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Abstract

We study a class of nonlinear evolutionary equations generated by
an elliptic pseudo-differential operator, and with nonlinearity of the form
G(ug) where cn? < G(n) < Cn? for large |n|.

For the evolution in spaces of periodic functions with zero mean we
demonstrate existence of a universal absorbing set and compact attractor.
Furthermore, we show that the attractor is of a finite Hausdorf dimension.
The dissipation mechanism for the class of equations studied in the paper
is akin to the nonlinear saturation in the Kuramoto-Sivashinsky equa-
tion. A similar generalization of the Kuramoto-Sivashinsky equation was
studied by Nicolaenko et al. under the assumption of a purely quadratic
nonlinearity and reflection invariance of both: the equation and solutions.
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1 Introduction

Consider a nonlinear evolution equations of the form
u + G(ug) = P(D)u (1.1)

where the linear part P(D) is an elliptic pseudo-differential operator of the order
2m. The function G(n) is assumed to be sufficiently smooth and satisfying the
condition: cpinh? < G(n) < Cmaxn?, for |n| large.

In some sense (1.1) may be regarded as a generalization of the Kuramoto-
Sivashinsky equation [N74, K78, S77]

1
U + —ui = —Upy — Uggpos (1.2)
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A similar generalization was studied by Nicolaenko et al. [NST85] under the
assumption of invariance of the equation (and solutions) with respect to the
reflection # — —x, and for a purely quadratic nonlinearity G(n) = Cn?.

In the current paper we demonstrate that the reflection invariance condition
of [NST85] can be relaxed, and the nonlinearity can be of a more general form
without destroying the dissipativity of the system. For the broader class of
equations defined in (1.1) (more precisely for its differentiated with respect to
x version (2.3)) we demonstrate existence of a global absorbing set, which, as
it is often the case for dissipative systems, implies existence, compactness, and
finite Hausdorff dimensionality of an attractor in the spaces of periodic functions
with zero mean. In our study we employ a technique developed in [BF06], which
combines the ideas introduced by Collet et al. [CEES93] and Goodman [G94].

Although we allow the nonlinearity in (1.1) to be of a more general form
than the conventional purely quadratic function, it should be remarked that, in
our view, even the requirement of quadratic growth of G at infinity should be
attributed to our technical approach rather than to the intrinsic nature of the
problem.

Equations of type (1.1) may generate a variety of dynamical patterns as a
result of interplay between the unstable modes in the spectrum of linear operator
‘P and dispersion of “energy” over the entire spectrum due to the nonlinearity.
As we demonstrate below, a sufficient amount of energy is then dissipated by the
short-wave spectrum for the solutions to uniformly gravitate to the absorbing
set in appropriately chosen norms.

The family of equations (1.1) includes, for example, the Kawahara equation
[TK78] (a.k.a. the generalized Kuramoto-Sivashinsky equation)

Ly
Up + 5“1 = —Ugg + YUzzxr — Uzzzx,
which was introduced as a model equation for surface waves on a viscous film.
The presence of the linear dispersion obviously leads to different dynamical
patterns generated by this equation.

Another instance of the equation (1.1) is the nonlocal evolution equation

modelling cellular flames

1
uy + §ui = Uz + (] — A)u,

where
A= (I-0371,

In a recent papers [BF05] this equation was shown to generate a cellular-chaotic
evolution.

Yet another representative of the family of equations (1.1) is the nonlo-
cal Kuramoto-Sivashinsky equation (see [S77, HP04]) describing evolution of a
weakly perturbed plane flame front in the limit of a relatively small thermal
expansion of the combustible gas.

At the core of the paper is the proof of dissipativity, i.e. of the uniform
boundedness of solutions originating in a certain ball of initial data (Theorem



8). The proof employs a variant of Garding’s inequality for the linear part
and a Poincaré type inequality to control the behavior of the nonlinear part
in the energy estimates. The diameter of the absorbing set in the H°-norm is
polynomial in the period L.

The bound in H® can be extended to the bounds in all H® with 0 < s < m;
however these bounds are exponential in the period L, except for the case of the
purely quadratic nonlinearity where it is still polynomial. Stability in all H*
with 0 < s < m automatically guarantees compactness of the dynamical system
under consideration in any H?® with 0 < s < m thanks to the precompactness
of the imbedding in Sobolev spaces.

