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Abstract. We present results of numerical study of complex dynamics generated
by the one-phase free-boundary problem with kinetics modeling gasless combustion.
We study dynamical structure generated by the problem using bifurcational dia-
grams obtained through correlational dimension. In the case of periodically varying
initial concentration the problem exhibits frequency locking. We also demonstrate
that a finite-dimensional reduction via the method of collocations leads to a similar

dynamical structure

1. Introduction. The paper continues a discussion on the dynamics due to Stefan
type [3] problems with kinetics, in particular the phenomenon of frequency locking
as a response to a periodic perturbation of the initial concentration. We give a
brief description of the rigorous results concerning well-posedness, and discuss
numerical simulation of the one-phase problem and its finite-dimensional imitation
that is derived via collocation method.

The one-sided free-boundary problem (FBP) represents a mathematical model of
condensed-state combustion (also known as combustion synthesis cf. [13]), assum-
ing that the heat conduction in the product state is much slower than in the fresh
combustible mixture. Similar model is obtained for instance for the laser induced
evaporation from the surface of metals [1]. The numerical simulation described in [2]
demonstrated that the unperturbed FBP generates a variety of complex thermoki-
netic oscillations including Hopf bifurcation, period doubling cascades, Shilnikov-
Hopf bifurcation etc.

After the occurence of these dynamical features of FBP have been established,
it would be interesting to understand how the orbits of different complexity cor-
respond to the (usually more than one) physical parameters. Below we present
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bifurcation diagrams in the parameter space based on the correlation dimension for
both: the constant and the variable concentration of the combustible..

Indeed, the new feature that was added in [3] is a periodic perturbation of the
initial concentration of the so-called deficient component which directly effects the
velocity of the free boundary. As a result we observe a variety of quasi-periodic and
complex periodic regimes with periods that are various multiples of the perturbation
period. This is a clear manifestation of the classical phenomenon of frequency
locking.

The physical phenomena modeled by periodically driven dynamical systems ap-
pear in many fields (see e.g. [14]) such as lasers, superconductors (Josephson’s junc-
tions), mechanical engineering, etc. These systems are known to exhibit complex
patterns of behavior including entrainment. The bands of locked modes typically
have the appearance of the so called Arnol’d tongues in the amplitude-frequency
parameter space.

It is necessary to mention that the analysis of externally periodically (in time)
forced systems is usually carried out for an appropriate physically motivated ansatz
leading to a low-dimensional ODE. In our case we are not aware of any physical
considerations on which such reduction can be based . However, in the last sec-
tion we carry out truncation to a finite-dimensional system using the collocation
method and compare its dynamical structure with that of the original FBP using
the bifurcation (dynamics) diagrams .

The diagrams for both: FBP and the finite-dimensional system in the amplitude-
frequency space show typical Arnol’d tongues. One should realize that in the case
of FBP every point in the parameter space is a result of DNS of a computationally
nontrivial problem. Luckily it turns out that even a rough approximation of the
correlation dimension is sufficient to distinguish between the periodic and aperiodic
orbits. To the best of our knowledge this method has not been previously used for
bifurcation diagrams of such type.

2. The one-sided free-boundary problem. Combustion of condensed matter
represents a self-sustained wave of exothermic chemical reaction that transforms
a solid combustible mixture directly into a solid product. The appropriately non-
dimensionalized 1-D one-phase model consists of heat diffusion in the combustible
mixture

Up = Uyg, & <s(), u(z,0) = up(z) > 0, (1)

supplemented by the kinetics condition

u(t) = Zo(s(t)) glu(s(t), 1)], (2)

and the Stefan-type condition at the free boundary moving in the negative direction:
ux(s(t), ) = —v(t), 3)

where v(t) is the boundary velocity, s(t) = f(f v(T)dr is its position, u is the tem-
perature. At —oo the the temperature of the fresh combustible is assumed to be
zero u(—oo,t) = 0.

