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ABSTRA CT

In the eld of Operations Researb (OR) we solve problemsdealingwith optimiza-
tion. One of the most studied problemsin OR is linear programming problems.
These are problems that are maximization or minimization of a linear objective
function subject to linear constrairts. If we have the added burden of having re-
strictions on someof the variablesthat must alsobe integral then we have a Mixed
Integer Programming Problem. If all of the variablesmust be integral then this is a
Pure Integer Programming Problem. Theseare the types of problemsthat we are
goingto be studying morein depth. One method usedto solwe Integer Programming
Problems are known as cutting planes. There are many di erent types of cutting
planes. One type of cutting plane is known as Gomory cutting planes. Gomory
cutting planeshave beenstudied in depth and utilized in various commercialcodes.
We will show that by using exact arithmetic rather than oating point arithmetic,
we can produce better cuts. The main reasonfor this is the addition of slak vari-
ablesto the Gomory inequalities. For exact arithmetic, this slak variable has to
itself be integral whereasfor oating point arithmetic, the sladk could be a oating
point number.

What we have doneis write an exactarithmetic simplex program which incor-
porates someof the recent advanceslike LU factorization of the basis matrix and
steepest edgepivoting rule. We have exploredthe sizeof the certain key vectorsin
the simplex algorithm. We alsowrote code that nds the all of the various forms of
Gomory cutting planesin exact arithmetic and addsthem to the simplex tableau
and reoptimizesusing dual simplex. We alsowrote code that drops certain Gomory
cuts whenthey are not usefulanymore. We exploredthe sizeof the Gomory cutting
planesand how it relatesto the sizeof vectorsin the simplex algorithm. Sincethe
majority of the time is spent reoptimizing, we wanted to nd a way to utilize the
power of CPLEX solver and our exact Gomory cutting planes.

Another usefor exact arithmetic is whenwe have dual degeneracyor in other

words, alternate optima for two dimensional problems. We pivoted to thesealter-



nate optima and cut o this additional solution which reducedthe number of total
Gomory iterations by performing just one extra simplex pivot.

Xi



CHAPTER 1
Intro duction

Solution methods for integer programming problems have beenlooked at
for years. Many approades have been dewloped. Enumeration, cutting planes,
and brandiing techniques are a few of the methods usedto solwe generalinteger
programming (IP) problems. Howewer before we delve into the world of integer
programming, we must start at the beginningand discusslinear programming (LP)
problemswhich are de ned in De nition 1.

De nition 1 All linear programming problemscan be modelled in the following

form
min c'x
st. Ax = b (LP)
X 0

wheec;x2 R":b2 R™: andA 2 R™ ",

Linear programming problems have beenstudied extensiwely. For a morein
depth study of the theory of LP's, the readeris referredto [6]. A wide variety
of solution techniquesexists for LP's sud as the simplex algorithm, the ellipsoid
algorithm, and interior point methods. The Simplex algorithm and interior point
methods work extremely well and are incorporated in many commercial software
padkagessud as CPLEX, AMPL, COIN-OR, and others.

Before we get too far, let us look at an exampleto illustrate why there is a
needto solwe integer programming problems. Supposethat we have a knapsak that
can hold up to 13 pounds and we have the books from table 1.1 to choosefrom.
We warnt to take the most important books from Table 1.1 and still stay under the
weight limit of the knapsad.

The problem is formulated as the following binary programming problem:



type size| value
Chemistry | 4 9
Physics 7 10
Calculus | 4 5
French 2 2

Table 1.1: Size and Value of Books to be put in Knapsac k

Example 1

max 9%, + 10k + 5x3 + 2X4
S.t. 4, + Xy + 4)(3 + 2X4 13
xi 2 f0;1g

One possibleway to solve this problemis to look at every possiblecombination
of books. For this problem we needto ched 16 possibleconmbinations of books. If
n were the number of books then we needto chedk 2" possiblecombinations. This
is a few more than | would want to ched for a library. In generalthe knapsa&
problemis di cult to solve sowerelax the part that is causingthe problem,i.e. the
fact that we are only allowed to have the variablesto be either 0 or 1. Sincewe are
allowing the variablesto take on valuesbetweenand including 0 and 1, our model
becomes

max 9x; + 10xo + b5x3 + 2x4
S.t. 4x, + Xy + 4)(3 + 2X4 13
0 Xi 1
This model is called the linear programming relaxation. The solution to this
LP relaxation is:

X1=1 Xo=1 X3= L

5 X4:O

This solution suggeststhat we only take half of our Calculus book. Clearly

this is not acceptable. We needa way to allow two out of these books instead of



two and a half. Notice that if we add the constrairt

Xp+ Xg+ X3 2 (1.2)

then the solution above is no longer valid and it is cuto. This constrairt is
valid sincethe sum of the weights of thosebooksis 15 poundswhich is larger than
the weight limit of 13 pounds. We can only include two of those books listed. This
constrairt is known as a cutting plane, in particular, a set covering cutting plane.

With constraint (1.1) addedto the LP relaxation we have the following formulation:

max 9x; + 10xo + 5x3 + 2x4
S.t. A, +  TXy + 4X3 + 2%y 13
X; + Xo + X3 2
0 Xi 1

The solution obtained to this new linear programming problem is:

X1=1 X9=1 X3=0 Xxg=1

This solution tells us that the best books to put into the knapsa& are the
Chemistry, Physics, and French books. This combination of books has a value of
21 and the combined weight of only 13 pounds. So the constrairt of binary pro-
gramming problem hasalsobeensatis ed without resortingto cutting any booksin
half. Thesesetcoveringinequalitiescanbe usedto help solve the knapsa& problem.
Howeer, even with thesespecial cutting planes,generalinteger programming prob-
lems (IP) and ewen the knapsa& problem are NP-hard problems. In Cook's paper
[7], he shaws that satis abilit y is NP-Complete and as sud was the rst problem
showvn to have this property. NP-Complete problemsare feasibility problemsthat
cannot be solved in polynomial time unlessP=NP. Determining whether P=NP is

one of the Millennium Challengeproblems|[8]. NP-hard is de ned in De nition 2.

De nition 2 A problemis consideied NP-hard if there is an NP-completeproblem
that can be polynomially reducd to it. [20]



Eventhough IP's are NP-hard, we still have a needto model certain problems
like the knapsad& problem that involves solutions that only have integer variables.
Airplane crew stheduling, tickets for sporting everts, and car rental problemsare
examplesthat cortain certain variablesthat needto be integer. It would not be
necessarnto have a cockpit that has 4.45823seatsfor the pilots. We would need
either 4 or 5 seats. Consequetly, solution techniques still needto be improved
upon. Thereforethis paper is focusedon solutionsto generalinteger programming

problemswhich are formulated in De nition 3.