Next we investigate the evolution of the infinitesimal volume on the attractor
and, based on the differentiability of the corresponding semigroup, conclude
that the Hausdorff dimension of the attractor is finite. Depending on the norms
used in the dimension estimates the results differ in regard to their behavior as
the period increases. If the dimension is estimated in the sense of H? then a
polynomial in L growth can be obtained for a more general (than the purely
quadratic) form of G. The value of the dimension in the sense of H E1<k<
m —1 is exponential in L, with the exception once again of the purely quadratic
nonlinearity where it is still polynomial. Technically the dimension calculation
follows a rather well-established path of the trace estimation (see e.g. the book
of Temam [Te97]); however, opting for the transparency of presentation, we
did not attempt to obtain necessarily the lowest possible estimate (cf. [GA04,
BG06, OTO08] for the Kuramoto-Sivashinsky equation, see also [BFGOT]).

2 Statement of the problem and preliminaries

To eliminate the drift due to the nonzero mean, it is more convenient (and
rather conventional) to study the initial-value problem for the equation (1.1)
differentiated with respect to x

u + [G(u)], = P(D)u (2.3)
u(z,0) =up(x), wuy € ngT
in the Sobolev spaces of L-periodic functions with zero mean denoted by H;
(we abuse notation and keep the letter u for the dependent variable).

Recall that in the periodic case, the usual Sobolev norm is defined through
the Fourier series as

er

0o s ) L/2 d2 s/2 2
= 3 @)l = [ (1-55) a0 d
k;oo ( k) —L/2 da?
here &, = 2mk/L is the spectral parameter. Note that for u € Hser, g = 0 and

therefore the norm is equivalent to the following leading order norm:

oo
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For simplicity of presentation we assume that P is an elliptic pseudo-differential
operator with the symbol p(¢),

2m
p(§) = =CII™ +p1(§), m=1 (2.4)
p1(&)] < clg™ for [¢] large, 1 <2m
P is assumed to preserve the subspace of the zero-mean functions.

Remark 1 It is not difficult to modify all the proofs below for any classical ellip-
tic pseudo-differential operator with periodic coefficients such that it preserves
the space of zero-mean functions. It is also not difficult to extend somewhat the
class of acceptable operators to the operators of the form

P =Po+P1

where Py is an abstract linear operator (not necessarily pseudo-differential one)
mn ngr that satisfies the inequality

2
[(Pru, w)| < p[lullgm

here (.,.) is the H® inner product (cf. [NST85], where however because of the
specifics of the proof, the operator is required to be an even function of D alone).
Again Py is assumed to preserve the space of zero-mean functions.

We note that ellipticity of the linear operator allows us to use the general
result due to Garding (see, for example, Taylor [Ta97, Chap. 7, Theorem 6.1])
that for our purposes can be stated as follows.

Theorem 2 Let operator P be of the type defined in (2.4). Then, there exist
constants cg, « such that for u € H (L),

per
Re (Pu,u) < —co [|ullfm + o [Jul*. (2.5)
Proof. For our case the proof is straightforward:
2 m/2\ 2
+Re< C(W— (1+1¢P) ) +p1(z‘£>] @1

- —0H(1 + |§|2)m/2a

_ _0H(1+|§|2)m/2a

2
+ Re <p2 (Zé)ﬂ, ﬁ)

)max(ﬁl,mfl)/Q 2

2
< —C|ullgm +

(c (141

2 2 2 2
< =C (1 =) [lullfrm + e flu]™ = =co [[ulgm + alul”

+C1)ﬂ

We note that a depends on the choice of ¢; for the sequel ¢ is fixed, say ¢ = 1/2.
In the calculation above the tilde stands for the discrete Fourier transform, while
¢ is also discrete &, = 2n7/L. =



Below for simplicity of presentation (to avoid dealing with real parts) we
shall assume that P is a real operator.
The nonlinearity in (2.3) is assumed to satisfy

Cmin? < G(n) < Cmaxn?, for [n| large (2.6)
|G"(n)| < Mg In|, for |n| large

for some positive constants cpin, Cmax, and Mg.
The assumption in (2.6) is valid for sufficiently large |nl; it is easy to show
that for all n, G can be represented as a sum,

G(n) = Go(n) + G1(n), Cminn2 < Go(n) < Omaxn27 (2.7)
supp G1 < 00, [G1(n)] <.

Indeed, let M be such that for |n| > M, cpminn® < G(n) < C2..n. Then G(n) =
Go(n) + G1(n) where Gy = G for |n| > M and is a smooth extension of G
into the domain || < M with the bounds cpinn? < Go(n) < Cmaxn?; while
G1(n) = G(n)—Gyp(n) for all n. Obviously, supp G; C [-M, M] and |G1(n)] <7
for some ;.