Under reasonable assumptions on the kinetics functions g, one can prove that
problem (1)-(3) possesses global in time, uniformly bounded classical solutions (cf.
[6] for the Z =1 case).

Theorem 1. Let 0 < Znin < Zo(x) < Zmax be a Lipschitz continuous function.
Suppose that the kinetic functions g satisfies the following assumptions: g(u) is
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a continuous, monotone decreasing, negative function with bounded derivative on
(0,00) and g(0) = —go for some go > 0 ;and lim,_,ocg(u)/u = 0. Then for continu-
ous and bounded initial data there exists one and only one classical solution of the
free interface problem (1)-(3). The solution is uniformly bounded for all t > 0.

Note that vg = goZmin is the minimal possible speed of the boundary. The
central point of the global existence proof is the a priori estimate:

Theorem 2. Let u(z,t),v(t) be a classical solution of the free interface problem
(1)-(3) and SUp_ o« pcoolto(x)| = M, then |u(z,t)| < 2(g1/vo+ M)/ Zmin where g1
is a constant dependent on the kinetic function g.

Since v = Zp[s(t)]glu(s(t),t)], for the velocity we have the obvious bound |v| <
Zmaxg (2(M + gl/UO)/Zmin)

In addition one can show that FBP (1)-(3) is dissipative and possesses a global
compact attractor of a finite Hausdorf dimension [6, 7]. It is important to emphasize
that the rigorous results lead to a deeper understanding of the dynamics generated
by the FBP, and provide an additional degree of confidence in the numerical simu-
lations.

3. Dynamics of unperturbed problem. Before we discuss the phase locking for
a nonhomogeneous concentration Zy(x) several remarks are due regarding the basic
problem with Zy(z) =1 It is convenient to represent the kinetics in the form:

g(u) =1+ aJ(u) (4)

where the function J(§) = (¢g(¢) — 1)/« is normalized so that J(1) =0, J'(1) = —1.

This makes the problems with different kinetics identical in terms of linearization

about the basic solution. while @ > 0 is the main instability parameter of the

problem. The variables are selected so that the boundary propagates to the left.
Problem (1)-(3) has a unique traveling wave solution

up =exp(x +1t), =< —t, s =—t. (5)

provided J is monotone. A linear stability analysis indicates that the loss of stability
occurs via a supercritical Hopf bifurcation at a., = 3, at the frequency we, = v/3.
For appropriate ranges of parameters the system exhibits a Feigenbaum cascade
and transition to chaos, a Shilnikov-Hopf bifurcation etc. (see [2] for details).

It is necessary to mention that the exact functional form of the kinetics for solid
combustion is not known. In DNS we used Arrhenius type kinetics

Ja,o(u) = —expla(u —1)/(1 +o(u - 1)]; (6)

”transplanted” from the gas combustion, and a power kinetics (defined through its
inverse)

gab() =1+ = [(=0)! = (o) 7] /(p + q) 7)

where p,q > 0 are additional parameters allowing to control subtle changes of its
shape. We put p =1 in the DNS discussed below. Both kinetics satisfy conditions
required for the rigorous results formulated above. It turns out that many complex
dynamical features are also observed for both. In order to better understand the
response of FBP to the kinetics parameters we need to see how different dynamical
regimes are situated in the parameter space.
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FI1GURE 1. Bifurcation diagram for FBP with Arrhenius kinetics
(1) in ao-plane. Resolution 400 x 400.

4. Bifurcation structure via correlation dimension. To demonstrate possible
dynamic scenarios in the parameter space we employ asymptotic (for ¢ large) cor-
relation dimension of the orbits (see [5] for the discussion of correlation dimension
in the context of unperturbed free-interface problems). To the best of our knowl-
edge, this is the first application of correlation dimension for the investigation of
the bifurcation structure, in particular for PDEs.