De nition 3 Genenl integer programming problemscan be modelled as

min c'x
st Ax = b (IP)
X 2 Zt

wheec2 R";b2 R™M;A2R™ ",andx2 Z"=fx:x Oandx 2 Zg

Currently, one of the best ways found to solwe integer programming problems
is known as branching. Branching splits up the problem into two di erent sub-
problemsby choosinga variable that is not integerin the LP relaxation and allowing
this variable to take on the value of the integer greater than it and the value of
the integer lessthan it. For example,if x, = 5:5, then split this variable into two
di erent sub-problemsby allowingx,  6in oneandx, 5in the other. Branching
can be combined with various techniquesin an attempt to get to the solution of a
generalinteger programming problem, i.e. Branch-and-Price, Branch-and-Bound,
and Branch-and-Cut. If we conceltrate on one of these techniques and improve
upon it then we canimprove the combined branching technique.

This thesisfocuseson a cutting planetechnique, in particular Gomory cutting
planes. In general,the goal of a cutting planeis to cut o the optimal solution to
the linear programmingrelaxation and in sodoing a part of the linear programming
problem's feasibleregion without cutting any of the feasibleinteger solutions. In
Example 1, we sav how a cutting plane can be usedto solwe a simple knapsa&

problem. Recen work on Gomory cutting planesis detailed in Chapter 3 and



studied in articles [21] and [18].

A cutting plane is generatedfrom the LP relaxation solution of the integer
programming problem. If the LP relaxation solution is not integral then a cutting
planeis generatedby cutting o this solution. For simpletwo-dimensionalexamples,
cutting planescan be generatedgraphically. Example 2 shavs how cutting planes
can be found graphically.

Example 2
min 6X 5Xo
S.t. 33X + Xe 11
X1 + 2Xq 5
X, | X9 2 Z7T

This IP can be solved using cutting planes. We will relax it by ignoring the

integrality of the variables. With this in mind we solwe the following problem:

min 6X4 5X4

S.t. 3X; +  Xs 11
X1 +  2X 5
X1 5 X

The optimal solution to the linear programming relaxation is (22; 3%) which
is straightforward to seeeither graphically (seeFigure 1.1) or by way of the simplex
algorithm. Since this solution is not integral, cutting planes can be generated,
speci cally the cutting plane,

X;+ X2 6 (1.2)

asseenin red in Figure 1.1.
This cutting planeis obtained by taking % of the rst constraint and % of the

secondand rounding appropriately.



Figure 1.1: A weak cutting plane on a two dimensional integer program-
ming problem found in [19]

2
J@atx 1D* 2 x+ 2 5)

43
X1+ Xo 7
X1+ Xo 6

Graphically this cut is not a particularly strong cut becausat fails to remove
a large portion of the feasibleregion. Better cuts would be onesthat remove the
largestportion of the feasibleregionwithout removing any integer points. The best

cutting planeswould be the cutting planesgeneratedfrom the corvex hull of the



integer points. Cornvex hulls are de ned in De nition 4.

De nition 4 GivenasetX R", the convexhull of X is de ned as

conv(X)={x:x:Z x'3> =1 with Oforizl;:::;t} (1.3)

i=1

wheee fx!;::;;x'g 2 X. [21] According to [6], Caratheadory showelt n+ 1.

Someexamplesof better cutting planeswhich are suitable for the rst example

are:

X1+ Xy 5 (1.4)
X 3 (1.5)
X1+ X 2 (1.6)
X1 3 1.7)

Theseparticular cutting planesare signi cant sincethey form the convex hull
of the feasibleinteger points asshavn in Figure 1.2. Actually ead of thesecutting
planesis a facet of the corvex hull of the feasibleinteger points. Facetsare de ned

below in De nition 16, howewer the following de nitions needto be deweloped rst.

De nition 5 A setS 2 R" is asubspce of R" if everylinear combination of points

in Sis alsoin S.

De nition 6 A pointz2 R"isanane combinationofx andyifz= x +(1 )y

for some 2 R.

Denition 7 A setM is ane if everyane combination of points in M is also
in M.

De nition 8 The points a';:::;a are anely independentif the vectors a?

al;a®> a';:::;a¢ a' arelinearly independent.
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Figure 1.2: Convex Hull of the two dimensional integer programming
problem found in [19]

De nition 9 Given a salar and a vector a 2 R", the setfx : a'x gis a

halfsmce.
De nition 10 A polyhalron is a nite intersection of halfsm@ces.

The feasibleregion of a linear program is a polyhedron sinceall of the con-

straints are halfspaces.

De nition 11 The dimension of a subspce is the maximum numker of linearly
independentvectors in it.



De nition 12 The dimensionof an a ne spaceis the dimensionof the correspnd-
ing subspce.

De nition 13 The ane hull of a setis the setof all a ne combinationsof points
in the set.

De nition 14 The dimension of a polyhelron is the dimensionof its a ne hull.

De nition 15 Let P be a polyhelron. Let H be the hyperplaneH = fx :a'x = g.
LetQ=P\ H. If a™x for all x 2 P then Q is a face of P.

De nition 16 Let P be a polyhadron of dimensiond. A face of dimensiond 1is
a facet. A face of dimension 1 is an edge. A face of dimensionO is a vertex.

Facets are extremely important in solving IP's. If the linear programming
relaxation is solved with the facetsof the integer points included then the optimal
solution would also be optimal for the IP. For exampleif the constrairts (1.4)-
(1.7) were addedto the LP relaxation of Example 2 and solved using the simplex
algorithm, the optimal solution to this newLP is alsothe solution to the IP. This is
becausethe simplex algorithm nds extreme point solutionsto LP's and all of the
extreme points are integral points. These particular facet de ning cuts were easy
to nd graphically for this example. Howewer, in the more generalcasesthey are
extremely hard to nd.

We have noticed that we can generatethese cutting planes logically as in
Example 1 or graphically asin Example 2. In both of theseexamples,we needed
the solution to the LP relaxation of the integer programming problem. Thus, we

needto have a way to solwe the linear programming problems.