The decomposition of G in (2.7) is done so that we are able to deal with a
function that is O(n?) throughout the entire domain in the proof of the uniform
estimate below. It is merely a matter of technical convenience and can be dealt
with via a different argument. We note, however that in our proof we use both
Cmin and Cmax .

Local existence for the parabolic initial-value problem in (2.3) is quite rou-
tine (see e.g. [H81, Te97]). Clearly the principal part of P(D) defines a secto-
rial operator. Since the nonlinearity is locally Lipschitz from H' — H°, local
well-posedness follows by analytic semigroup methods. This and the a priori

energy estimates allow one to incur the global existence in L>° ([0, T); ngr) N

L? (O,T;H1 ) for any T

per

Theorem 3 Let u be a solution of (2.3); then for anyT > 0, u € L™ ([0, T); ngr>ﬁ
L2 (O,T; am ) .

per
Proof. First it is easy to obtain the usual energy estimate. We multiply the
equation by u and integrate

1d

s3Il = Cu) =[0G wu < —wloml +alul’, (29

Garding
note that the nonlinear term integrates to 0. It immediately yields
[ull* < fJuol* exp(2at) (2.9)

(it also secures global existence in ngr)' The inequality in (2.8) can be rewritten
in the form

2 1 2
co [|0™u]|” < =5 = [Jull” + alull (2.10)



By integrating the estimate (2.10) from 0 to T, we see that

r mo 12 a [T 2 1 2 2 1 2
omal de < < [l de 45— (Ju(D)? + lluo|2) < — exp(2at) o]
0 Co Jo Co Co
which leads to the desired conclusion. m

Remark 4 A rather conventional bootstrap argument allows one to conclude
that if ug € ngr with s > 1 then u € L™ ([O,T);HS ) N L20,T; H#) (cf.

per per

[BF05], see also Remark 14). Moreover, the solution is infinitely smooth (and
in fact analytic in time) for t > 0.

Note, however, that the estimates above allow for exponential growth of the
norms with 7". The purpose of the next section is to prove uniform boundedness

of solutions u € L™ ([0, o0o); HY, ) .

per

3 Absorbing set

In this section we establish the existence of an absorbing set for the initial-
boundary value problem (2.3). In the spirit of [G94, Proposition 1] we will
employ the following Poincaré type result:

Lemma 5 Let b € C*° be the Sobolev’s mollifier

0,|x] >¢
b(x) = ag 1
D Bexp |-—— <
210 || el <

where .

([ 2]

(thus making the area under the bell-curve equal B). Then for any u € H*

We multiply this equation by b(y) and integrate with respect to y

Bu(x) = (ub) +/ b(y)dy /yfﬂ u'(2)dz

—&

19

= (ub) + /E K(x,2)u/(2)dz == (ub) + Ku'

—E



Here K is an integral operator on L2[—¢, ¢] with the kernel

[ [uy)dy, if 2>z
K(z,2) = { fi b(y)dy, if z <z

Next we calculate

/8 u?(z)dx L[ [(ub)? + 2(ub)(Ku')(z) + (Ku)?(z)]dz

5 -5
< 5 [ T2 + (R P = stun? + [ (5P

< St + HIIRIP [Pl

—E€

It is clear that |K(z, 2)| < 2ape™!B. Thus, the Hilbert-Schmidt norm
g g
||K|)* = / / |K (z,2)|*dxdz < 16 (age_1)2 B?¢?
—eJ—¢

Therefore we get

/b(x)uQ(a:)dx < supb/e w2(z)de < 2 [%@@2 + %HKH? / (u')Q(a:)]da:}

_e € —e
= %(ub)2 + 32 (ap/e)? Bz—:/u’(m)Qdm
[

Remark 6 This inequality can be trivially extended for G(u) < Chpaxt?

/b(x)G(u(m))dm < Cmax/b(m)UQ(x)dm < Chax <%<ub)2 + Bz—:’/u’(m)%x)
(3.11)

Remark 7 It follows easily from the scaling of b(z) that for any real k >0
|D¥b||* < ©B? e+ (3.12)

where for non-integer k the fractional derivative operator is defined through the
Fourier series. This estimate will be needed for the estimate on the absorbing
set below.

Now we are ready to state the main stability result of this section, which is
the following a priori estimate:

Theorem 8 (Existence of an absorbing ball). For any solution u of (2.3)

CaLQWH-?)/Q if L > LO = 4Cmaxcmin/(a + 1)

hﬁgpnu(.’t)n < { OaL(Q)m-‘rB/Q if L <Lg

where Cy, is a universal constant; ||.|| is the H®-norm.



