [1} # 0 yields VVAv=0.)
2
of(u)
au,
2u, 0
70. The first order condition is UC) = 2UC) = u;‘ =|0|. Thus, 2u, =0,
ou ou, 4u,u} 0
of(u)
| Ouy
uj =0, and 4u,u; =0. Solving yields u, =0, u, =0, and u, =anything. So for

0
any k, U= [k} is a candidate to yield a minimum of the function. Letting A denote
0
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the Hessian matrix obtained previously, and plugging in U =10, yields V'Av = 2v; as

in the previous question. This is >0 for all v£0. However it is not >0 for all v=0, as

demonstrated in the previous answer. Hence form B of the second order condition

cannot guarantee that O yields a local minimum of the function. Were V'Av

sometimes positive and sometimes negative, then you would know that U yields

neither a maximum nor a minimum of the function, but this is not true either. So in

this case, form B of the second order condition cannot tell you whether or not
0

0 =| k | yields a minimum. (You can be sure it is not a maximum.) In fact it is not a
0

minimum; for example f([o k 0]'):0 but f([o ) 2]'):—8.