CHAPTER 2
Simplex

The cutting planesin the previous chapter were deweloped both graphically and
logically. This is simple enoughfor the examplesfound in the rst chapter, howewer
this is not acceptablefor larger problems. A more generalmethod needsto be deel-
oped. Gomory suggestedusing speci ¢ cutting planesfrom the optimal form of the
LP relaxation using the simplex tableau. We feelthat using exact Gomory cutting
planescould produce better cutting planesthan the standard oating point arith-
metic. We must rst discussthe simplex algorithm sincewe needto nd solutions

to linear programming problems.

2.1 Primal Simplex Algorithm

In this work, we decidedto use an implemenation of the revised simplex
algorithm found in [11]. Referto [6] regarding the theory of the revised simplex
algorithm and [3] for more information on the progressof LP solwers. The LP
solver deweloped in this researb doesnot implemert ewery possibleadvancemen
Howewer, we have tried to incorporate someof the recert advancemets. The ad-
vancemets that we have included are sparsematrix storageof the simplextableau,
PLU factorization of the basis matrix, the use of eta matrices, and steepest edge
pivoting rules. We have implemerted both simplex and dual simplex. There are
some exact simplex solvers given out freely. One is exlp found at web address
http://mem bers.jcom.home.ne.jp/masashi777/exlptml which usesLU factoriza-
tion and steepest edge pivoting rule for the dual simplex algorithm. When we
started this project, we attempted to usetheir code but it had somebugs. They
claim that their bugshave beenworked out as of October 2005.

A discussionof the basicsimplexalgorithm is needed.Recallthe generallinear

programmingproblemformulation from De nition 1is known asprimal formulation:

10
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min c¢'x
st. Ax = b (P)
X 0

and the dual to this LP formulation is:

max b'y
st. Aly c (D)
y free

From this primal and dual formulation, we have the following theorem:

Theorem 1 Strong Duality Theorem: Supmse (P) is feasible with nite optimal
value. Then (D) is feasibleand there existssolution (x ;y ) suchthat x is primal

feasibleandy is dual feasiblewith c'x = b’y .

Another vital conceptto LP's is the idea of complememary slaknesswhich is
found in the next theorem:

Theorem 2 ComplementarySlackness:A pair of primal and dual feasiblesolutions
are optimal if and only if wheneverx; > Othens; = Oandif s; > 0thenx; = 0,
whees=c ATy.

More details on LP's and proofsto thesetwo theoremscan be found in [6].
Given the primal formulation in (P) we can separatethe variablesinto two
groups, the basicand the nonbasicvariables.

De nition 17 Let the setof columns (variables) that are basic form the matrix B

and the set of columns (variables) that are nonkasic form the matrix IV.

Therefore,we can write the original LP into the following form.

min CEXB + C-Il\-lXN
st. Bxg + Nxy =Db

Xg XN 0



12

SinceB is a squareand nonsingularmatrix asshown in [6], B is comprisedof
the columnsof A that solve the equationBxg = bwith x5 = 0. Thus, we canwrite

the above LP formulation into the following form by multiplying the constrairts by

B L
min CEXB + C-Il\-lXN
S.t. Xxg + B INxy =B 'b
Xg XN 0

When the constrairts are solved for xg and then substituting them into the

objective function and simplifying yields:

min B 'b + (¢ B N)xy
s.t. Xg + B 'Nxy =B 'b (LP)

Xg XN 0

Sincexy = 0, then if a coecient in front of one of the variables cortained
in Xy Is strictly negative then any increasein this variable will causethe objective
value to decrease. This vector of coe cients is called the reduced cost which is
de ned as:

De nition 18 The reducd cost is
o =c B 'N (2.1)

When all of the reducedcostsare non-negatiwe then the tableau is in optimal
form becausenone of the non-basicvariables can be changedfrom zeroto causea
decreasen the objective value. Oncethe non-basicvariable is chosenthen we need
to choosea basicvariable to leave. This leaving variable should be chosenin sud
a way asto maintain primal feasibility. This is accomplishedby performing the
minimum ratio test.

De nition 19 Minimum ratio testis

. B 'h
mln{B N, B 1Nij > O} (2.2)
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whee i,j is the row, column respctively.

If all of the B 'Nj; 0 then we can make this non-basicvariable as large as
we want to. Thus the problemis unbounded. Now we perform a Gaussianpivot on
this elemen of the tableau. Oncethe tableau is pivoted, we cortinue in this manner
of choosing negative reducedcostsand performing the minimum ratio test until we
are either optimal or unbounded. Every simplex algorithm must cortain thesetwo
componerts howewer there are many choicesasto how to implemert these.

The basicsimplex algorithm for solving LP's is summarizedin Figure 2.1.

Step 0. Inputs xg, cy, B, N

Stepl. Choosea negative reducedcost. This is the pivot column.
Step2. Usethe minimum ratio testto nd the pivot row.

Step 3. Pivot in this row and column.

Step 4. If optimal, stop.

Step5. Elsegoto Step2.

Figure 2.1: Basic Simplex Algorithm

There are a couple of issuesthat still needsto be addressed.First the basic
simplex algorithm can contain cycling sowe must make appropriate choicesregard-
ing the reducedcost and minimum ratio in order to avoid this. Bland's Rule is an

exampleof an anti-cycling choice.

De nition 20 Bland's Rule or smallest subscript rule is to chase the smallest
subscriptfor the entering and leaving variables. The simplexalgorithm terminates
if Bland's Rule is usel [5].

This choicewill guarartee that simplex will terminate but this is not usually
the bestoption. Cycling is a rare occurrencesothis option is usually usedwhenone
detects cycling in the algorithm and then one switches badk to another rule. For
examplesof cycling see[9].

As stated beforewe needto decideon how we are goingto choosea negative
reducedcost. One possibleway to choosea negative reducedcostis to choosethe
most negative. This choice is very easyto implement and causesa pretty good
chance of decreasingthe objective value. There is also the option of the greatest
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decreaseln this option you choosethe leaving and entering variablesthat will cause
the greatestamourt of decreaseto the objective value. This involves substartial

amourt of work sinceyou have to chedk ewvery possiblecombination. Howewer, the
option that we have chosento implemern is the steepestedgepivoting rule. This does
not involve asmuch work asthe greatestdecreaseéut it still yields good results. It

yields good enoughresultsthat it is the most commonchoicefor commercialsolvers
like CPLEX.

The steepest edgepivoting rule involves nding the reducedcost that corre-
spondsto the hyperplanethat forms the steepest edgewith the objective. This is
accomplishedby nding the 2-norm of the nonbasic columns.