Proof. Let s be a fixed, sufficiently smooth periodic function with 0 mean (to
be selected later). Introduce y(t) as a solution of the initial-value problem for
the ordinary differential equation

a(t) = / a8 (z + y(1)))dz, y(0) = 0.

where u(z,t) is a given solution of (2.3). Consider the curve of all the shifts
s(.4+mn) of 5,0 <n < L, and introduce the squared distance to the curve,

L/2
(1) = _/ (@, £) — s(z + y(t))]2dz
2) 1)
It is easy to see that for the shift yo, for which ®(¢) is minimal [ u(x)s'(z+yo) =
0.

We compute the derivative of @ and substitute u; from the equation (2.3)
to obtain

L/2
FOO= [ ol i) - Gl + P

= / uP(u) + / sG' (w)ug — 9 / us' — / sPu (3.13)

note that both [ss' = 0 and [ G'(u)uzu = 0. In the calculation above and
everywhere in the sequel we keep the notation s for the shifted function s(. +
y(t)); we also use sg for the unshifted s(. + 0).

We insert the definition of ¢ into (3.13) and estimate d®/dt:

d
G0 < —collulfn +allul’ = w5 + [ 56w, ~ [wPs

dt Gé;iing
2 2 "2 / Lo 2, Ly
< —co [|ullzpm + affull” = (us)* = [ s'G(u) + 5 [P*s]|” + 3 f|ul]

(3.14)

By (2.7), the nonlinearity can be estimated as follows

- [s6t) == [su - [ser) <~ [$Gutw+n s
Schwarz
(3.15)
Further, since

1 2 1 2 2 1 9 a+1
a+ o) ull” = =5 llull” + (e + ) ful” < =5 [lul” + —— [ Go(u) (3.16)
2 2 2 Cmin
the estimate in (3.14) can be continued as follows
57 lu= sl
2dt
1 a+1
< o fullpe = (us’)? = 5 Jlul® + /( — — ') Go(u)
(3.16)—(3.15) Cmin

1 *
+5 12782+ L2 |



So far s was arbitrary. Now we select s so that

a+1—s'=b(a:)=ﬁ—s' (3.17)

Cmin

where b(z) is a function introduced in Lemma 5 above.
To guarantee s being periodic we require

1
/s —/O‘+ 2)) = BL-B=0.
Cmin ﬁ::%

Smin

This implies the parameter B in the definition of b(z) to satisfy B = GL.
Note that

/ ub = (ub) = (u( — &) = —(us’).

Thus,
14, ||
2d u S
2
ol = (s = 5 lul’ + [ 461w
1
HLY 2y ||8|| + 3 [P (s)]|”
4C ax 1
< <— - 1) (ub)? — co ||ull3pm + Bg’cmax/ugdx — = ul?
(3.11) 2
1 *
+5 1P (s)|\2+fnL”2 [Is"]l
2 *
< (—co + Be'Crnax) IIuHHm - Hull + 5 IIP Ol

<——Hull +5 IIP*( )|? +’71L1/2H8’||

< -7 ||u—8|| +— ls* + 5 HP ()" + L2

Triangle Eequality

Here we assumed 4Ch.x < BL (i.e., L is sufficiently large) and selected &’ so
that & BCpax = ¢o :

e = ¢o/(BCmax) = c0/(BLCmax) :=c/L (3.18)

Next we note that ||s]|* is estimated as follows

=[5 = [@-te) = e [ o) =5z - g0

We replace g(z) by its maximum B and use B = L to obtain

2 8
lIsl* < 2|18z +2[1g]|* < gﬁQL?’ +20°L° = gﬁQL?’ (3.19)

NeJ



To estimate ||P*(s)||> we use (3.12) (note that ¢ in (3.12) is proportional to &’
in (3.18) above)
||P*(S)||2 S CBZ/€4m+1 — CL4m+3

Similarly, ||s’|| < CL%2. Thus

2 1 2, 1 2 L 2
o= sl < = = sl + 5 sl + 15 223 + 5 |P*(5)]

N | =
&=~

1 1
<7 llu- s||> + CL* ™3 4 0L < —7 I~ s> + oL
where v = 4m + 3. Finally from the Gronwall Lemma we get
2 2 1 v 1
llu = s < [luo — s(2)]|” exp(—5t) + 2CLY[1 — exp(~51)]
1
= (JJuo — s(z)||* = 2CLY) exp(—it) +2CL",

showing the exponential approach to the absorbing set. This inequality can be
rearranged as

[ull < flu = sl + [ls]]

1
§(||u0—s||2—2C’LV)1/Qexp(—Zt)+\/QCL” + C,L%?