We are primarily interested in the qualitative understanding of dynamics, in
particular in the distinction between periodic and aperiodic regimes. Our experience
shows that the bifurcation structure computed via correlation dimension is largely
insensitive to the sample (finite-dimensional projection of the phase space) size > 2.
Only thanks to this circumstance are we able to obtain a detailed bifurcation map
at a reasonable computational cost.

For DNS we employed a finite-difference scheme in the coordinate system at-
tached to the interface n = x — s(t) (see [?] for detail). In mathematical terms FBP
in (1)-(3) generates the temporal evolution in the infinitely-dimensional “phase”
space of functions u(n,.) and scalars v.

Every point on the dynamics diagrams is therefore a result of DNS of a nontrivial
FBP, and the computational cost of a detailed map becomes prohibitive. To make
the problem with 1.6 x 10° DNS tractable from the computational viewpoint, we
have to choose a rather crude space mesh size. Consequently the critical values
for the bifurcation parameter a undergo some shift from the theoretical values: for
example, the value o = 5.2 corresponds to a simple periodic relaxational oscillation
for the unperturbed problem.
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FicUre 2. Bifurcation diagram for periodically perturbed FBP
(1)-(3) with power kinetics in the wa-plane. Resolution 400 x 400.

Fig.(1) depicts dynamical structure of the "unperturbed” (Zy(xz) = 1) FBP (1)-
(3) with the kinetics (6) in the ao-plane. The kinetics parameters o and o vary in
the intervals [2.8,3.2] and [0, .6] respectively with 400 mesh points in each variable.

The darker areas, corresponding to lower correlation dimension represent periodic
orbits, while the lighter areas correspond to aperiodic orbits. The darkest vertical
strip on the left corresponds to the subcritical in the sense of Hopf bifurcation stable
basic solutions. Remarkably, in spite of the crudeness of truncation the results show
that the method is sensitive enough to even differentiate somewhat between periodic
orbits of different period (multiplicity). For instance, one can clearly distinguish
the transition to period doubling when « increases as a slightly lighter shade. The
lightest feather-like structure inside corresponds to the chaotic solutions.

5. Dynamics generated by FBP with periodic initial concentration. Next
we discuss DNS of the forced FBP (1)-(3), with the initial mass concentration

Zo(z) =1+ acos(wz) (8)

Note that the initial concentration in (1)-(3) is a function of the dependent vari-
able of the problem s(t). Consequently, the driving frequency w and the temporal
frequency of the periodic solutions, as in Fig.(3) are not the same.

Fig.(2) represents a bifurcation diagram for (1)-(3) with kinetics (7) in the
frequency-amplitude (wa) plane. One can clearly recognize classical Arnol’d tongs
structure. We observe increasingly narrower secondary tongs corresponding to pe-
riodic orbits of higher multiplicity. Remarkably, correlation dimension is able to
capture even rather fine transitions between qualitatively different periodic regimes.
Although theoretically the correlation dimension of any periodic regime is equal to
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1, in the vicinity of the bifurcation convergence to the attractor is very slow. This is
reflected in the higher values of the numerical approximation for the dimension. For
example, the large lightly shaded oval contour separates between simple periodic
(above the oval) and double-periodic (inside) orbits.

FIGURE 3. Subharmonic periodic.solution of FBP a = .1, w = 5
Boundary temperature u(0,t) vs. time 400 < ¢t < 450

There are a number of complex features observed in dynamical response of some
known finite-dimensional counterparts of our FBP such as, for instance, the forced
van der Pol equation [11, 12] that one would attempt to verify. For instance, whether
the Arnol’d tongues represent a dense set with its complement forming a Cantor
set in the (a,w)-plane, whether the Feigenbaum sequences occur within the tongues
etc. It would also be interesting to investigate how the frequency locking response
changes with increasing a.