Let

= B n: (2:3)

wheren; is the i column of the nonbasic matrix.

Then the steepest edgenorm is computed by

i =k iki+ 1 (2.4)

fori 2N.
Oncewe have thesesteepestedgenorms,we nd the beststeepestedgereduced
costby dividing the reducedcost by the steepest edgenorms and this is the column

that will becomebasic.

ip= argmax{i:cNk< Ok 2 N} (2.5)
k

So, Xjp is the ertering variable. For more in depth information on steepest-
edgepivoting rules refer to [4] for dual steepest edge,and [11] for primal steepest
edge.

Another problem with the basic simplex algorithm is the input of the basic
variables. Sometimesthe initial set of basic variablesis a di cult thing to require
to be given. Most of the time we are not given the initial basissowe must nd it.

Oneway to remedythis is to usethe arti cial problem. When the arti cial problem



15

is solved then either we have found an initial feasiblebasisor we have found the
original LP to be infeasible.

The arti cial problem is a linear program that looks similar to the original
linear program but with a new objective function and the constraints have been

changedslightly.

min e's
st. Ax + s = b (AP)
X S 0

wheree is a vector of onesand s 2 R™. If the solution to this problemiss= 0
then there existsan initial feasiblepoint. Note that s = 0 is the sameas having the
objective value equalto zero. Oncethis solution is found then the variablesin the
LP can be separatedinto two camps,the basicand non-basicvariables.

Now that we have a set of variablesthat are basicwe have a B that is nonsin-
gular. Howewer, nding the explicit form of the inverse(EFI) directly is extremely
costly. Sowe needsomeway to represeh B . Oneway foundin [9]is to keeptrack
of the eta matricesthat when multiplied by B would give the pivoted tableau. We
have choseninstead to usea combination of eta matrices and an LU factorization
with partial pivoting of the basismatrix.

First weneedto nd aP, L, andaU matrix that satis es equation2.6 whereP
is a permutation matrix, L is a lower triangular matrix and U is an upper triangular

matrix.

PB = LU (2.6)

We decidedto usethe represetation found in [2]. This formulation is ex-
tremely useful becauseP only needsa vector to store its elemens. L and U can
both be storedin the samematrix sincethere is only oneson the diagonalof L. So
the LU matrix lookslike this
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Uj; U Uigs Uim

l[57 U U Uom

LU = l31 32 Uss Usm
i Im1 |m2 |m3 Umm 1

Oncewe have the factorization of B in the form in equation(2.6), we cansolve

the systemof equationsbelow:

Bx=b 2.7)

If we pre-multiply equation (2.7) by P then we have

PBx = Pb (2.8)

SincePB = LU, we can usethe LU factorization of PB and perform the

following stepsto solwe for x.

PBx = Pb (2.9)
LUX = Pb (2.10)
SohelLy = Pb (2.11)
SoheUx = vy (2.12)

A similar processcan be usedto solwe the systemof equations:

B™x=b (2.13)

This requiresthe fact that P is an orthogonalmatrix which meansthat PTP =

| and multiplying BT by I .
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BTPTPx = b (2.14)
(PB)'Px = b (2.15)
(LU)TPXx = b (2.16)
U'LTPXx = b (2.17)
SoheU'y = b (2.18)
SoelL’z = vy (2.19)
Multiply x = PTz (2.20)

When we are solving the systemsof equationsBx = band B"x = b, we need
to solve systemsof the form Lx = b, Ux = b, L™x = b, and UTx = b. Notice that
whenwe have to solve UTx = bandL™x = b, that UT and LT is similar to L and
U respectively exceptthe diagonal. So just a minor change needsto be made to
take this into account. Thereforewe will only discussLx = band Ux = b. Let us
rst supposewe are solving Lx = b. The solution to this is called forward solving
becauseto solwe this systemyou solwe for x; and then from there you can get the
solution for x, and soon. Soyour nal lookslike

X1 bl
X2 b, Xy
X3 | = [ YD SR PYY O
| Xm | | bn  ImiX:s  Ima2Xo lmm 1Xm 1 |

Now if we are given Ux = b then we solwe it using badkward solving. It is
known asbadkward solving becauseyou haveto nd x,, rst which is just % then

you useX, to getx,, ; and soon until you reac x;. Soyour solution looks like
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X an72 Ul m—2Xm—2 Ul m—-1Xm—-1 Ul mXm
1 Ui

X et b*m72 Un—2m—1Xm—-1 Um—2 mXm
m 2 Un—2,m-2

X bmfl Um—1,mXm
m 1 Un—1,m—1
X b

L m L Umm d

We do not calculatethe LU factorization of the basismatrix at every iteration,
this would be extremely time consuming. Instead we usean eta matrix to store the
new basismatrix information. Sincethe new basismatrix and the old basismatrix

only di er by onecolumn we can useeta matrix. The new basismatrix looks like

B = BE;, (2.21)
where
elq
€xq
E1 =
00 €qq 0
i 00 €mg 1 |

Sowe have the following formulation of the basis.

PB = LUEEqiiEq (2.22)

whereq is the number of eta matrices. The eta matrices are just the identity
matrix with a column changed, so we only store the column and the place where

the columnis di erent. The eta matrix storagelooks like the following:
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-9 0

€

whereeg, is the vector of the rst etamatrix E;. We alsoneeda vector to store

wherethe columnsare di erent

P1
P2

Pg |

wherep; is the column of E; which is di erent than the identit y matrix.

Now that we have the full factorization of the basismatrix givenin (2.1), we
still needto solwe the equationsBx = band B "x = b,
PB = LUEEsiiEq (2.23)

and we want to solve Bx = b then pre-multiply by P and substituting PB

and we get

LUE,Es:iEqx = PD (2.24)
Sohely = Pb (2.25)
SoeUz = vy (2.26)

SoheE x; = z (2.27)
SoheEsxs = X3 (2.28)
(2.29)

SoleEgx = Xq 1 (2.30)

To solve B"x = bwe again multiply by PTP = |
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B'PTPx = b (2.31)
(PB)'Px = b (2.32)
(LUEE2iEq)"PXx = b (2.33)
EqmE;EfUTLTPXx = b (2.34)
SoheEgxq = b (2.35)

(2.36)

SoleEjxy = Xs (2.37)
SoheE[x; = X, (2.38)

Sohe Uy = x (2.39)
SoelL’z = vy (2.40)
Multiply x = P'z (2.41)

Now we have to solwe systemof equationsinvolving eta matricesnamelyEx =
band ETx = b Let uslook at solving Ex = b rst. It is easyto verify that the

solution to this systemis

X b,  exXq
= b
Xq o
| Xm | | B emgXq |

We also have to solwe a systemof equationsinvolving the transposeof an eta

matrix or ETx = b. The solution to this systemis
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X1 o}
X2 b,
= by i q CigXi
Xq eqqq
[ Xm | L B

After accunulating eta matrices, CPLEX usesthe default setting of refactor-
izing the basisafter 100iterations of the simplex algorithm. Sowe have chosento
refactorize after 100 also. Most of the problemsthat we solve are small enoughas
not to refactorizebut it is still includedin our code. The reasonto refactorizeis that
instead of solving 100 eta matrices and the original LU factorization, it is usually
better just to nd the new LU factorization of the basismatrix.