(3.19)
1
< (luo — s||* = 20L¥)'/? exp(—7) + Ra (3.20)
where
Ry :=V2CL"? + Cy(L)? < O, LAm+3)/2 (3.21)

and C\, is an absolute constant.

So far the uniform estimate (3.20) has been obtained for L sufficiently large,
L > Ly. Observe, however, that for smaller values of L one can view a periodic
function of period L as periodic with the period, which is a multiple of L,
kL > Ly and therefore the estimate holds. m

Corollary 9 Let By = {||lugl| < Ro} and u(.,t) be a solution of (2.3) with
u(.,0) = ug. Then

(i) Forallt >0, |[u(.,t)|| < Ry + 2R,;

(i1) For any e there exist to so that ||u(.,t)|| < R, + € for any t > to.

Thus By = {||u|| < Rq + €} is an absorbing set in ngr.

Proof. By (3.20)

lull < (luo = s(@)||* = 20L")/* + R,
< lluo — s(x)[| +V2OL" + R,
< Ry + CsL*? +V2CL"? + R, < Ry + 2R,

10



On the other hand, since
1
lull < (o = s(2)|[2 = 20L¥)/2 exp(~) + Rq
1
< (Ro+ R.) exp(—Zt) + R,

the results follows for to > 41In[(Ro + R,)/e]. m

4 Compact attractor

In this section we demonstrate that existence of the absorbing set in A Ser proved
in the previous section yields the existence of such in any Hy,, with s < m, where
2m is the order of P. Moreover, we show that there exists a compact attractor
for the problem (2.3) in any H,,, with s <m. A compact attractor is obtained
as an w-limit set of the absorbing set, since its orbit is precompact in Hp,,. As

an essential ingredient for the compactness argument, next we prove

Theorem 10 (Estimate for the m-th derivative). For anyt > 0, and anyr > 0,

m s R? 1 R?
|0 u(.,t 4+ 7)]|° < p o+ o) exp 2Mc_ (ar 4+ 1)+ 2ar (4.22)
0 0

where R = ||u(.,0)|| + 2R, and M is an absolute constant, M = LME/(4co).

Proof. By integrating the estimate (2.10) from ¢ to t 4+ r, we see that

t+r - 5 a t+r 5 1 5 5 R2
jomaldt < = [ ull® + 5= (@I + llutt + ) < = (ar+1)

t Co Jt Co Co
(4.23)
where R = Ry + 2R, is the uniform bound for |ul|, see Corollary 9. This
estimate will be used below in the application of the Uniform Gronwall Lemma.
To obtain an estimate on [|8™u(.,t)||* we multiply the equation by 27u and

use Parseval’s theorem

1d o
sallomal’® = [omurama ()7 [ uac o
Therefore
1d m, |12 m, 112 m, |12 ! 2m
G lomal® < e omulfn +aomul? +| [ unG o

11



Next we estimate the nonlinear term
‘/umG’(u)82mu

< ML sl [ [0l < MoV sl 67l
chwarz

< /MG M |ux82mu} < MGsup|u|/ }um82mu|

Poincaré
LM?2 LM2 .
< ¢ 82mu2+ Gl || < o3, + G g,
WS collomull® o S el < o ol + 2
< co [l0™ ul[3m + M [|0™ul|*

M:=LM2,/(4co)
Thus,
d
pn [0 ul® < 2a (0™ ul|* + 2M [|0™u||*

Finally the Uniform Gronwall Lemma from [Te97, p. 91] with y = ||3mu||2 ,
g =2M ||d™u||* + 2a, and h = 0 yields
R? 1 R?
07 u(.,t +r)||> < = <a + —) exp (2M— (ar+1)+ 2ar)
Co r Co
|

For reader’s convenience we include here the beautiful lemma due to Foias
and Prodi [FP67] which was employed in the proof above:

Lemma 11 (Uniform Gronwall Lemma, [Te97, p. 91]) Let g, h,y be three pos-
itive locally integrable functions on |tg, +o0o[ such that

d
S <gy+hfort >t

and which satisfy

t+r t+r t+r
/ g < al,/ h(s)ds < ag,/ y(s)ds < ag
t t t

where r, a1, az, a3 are positive constants. Then
a
yt+r) < (73 + a2> exp(aq)

The following corollary complements the existence of the global absorbing
ball in ngr from Theorem 8 by establishing stability in all Hp,, with s <m.