Fig.(3) depicts a typical frequency locking periodic orbit. in the subharmonic
region (note that the forcing has a spatial not temporal period) represented by the
time history of the boundary temperature u(,t)|,—0. The display on the right is
a 3-d projection of the orbit that lives in an infinitely-dimensional phase space. As
parameters of forcing vary, one encounters a wide range of complex periodic, quasi-
periodic and chaotic orbits. We remark that quasi-periodic solutions with more
than two basic periods have also been observed.

6. Finite-dimensional model. A qualitative approximation by a 3-d dynamical
system was derived in [9, 8] (for Z = 1) using the collocation method as follows.
First in the coordinate attached to the free boundary z = = — s(¢) the problem
becomes

Up — VU, — Uy, = 02 <0, (9)
uz(0,t) = —ov(t), v(t) =—2Zo(s(t)) g[u(0,1)]

We select n collocation points z; = 0 > z9 > - -+ > z,. and seek an approximation
for the solution in the form wu(z,t) = ZZI; ar(t)or(z). A convenient basis in our
case consists of ¢;(z) = z'e?. We demand that Eq. (9) is satisfied exactly at the
collocation points, as well as the boundary conditions at z = 0. We set n = 3, and
select 27 = 0,29 = —1,23 = —2. As a result we obtain the following system of
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Bifurcation diagram for the unpertutbed finite-dimensional system (10) with
power kinetics in the ag-plane. Resolution 400 x 400.

0 2 4 6 8

Bifurcation diagram for the periodically pertutbed finite-dimensional system
(10) with power kinetics in the wa-plane. Resolution 400 x 400.
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ordinary differential equations:

dl = —-3d; —2d2+d3+9w—|—w(4w—d2—|—d1 —|—d5) (10)

doy = —6d; —6d2+3d3+24w—|—w(9w—2d2—|—3d1—|—3d3)
d3=d2—d3—w(3+w)
sS=w-—1

supplemented by w = —g(1 + d3) Zo(s), where w = v + 1, dy = 2as + 3w+ 3;dy =

2a1 +w+1,ds = as — 1 are new variables for which the equations are automatically
resolved with respect to the derivatives;and, in addition, the equilibrium of the
unperturbed case (Z = 1) is now at 0. It is easy to find that there is a Hopf
bifurcation at q, = 3 with we = v/3. Note that ae- and we, are exactly the same
as for the FBP.

For the unperturbed case Zy(s) = 1 the 3 x 3 system (10) was shown to be
dynamically similar to the FPB [8]. Thus, it is interesting to compare its bifurcation
diagram Fig. (5) with that of FPB Fig. (1) One cannot help noticing a fare measure
of similarity between the two at least in the general outline, although Fig. (1) was
obtained for a different kinetics. The areas corresponding to chaotic behavior are
feather-like bent structures The two diagrams differ in finer details, in particular
(5) has a system of dark stripes that seems to have a Cantor set structure. We hope
to comment on the dynamical interpretation of such curious dynamical features in
the near future.

Next we compare the bifurcation diagram Fig (6) for the periodically perturbed
by (8) system (10) to that of FBP Fig (2). First it clearly indicates that the finite-
dimensional system exhibits entrainment as well. Once again there is a degree
of similarity between the FBP and the finite-dimensional model, perhaps more so
when the forcing frequency is closer to the natural frequencies of the respective Hopf
bifurcations w,, Farther away the similarity fades and we observe for instance two
Arnold’s tongues merge and separate again as a increases. Subtler details of the
diagrams can be revealed by a ”computational zoom in”. A more detailed study
of the diagrams with dynamical interpretations of the transitions between different
areas may lead in our view to interesting new observations regarding the dynamics
of the system. Finally we present an example of a periodic solution of the forced

FIGURE 4. Subharmonic periodic bursts generated by the finite-
dimensional system a = 0.3, w = 0.05

by (8) finite-dimensional model (10). Fig. (4) shows the time evolution of the free-
boundary temperature for a subharmonic perturbation. One can easily observe that
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the frequency is locked by a bursting type dynamics which seems to be typical in
the deeply subharmonic region of frequencies.
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