Now that we have all of the elemens of the basicsimplexalgorithm we are go-

ing to transition to talking about our implemertation of the revisedsimplexmethod.

2.2 Revised Simplex Algorithm

The revisedSimplex Algorithm hasbeendeweloped in order to take advantage
of the fact that we do not needto nd all of the data in the tableau. This allows
for lessstoragerequiremerts and the ability to solve larger problems. The theory
of the revised Simplex Algorithm can be found in [6]. We implemerted the revised
simplex algorithm found in [11] shavn in Figure 2.2.

We have decidedto usea steepest-edgeprimal simplexalgorithm. The changes
to the basicsimplex algorithm found in Figure 2.1 are basically the initializing and
updating of the steepest-edgenorms. Besidesthat ewerything elseis neededto
perform the simplex algorithm. Note that Step 2 in Figure 2.2 is the choosing of
the reducedcost and Step 5 is the minimum ratio test. For the primal simplex, we
initialize the steepest-edgenorms like in Step 0 but CPLEX initializes them with

just 1. We talk more about this in the dual simplex section.



Inputs:

Step 0.

Step 1.
Step 2.

Step 3.

Step 4.
Step 5.

Step 6.

Step 7.

Step 8.
Step 9.

Step 10.
Step 11.
Step 12.
Step 13.
Step 14.

Step 15.

B (basismatrix), N (nonbasic matrix),

c (objective function), xg (current solution),
basis, and nonbasis

Initialize:

Cg, = Clbasidi]];i = O:m 1

z=¢ (B IN) cg;i=0:n m
i= (B 'IN); (B !N)j+ 1i=0:n
B=B
If zz 0,wherek = 0:n m 1then B is optimal. Stop.
Elsejp= argmax{% 12« < 0O k=0:n m 1}.

1
m 1

Xjp Is the ertering variable.
Sole Bw = Ajp. wisthe jp™ column.

This is usedto nd the new eta matrix.

If wg¢ 0O,k=0:m 1then we are infeasible. Stop.

Elseip = argmin {rk = Xwi: ‘Wi > 0k = 0::m 1}.

Set = TIip;Wp = Wy

This is the minimum ratio test. X, is the leaving variable.
Update Xz,

Xg, Xg, W fori=0:m 1andi6 ip

Changezg; ¢4 W Cg

Change ; 1+w w

SoheB'w = w. Usethe samestoragevector.

Update basis,nonbasis,and eta matrix.

Setthe ip™ column of the idertity matrix equalto w to get E,
B B E, wherep is the number of eta matrices

Solhe §Ty = e

Find v =N'y.

Updatez, z« 2z n, forké q

Update k 2 NW N+ (k)2 qforké g

Update z, o-and = wh
Goto Step1.

Figure 2.2: Revised Simplex Algorithm

2.3 Dual Simplex

22

If we have an LP that is dual feasiblebut not primal feasiblethen we use

the dual simplex algorithm. Most of the previous conceptscan also be applied to

the dual simplex. If we have a dual feasible-primalinfeasible systemthen we can

still perform the simplex method with a few minor changes. Instead of choosing a
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negative reducedcost, we choosea negative B 'bvalueto nd our pivot row. Then
we perform a minimum ratio test similar to the previous one exceptthat we need

to maintain dual feasibility by performing the following operation.

De nition 21 Minimum ratio test for the dual

min {ﬁ :B 'Nj < O} (2.42)

whee i,j is the row, column respctively.

Using this pivot column will insure that we stay dual feasible.
The basicdual simplexalgorithm for solvingLP's is summarizedin Figure 2.3.

StepO. Inputs xg, ¢, B, N

Step 1. Choosea negative B 'b. This is the pivot row.

Step2. Usethe dual minimum ratio test to nd the pivot column.
Step 3. Pivot in this row and column.

Step4. If optimal, stop.

Step5. Elsegoto Step2.

Figure 2.3: Basic Dual Simplex Algorithm

Sincethe dual simplexis similar to the primal we do not needto list the full
dual simplex algorithm that we implemerted. There are a couple of changesthat
needto be mertioned though. We usedthe dual simplex algorithm found in [4]. In
[4], they suggesta coupleof di erent ways to initialize and update the the steepest
edgenorms.

The rst changeis how to choosethe entering variable. We choosethe entering
variable by the rule in equation 2.43.

1R\2
ip = argmax{M k= 0:m 1} (2.43)
k

The steepest norms can be calculatedin ead iteration by equation 2.44.

«=(eB NegB N (2.44)

Howe\er there is an e ective update found in equation 2.45for this choice.
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2
= 2() g ty+ (X 2.4
k= & (W )ek y (W ) y'y (2.45)

ip ip

wherey is the variable in Step 10, w is the variable in Step 3 in Figure 2.2.
Sincethe steepest edgenorms do not needto be exactly computed then update
them using exact arithmetic but then we truncated the valuesdown to eight digits
of accuracy This way we are not saving huge fractions that we do not need. Since
most of the basicvariablesare sladk variables(where , = 1) then CPLEX alsouses
an approximation to the steepest edgenorms. They initialize all of the steepest
edgenormsto be 1. We decidedto do the samething for the dual simplex.



CHAPTER 3
Exact Arithmetic and Matrix Implemen tation

We have discussedn great detail the primal and dual simplex algorithms. We have
decidedto use an exact arithmetic version of both, the primal and dual simplex.
Note that the simplexalgorithm only performs Gaussianpivots which will not pro-
duceany irrational numbersaslong asthe givendata is not irrational. Thuswe can
usefractions to represen all of the data. Sincewe have the theory of simplex, we
needto discussthe issuesregardingexact arithmetic. Exact arithmetic causesmore
complexity.