er
Corollary 12 Let s < m. Then for any solution u of (2.3)
tim suplu(., )|+ < B (1.24)
t—oo

uniformly for any ball ||u(.,0)||go < R. Here R,, is a universal constant. In
addition,

1/t 1 1
—/ ol < = <a + —) (Ro + 2R,)’ (4.25)
t 0 CO t

12



Proof. The proof is obtained from (4.22) by setting r fixed and noting that
[l )] < 27/2(|0™u|

and that the s-norm is majorized by the m-norm. Thus

m/2 Rr? 1 Rr?
R, =2"*—a+ - |exp |2M— (ar +1) + 2ar | . (4.26)
Co r Co

The estimate in (4.25) is obtained by integrating (2.10) from 0 to ¢ and
dividing by ¢. =

Note that while the estimate in (4.24) is exponential in L, the estimate on
the integral (4.25) is polynomial.

Now we are ready to establish the compactness result.

Theorem 13 The initial value problem (2.3) possesses a maximal, connected,
compact attractor in Hy., for any s <m.

Proof. A compact attractor is obtained as an w-limit set of the absorbing ball
in ngr, B := Bgr,, +e, A = Niy>08(to) B, where Q(to)up is an orbit of the time
evolution S(t)ug with the initial condition ug: Q(to)ug = Usst,S(t)up. For a
fixed r = 7o the estimate [[0™u(.,t +r)| < C in (4.22) is uniform for ¢ > ro,
and all ug with [lug|| 7. < R. It holds for any R, including the absorbing ball.
Together with the uniform bounds on ||u(.,t)|| ;. from Corollary 12 it allows us
to use Rellich’s theorem and conclude that the orbit Q(t¢)B is precompact in
ngw It is known (see e.g. [Te97, Theorem 1.1.1]) that in this case the w-limit
set of B is a maximal, connected, compact attractor of the flow S. m

Remark 14 On the attractor it is not difficult to obtain uniform H® estimates
for any s (not necessarily s < m) via a boot strap argument. Indeed on the
attractor u can be viewed as a solution of the following linear parabolic equation

uy = P(D)u — auy,

where a(x,t) = G'(u(x,t)) is a continuous uniformly bounded function, assum-
g G s sufficiently regular.

5 Dimension of attractor

To obtain the estimate on the Hausdorff dimension of the attractor we study
evolution of the infinitesimal volume along the trajectories in the attractor.
We demonstrate that for sufficiently large IV, the N-dimensional volume decays
exponentially. This property combined with the compactness of the attractor
and differentiability of the semigroup yields that the Hausdorff dimension of
the attractor is no larger than N. In the outline the arguments regarding the
Hausdorff dimension of the attractor follow quite closely the ideas presented in
[Te97]. However, we employ a much simpler estimate of the nonlinear term in

13



the trace formula to obtain immediately a bound on the dimension (that is not
necessarily optimal in terms of the period L).

Let v be a solution in the attractor u = v+ cw its perturbation, then for the
linear evolution of w we obtain the following problem

wy = — [wG' (v)], + Pw := L{v]w (5.27)

It is easy to see that the linearized problem is well-posed. We are now ready to
estimate the evolution of the volume element. To this end we need to estimate
the trace of the finite-dimensional projections of the generator of the linear
semigroup.

Let {ws,...,w,} be solutions of the linearized problem with initial values
&,...,& € H*. Introduce

1 t
qn(t) = sup  sup —/ Tr [L[v(T)] 0 Qn(7)]dT,
v(0)eA {g;}eH: U Jo

where Q,,(7) is the projector in H* onto the subspace spanned by Z(7) =
{w1(7), ..., wn(7)}, and denote

Gn = limsup g, ().

t—oo

Theorem 15 For sufficiently large n  the n-dimensional volume in the sense
of H”, for integer k < m, decays exponentially in time.

Proof. In order to calculate the trace we choose a basis {¢1,...,¢,} in E(7)
orthonormal in the sense of H*.
Then for any ¢ < k

(0'LW)¢;,0'¢;) = /ai (Po; — [6;G'(v)],) 0'0;

)

< —coll0";[Em + o0 ¢yl1* + ‘/(8”1@) 9" [G'(v)¢;]

Garding

To estimate [ (0771¢;) 8" [G'(v)¢;] we consider a typical term (0 < 3 < 1)

[ @) 26w 0 )

SsuplaﬁG’(v)I/|3”1¢j|I3i’ﬁ¢jl = sup [0°G" (v)] 10" ;11 107755

Schwar

<UD up 1096 (o) 10 Pa1)