3.1 Exact Arithmetic

The rst thing that needsto be dewloped is a way to handle exact arith-
metic. Exact arithmetic is a way to represeh numbers and perform arithmetic
operations as fractions rather than using appraximate represetations. Perform-
ing standard arithmetic operationsbecomegnore di cult than performing thesein
oating point arithmetic. When working in exact arithmetic, all data are rational,
with the numerator and denominator of ead rational stored. Let us look at two
standard fractions:

a
f, = E’ (3.1)
fo = d (3.2)
If we want to add or subtract thesefractions then
ad cb
f, fy = od (3.3)

Notice that this operation involves three multiplications and an addition or

25
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subtraction respectively. If we want to multiply f; and f, then

ac
fl f2 = m (34)

two multiplications are needed.Note that division will usetwo multiplications also.
Another operation that needsto be considereds comparison.Normally, comparing
two numbers can be done by just using lessthan or greater than. Howewer, with
fractions, comparisonneedsa little more work. To know if f; > f, then we needto

perform the following operations:

fi>f,, ad>bc (3.5)

So, exact comparisonusestwo multiplication and a standard comparison.
Lastly, we want to keepthe numerator and denominator relatively prime so that
the fractions will take up the leastamourt of memory This processof reducingthe
fractions to lowest terms can be the most time consumingand operation intensive
of all of the operations talked about thus far. There are a couple of algorithms
to consider. Euclid's algorithm is descriked in great detail in both [16] and [17].
Another algorithm described in [17] is the onethat is normally usedin exact code.
Howeer, we would like to look at Euclid's algorithm eventhough it could usemore
operations than the other algorithm. For example,if we want to nd the greatest
commondivisor (gcd) between48 and 38. Notice that

48 10

3_8: 1+ 38 (3.6)
If 48

% Is to be reduced,then % must also be able to be reducedby the same
number. This meansthat f 10, 38,483 must all have the samegcd asf 38, 483. Now
we can look at

38 8
0" 10

The samereasoningcan be applied sowe end up with

(3.7)



27

10 2

— =1+ - .

3 5 (3.8)
Lastly,

8 0

— = + — .

5 4 > (3.9)

We can now sa& that 2 is the gcd since?2 is the largest number that divided
f2;8;10;, 38 48y. Notice that we are just using modulo operationsto nd the re-
mainder of the two numbers. Referto Table 3.1 for a condensedversion of what is

described above.

Large | Small | Remainder
48 38 10
38 10 8
10 8 2
8 2 0

Table 3.1: Euclid's Algorithm for computing the gcd

Euclid's algorithm stopswhenwe read a zeroremainderand the small number
is the gcd that we werelooking for. Oncethe gcdis found then we take the fraction

by dividing the numerator and denominator by the gcd.

4 _ 5 _ 28 (3.10)

If we readh a remainderof 1 then that meansthat the two numbers are rela-

tively prime. Basically, Euclid's algorithm usesthe following theorem

Theorem 3
gcd(@; b) = ged(@;bmod a) (3.11)

givena< h.
Another algorithm found in [17] usesthe theoremfound in Theorem4.

Theorem 4
gcd(@;b) = ged(min(a;b);ja h) (3.12)
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There is the needto reducefractions due to the limited amourt of memory a
computer has available. If we did not reducethe fractions then the numbers could
grow exponertially with every operation sinceevery exactarithmetic operation uses
multiplication. One questionthat needsto be addresseds whether to reduceafter
ewery arithmetic operation or simply to reducewhen the numbers get large. There
are advantagesand disadwantagesfor both.

Granlund wrote a seriesof programsthat he put into a callableC library called
gmp.h (GNU multiple precisionlibrary) [14]that performsall of the operationsdis-
cussedabove. This library has programswhich perform the storageand arithmetic
operations of exact fractions using dynamic memory allocation. Besidesneeding
enoughmemory for the numerator and denominator, we needthree extra memory
units to store the negative sign, the division bar and the end of character. This al-
lows for fractions aslarge asneeded(as long asthere is enoughmemory). Knowing
that we have a way to storethe fractions and perform arithmetic operations, we can
concertrate on writing the simplex algorithm in exact arithmetic. Fortran did not
have the toolsto usethis library and henceour code is written in C.

3.2 Exact vs. Real Arithmetic Simplex Algorithm

Sincewe are using exact arithmetic, a coupleof things becomeeasier,namely,
cheding the reducedcostand the minimum ratio test. When the reducedcost gets
closerto zero, the standard implemertation needsto compare these numbers to
a toleranceto seeif it is zero. CPLEX usesa default toleranceof 10 ° for integer
programmingasto whethernumbersareintegral or not. This makesthe assumption
that the numbers closeto zero are exactly zero. Also, one must be careful about
negative reducedcoststhat are closeto zero. Do you pivot on thesecolumnsor just
assumethat they are zero? If you pivot on thesecolumnsand it is supposedto be
zerothen it becomesan extra pivot on a dual degeneratebasis. If you do not pivot
becauseyou assumat to be zeroandit is not zerothen you are not actually optimal.

Examplescan be cortriv ed that exploit both of these aws. Howewer, using exact



29

arithmetic alleviatesboth of theseissues.Let's look at an examplewith a tolerance
of 10 4. Giventhe problem:

Example 3

min 1:0001X, 2Xo
S.t. X; + 2X2 + Xz = 10000
Xi 2 Z"

Bring X, into the basis,the tableau lookslike

10000 :0001 0 1
5000 1 1

1
2 2
If the toleranceis 10 * then we would assume :0001is zero and hencenot

pivoted on. This would result in an answer of

X; = 0 X9 = 5000 X3=0

with an objective value of -10000. This answer is not the optimal answer. The

optimal answver is

X; = 10000 x5, =0 x3=0

with an objective value of 10001.This would make a di erence if, for examplex;
represeted the number of bushelsof corn and x, represeted the number of gallons
of honey a farmer should sell.

Besideshaving problems with integer programming problems, CPLEX can
actually give wrong answersbecauseof the tolerancesused. Hereis anotherexample
of what could go wrong when using tolerances(Example 4).

Example 4
min 1x, Xy
S.t. 149999%, + :bxy, =
X; + 29 = 3
Xi 0
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CPLEX givesa solution of x; = x5 = 1 with an objective value of 2. This
point is not feasible.