2 €0 i+l )2
AR
Yoﬂng 260 2(1_'_1)” ¢J||

By the Poincaré lemma sup |0%v| < V/L||0%+1v]|. Since wv is in the attractor,
[[0°F10|| < Ry, see (4.24). For the same reason, on the attractor [v| < VLR,

14



and therefore G(v) and all its derivatives up to m on the attractor are bounded
by some constant. Thus, the estimate above can be continued

< Kpllo" Pyl + 1075112 (5.28)

__©
2(i+1)
Summation with respect to 3 yields
[ o100 (@ @) < Killos B+ Gl o
and therefore
(0'L;,0'd5) < —colld'$jllTim + al|0"d5|[* + Killgy |7 + C50||3i+1<15j||2

Thus, for the sum with respect to i,

k
(Lo ds)gn = Y _{(0'Lepj,0'¢;)
1=0

k

. Co
< —COZH@%II%m + al|¢j|[Fn + Kl + 3|I¢jl|§{k+1
1=0
Ci
< —2)0%||%m +a+ K
sl gr=1 2

Consequently for n modes

n

Tr(LoQn) =D (L), d5) g s——Z||a’“¢J||Hm+n(a+K> (5.29)

j=1 j=1

We note that — Z;’zl ||0%$;||%m can be estimated via the first n eigenvalues
of 3 *2k_ which in turn are bounded by the first n eigenvalues of 9*™ since

k< m.
n
1 nmw 4m—+1
~ST10% 51 < — (—)
> loeiltie <~y (7

where the exponent 4 + 1 and the factor (4m + 1)~ " arise because of summa-
tion with respect to the order of the derivative (from 0 to m) in the definition
of the norm. Obviously, for

[, 4m+1 1/(4m)
) (5.30)

n>N:= (%(4m+1)(a+[();

the trace and g, (t) are negative. Now the theorem follows from the result on
Lyapunov exponents [Te97, Chap. 5]. m
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Remark 16 The value of the dimension N in the sense of H*, 1 < k < m,
obtained above depends on K, which is expressed through R, and therefore is
exponential in L. If the nonlinearity is purely quadratic, G(u) = u?/2, or a
finitely-supported perturbation of such: G(u) = u?/2 + G1(u), suppGy < oo,
then it is easy to obtain a polynomial estimate on the dimension via (4.25).

Proof. For the simplicity of presentation we sketch the proof for G(u) = u?/2;
the modifications for the perturbed case are quite straightforward. The estimate
in (5.28) can be replaced by a more subtle estimate

‘/8i+1¢jaﬁvaiﬁ¢j —

<sup|07u] [ 076,107 0] < sup|0%0] |07 5] 1|07 Pty
Sch

chwarz

(1+1) i 9 .
o= S 0%l 06,7 + o210,
(Z"‘l) m— m i— CO i
Poimare 260 S P ([l (17 1)’ m”a 12
(i+1) o(m—1) co T
< ALy (m— ™M +— Faery
511 =1 2¢co ” ” 2(i —l—l)” ¢j||

Now by integrating the new version of the trace inequality we obtain

Co k 2712(m—1) m
/Z (Ldj, ;) dt < —— Z||a 0j|[%m + na 4+ nm2 L 2Cot/ |0 || dr

1 4m+1 2
< _2 (l> +na+ﬂnL2m D (3R,)?
(425) 24m+1\L c?

Taking into account the estimate (3.21) for R,, it produces the following asymp-
totics for large L

n ~ L(10m+2)/(4m)‘

Remark 17 Further, if the dimension is evaluated in the H’-norm (k =0 in
the statement of Theorem 15), then a polynomial dimension estimate can be
obtained for the general G as defined in (2.6).

Proof. Indeed, by repeating the steps of the proof of Theorem 15 we see that

(£o5,65) < —collsllZm +allds |2 + j [ 00,010,

Garding
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The term [ G'(v)¢;0¢; is now estimated as follows

[ w00

< MGsup|v|/|¢j||a¢j| LS Masuplol 16,199
chwarz

IG"|<
1 Co
(MGSUP|U|||¢J||) ||3¢j||2 < —[IMaVILv| P51 + o 11065
Young 2 Poincare «CQ 2
1 1 B
= % &L |ve|? + —||3¢J||2 MGL2m Hioml? + ||¢j||%rm

The exponent 2m—1 arises from the obvious inequality ||v,||? < L™= D|[0™w||2.
For n modes

D (Lo ) <~ ZII¢JIIHm+an+ Q—MZLQ"‘ Hlom ol
j=1

J=1

We note that — 377, [|¢;||7; is bounded above by the sum of first n eigenvalues
of 0?™,

1 t
/ Z (Lo, Dj) dt<—3(2w)2m 2m/LQ"Urchr—MGL%'HE/ |0 [2dr
0

< —Cg’I’LQm/LQm

(m—1) (3Ra)2
(425) 2

The corresponding asymptotics for large L,

N~ M2/(2m D p(8m+1)/(2m—1)

Note that as the "rate of dissipativity” (the order 2m of the operator P) in-
creases, the effect of the particular shape of the nonlinearity, represented here
by the Mg-factor becomes less pronounced. ®

Next, in order to utilize the trace estimate obtained above we need to demon-
strate that the nonlinear evolution of the volume is reasonably well approx-
imated by its linear counterpart. The approximation is implied by the dif-
ferentiability of the evolution semigroup with respect to the initial conditions
(cf. [Te97, Sec. V.3.3]). To be able to carry out the proof of the correspond-
ing theorem, we shall demand the nonlinearity function G(1) to be C® on an
interval of 1 containing [—Rg, Rq].

Theorem 18 Let U and W be two orbits in the attractor U = S(t)Uy, W =
S(t)Wo, and z(t) be a solution of the linearized problem (5.27) with the initial
condition z(0) = Uy — Wy (the mapping z(0) — z(t) is the Frechét differential
of S(t) at the point Uy). Then for any t,

IU() = W(t) = 2(t)] < C |[Uo = Wol*, 0<t<to,

where the constant C' depends only on ty.
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Proof. The difference w = U — W solves the following problem

w, = P(D)w — G'(U)w, — [G'(U) — G'(W)]| W,
w(z,0) = Up(z) — Woy(x) := wo(x)

As usual we perform the energy estimate:

Lyl < —co flwlm + ol + ' [ewut

+ ‘/WIG”(@)U)Q

where we used the mean-value theorem (O is between U and W).
Denote

M}, = max
M<Ra

recall that G(n) is assumed to be C? on [—R,, R,]. We see that

fotwms fo

G%®(n)

. k=1,2,3,

< M;

+ ‘ / WoG" (O)u?

+ M sup |W,| /w2

1 2 b 2 2
< M [wl® + 5 lwell*) + VIM: [Wa|| [|wl]
Poincaré 2b 2
My 2 b 2
= (G + VM [Waal) 1] + 503 [ |

(Recall that ||W,.|| is uniformly bounded since both U and W belong to the
attractor). By choosing b so that bM; = ¢p we obtain the inequality
1d 9 Co 2 2
5o ol < =2 fulZ + C ol
Thus ) )
llw(, DI < [lwol|” exp(2C1)

In addition

eo [ Telyn <20 [ lP + o O - fuol?
< 20 o] [exp(201) 1) (5.31)
= Co U0 = Wl
For the difference i = w — z we have the following problem
ye =Py — G'(U)y, +yG"(U)U, + [W.G"(©) = G"(U)U,| w (5.32)

We multiply the equation in (5.32) by y and integrate by parts to obtain the
following inequality for the norm:

1d

2 2 2
535 101 < —co ol + ol +| [ &' Wy

(5.33)

+ ‘ / G"(U)U,y?

+| [me) - c" vl
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Since
W,G"(©) - G"(U)U,| = W, - U,] G"(©) + U, [G"(©) = G"(U)]]
= lw,G"(©) + U,G"(01)(0 — U)| < |w,| |G"(O] + |UG"(©1)] [wl]

where 07 is between U and O, the last integral in (5.33) is estimated as
[c©) - vl u| < [lwa 167©1+ [ 10,67 @) [uy

< VElwal M [ sy + Lol Vsl M [ oyl | < C o]

Poincaré war

Thus, one can estimate the right hand side of (5.33) as follows:

2 2 1 2 b 2 2 2
< —co [yl -t lyll”+Ma (o 191 +5 e 1) +VIMz [Usa | [y]*+C [z 1y

We select b so that M1b < 2¢p, which yields
1d

2 2 2
Sl < Co gl + C w1y

or

d
= il < Crllyll + C w1

Now from the Gronwall lemma we obtain
t
C
o) < e [l < €Ty~ Wl < e o~ Wol

thus completing the proof of Theorem 18. m
Finally (see [Te97, Theorem V.3.1]), the volume estimate Theorem 15 and
the differentiability Theorem 18 lead to the following conclusion:

Theorem 19 The Hausdorff dimension of the attractor for the problem (2.3)
in the class of periodic functions with zero average is finite.
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