Look at Example 5 for another exampleof problemswith using

Example 5
min 1x, X,
S.t. :333333%; + :666666%, = 1
X; + 2, = 3
Xi 0

Here CPLEX gives a wrong answer saing that the solution is x; = 3 and
Xy = 0. This point is again not feasible. Theseare just plain two dimensionallinear
programming problems. This is what can happen when tolerancesare used. No
matter what toleranceis usedone can generateexamplesthat cannot be solved or
worsegive the wrong answer.

3.3 Matrix Conditioning

We needto solwe a systemof equationswhenusing the simplexalgorithm. Let
us say we are solving the equations:

AX = b (3.13)

whereA = (g; ) and A is nonsingularA 2 <™™ . The solution to this system

x=A b (3.14)

or accordingto [15]

1
x= ~r(adA)b (3.15)
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The ad A = (a;)" wherea; is the cofactor of a; . Now the solution can be
written as

1 =
= detAiZ:;aij b (3.16)

Sincethe cofactorsof a matrix are multiplications then notice that the com-
plexity of A ! is a sum of multiplications. This is extremely costly when dealing
with fractions.

Earlier in this chapter we talked about how large fractions could get. Plus we
discussedhe extra memoryfor the storagebesideshe numerator and denominator.
Howeer sincethe numerator and denominator are the only quartities that change
asfar asthe storagerequiremerns are concernedthen we will de ne the maximum

sizeof a vector asin de nition 22.

De nition 22 Maximum sizeof a vector is the total numkber of digits in the element
of the vector that hasthe size of the numerator plus the size of the denominator to

ke the greatestin the wholevector.

The maximum sizeof a vector is an important number becauseoncethe mem-
ory has beenallocated for a variable then it doesnot get reallocated if a smaller
number gets placedin that variable. This cuts down on a lot of reallocation issues
like segmetation of memory.

While we are solving systemsof equationsin steps3 and 10 for the primal
simplex and we solwe the same systemsfor the dual simplex, we are interested
in what the maximum size of the solution vector for ead simplex iteration. For
example,one unique simplex implemertation idea for exact arithmetic is to choose
the ertering variable accordingto the rule of choosingthe w-vector with the smallest
sizerequiremern. This might incur more simplexiterations but it might cut down on
the total storagerequiremens neededin the simplex algorithms sincethe w-vector
is usedto compute the new eta matrix. Therefore solving subsequen systemsof
equationsbasedon this eta matrix would take lesstime than an eta matrix with

hugefractions to dealwith. Howewer, we have stuck with the cornvertion of choosing
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the reducedcost basedon the steepest edgesincethis hasat the very least positive
results for oating-p oint arithmetic.

3.4 Matrix Implemen tation

Oneimplemenation issueis how to store the tableau of the simplex. We are
using a sparsematrix storagecalled YSMP (Y ale SparseMatrix Protocol). Instead
of storing a lot of the zerosof the tableau, we usethree vectorsto represen the data.
The rst vectoris the data vector. This storesthe numbersin row-major order. The
secondvector is the \row vector". Each elemern in this vector tells the spot where
that row begins. The third vector is the \column vector". Each elemen represets

the columnthat that data elemen is in. For example,if we have a following matrix:

2 0 00 3|
3400

070

(10 1 0 00 2|

The vectorswould look like this

M =1 23 3 4 87101 2]
IM = [0 3 5 7 10]
JM = [1 2 6 3 4 15 1 2 6

Now we have all of the necessarymaterial to proceedto talking about the

theory and implemertation of Gomory cutting planes.



CHAPTER 4
Gomory Cutting Planes

Gomory's cutting plane algorithm attempts to solwe integer programming problems
by cutting o the linear programmingrelaxation solution until an integer solution is
found. Thesecuts are generatedfrom the rows of the optimal LP relaxation simplex
tableau. If not all of the basic variables are integer then there exists a row i that
has a fractional B ‘b value. From this point on, we are going to referto B 'b as
just b. This row hasthe form:

Xe,*+ > X =h (4.1)

j2NB
whereN B is the set of non-basicvariablesin the simplex tableau. Rewriting (4.1)
in terms of the fractional and integer parts yields:

xg,+ Y bajox + Y f(ay)x = bac+ f(h) (4.2)

i2NB i2NB

wheref (a) = a bac. Rearrangingthe terms, (4.2) becomes:

Xg,+ » bajoqg =bhc+f(h) > f(ay)x (4.3)

i2NB i2NB

We can now write (4.3) asan inequality:

Xg, + Z ba; cx; bhc+ f (k) (4.4)

i2NB
Since ewerything is integer exceptf () then the following inequality is also
satis ed:

Xg, + Z ba; cx; bhc (4.5)

i2NB

The optimal solution to the LP relaxation will violate constrairt (4.5), unless

33
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b is integral.
Note that from solving equation (4.1) for xg, we have

Xg, = b Z ajj X; (46)

i2NB

If Xg, in (4.6) is substituted into (4.5) then the following inequality is valid

> f(ay)x f(h) (4.7)

i2NB
The original Gomory fractional cuts canbe strengthenedin a coupleof di erent
ways. The rst that will be discusseds found in [18] but is attributed to Gomory

in [12.

\F or any integert, the cut

> f(tay)x  f(th) (4.8)

j2NB
is satis ed by all non-negatiwe integer solutionsto (4.6) and therefore
by all solutionsto (IP). Also, if f (h) < 1, tispositiveandl t f(h) < 1,
then (4.8) dominates(4.7)." [18]

Dominant inequalities are valid inequalities that cut o more of the feasible
regionthan the inequalitiesthat they dominate. For a strict de nition found in [21]

and for your conveniencelook at De nition 23.

De nition 23 If x o and X o are two valid inequalities, X 0

dominates X o if there existsu > 0 suchthat > u and | u o, and
(5 0)8(U;uy).

The secondtechnique talked about in [18] and attributed to Gomory in [13]is
a strengtheningcut that can be generatedby looking at the mixed integer Gomory
cuts. We rst needto dewlop a theoremfound in [21]

Theorem 5 If X = f(x;y) 2 RY, Z':y b+ xg;andf = b bbc> 0, the
inequality
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X
y bbc+ 7 (4.9)

is valid for X.

Let uslook at just the integer parts of the mixed integer Gomory cuts found
in [21]. To do this, like beforethere must be a row i which has a fractional right

hand side b or we must be optimal.

Xe, *+ > X =h (4.10)

i2NB

We can break up the nonbasicvariablesinto two sets

Xg, T Z aj Xj + Z ajj Xj = b (4.11)
f;, fo

j fi>fo

wheref; = f (a;) andf, = f (h). We canrewrite equation (4.11) as

e, + Y bajox+ > fix+ ) dyeq > (1 f)x=h  (412)
fi fo fi fo

j j fi>fo fi>fo

Rearrangingthe terms by putting the integer parts on the left and the other

parts on the right.

xg, + > bajox+ Y dayex;=h > fix+ > (1 f)x (4.13)
f;, fo

fj fo fj>f0 j fj>f0
Notice that the above equation can be written as an inequality

Xg, + > bajox+ > dajex; b+ > (1 f))x (4.14)

fj fo fj>fo fj>fo

Using Theorem 5, we obtain the valid inequality,

1 f
Xg,* > bajox + Y dajeq bhc+ Y 1 fJXj (4.15)
0

fj fo fj>f0 fj>f0
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Substituting xg, from equation (4.11) into inequality (4.15) and simplifying
yields

fo( fy
f(] Z ijj + Z Og_ifoj)xj (416)
fi fo

i fi>fo

Notice that whenf; f, then:

1 f, .1 f
1 f,

fi  fo="fg (4.17)

and whenf; > f, then:

1 f f11‘0
1 f, "1 f,

fo = fo < f (4.18)

Thus, we can rewrite inequality (4.16) as

fo Zmin{fj;foi Ijo}x,- (4.19)

j2NB
is valid and (4.19) is strongerthan (4.7).[1§

One might presumethat we can usethe rst strengtheningtechnique on this
inequality. Howeer, this is not sobecauseall of the coe cien ts arelessthan f. To
verify this note equations(4.17) and (4.18).

On the other hand, we can use the secondstrengthening (4.19) on the rst
strengtheningtechnique (4.8). This we will referto ascombination strengthening.
™ min {f (tay); f (M)W} X, f(th) (4.20)
{2NB (th)

This theory alsoworks on the objective function row. Noticethat c'x = z so
if zis fractional then the Gomory cutting plane for the objective function row can
be addedto the tableau. Thereforethe sameformulas all work with the objective
function.

Out of the four possiblechoicesof Gomory cutting planes(normal, t-Gomory,
strong, and combination), we have chosento just usestrong Gomory cutting planes.

Strong, t-Gomory, and combination strengtheninghave all beenprovento be stronger
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than the normal Gomory cutting planessowe will not usenormal Gomory cutting
planes. Using the sameproof that strong Gomory cutting planesare strongerthan
normal Gomory cutting planes,we can shav that conbination is stronger than t-
Gomory cutting planes. Sonow we have two choices.We do not want to apply both
of thesetechniquesto ewery row of the simplex tableau so we should choose one.
There is no way to comparethesetwo choices. Howewer, we have found that strong
works very well whenf is very small sincethen all of the coe cien ts in (4.19) must
be lessthan f,. The conmbination rst increased aslarge asit canwithout going
above an integer and then appliesthe strong technique which is courterproductive
since strong works the best whenf is small. So,the conbination of applying the
strongto the t-Gomory cutting planesis not usually better than applying the strong
cuts whenf is small. When f, is large (greater than %) then the t-Gomory cutting
planesare not usedsothe conbination is exactly the sameasthe strong. Therefore,
we have decidedto just usestrong Gomory cutting planes.

The generalStrong Gomory cutting plane algorithm is listed in Figure 4.1.

Stepl. Find the Simplex Tableau.

Step2. Find the Strong Gomory Cutting Planesassaiated with ead row
that hasa fractional right hand side.

Step 3. Add thesecutting planesto the Simplex tableau maintaining
primal feasibility.

Step4. Usethe Dual Simplex Algorithm to nd a solution to the new LP.

Step 5. If optimal, stop.

Step6. Elsegoto Step2.

Figure 4.1: Exact Strong Gomory Cutting Plane Algorithm

We now look at an examplewhich illustrates all of the cuts descriked above.

Example 6
min 2X4 3Xo
S.t. X1 Xg 1
4x, +  Xq 28
X, +  4X, 27

X1 | X9 2 Z7T
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The simplextableau of the linear programming relaxation is

oL 2 3 0

1 0
28| 4 1 0
2711 4 1

The optimal form of this tableau is

2loo0o0 &
:2lo0o01 3 1
1700 &+ L
21010 £ +
Let uslook at the third constrairnt
Xo ==Xy iX5_ 1—6 (4.21)

+ =
15 15 3
Using the rounding technique descriked in (4.5), we nd the o or of all of the
coe cien ts to get the following valid inequality

Xo Xy 5 (422)

Equation (4.21) can alsobe rounded using the fractional parts asdescriked in

(4.7) by nding out how much ead coe cient hasroundeddown.

4 4, 1
15* 15° 3

Note that (4.22) and (4.23) are actually equivalert. If we put both of the
inequalitiesin terms of the original variablesx; and x, then (4.22) becomes

(4.23)

Xo Xy 5
Xo (28 4x4 X2) 5
4x, + 2X, 33
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and (4.23) becomes

14 .4, 1

15 157 3

14 4 1
1—5(28 4X1 XQ) + 1—5(27 X1 4X2) é
100 1

4; 2Xo + — -

X1 2 3 3

4%, + 2X2 33

Notice that in (4.23) the right hand sideof the inequality b; = % ts the criteria
in (4.8). So(4.23) can be multiplied by t = 2 to get a strongervalid inequality.

14 4 1
X, + — — .
28 8 2
1—5)(4 + 1—5)(5 é (425)
Rounding (4.25)
l—?’x4 + Ex5 g (4.26)

15 15 3
Note that (4.26) is strongerthan (4.23) becausg4.25) is equivalert to (4.23)
but (4.26) is harder to satisfy than (4.25) sinceit has beenrounded. Inequality

(4.26) in terms of the original variablesis:

13 8 2
o = < 4.27
157150 3 4-27)

13 8 2
1—5(28 4x, X2) + 1—5(27 X1 4)(2) :—)’ (428)
ax1 + 3Xs 38 (429)

Using the other strengtheningtechnique descrited in (4.19) the cut (4.23)

4 4, 1
15* 15° 3
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becomes

(141 & 4 1 7 1
min<—; = = +min<—; = = = 4.30
'{53§}X4 '{153;"5 3 (4.30)
14 1 (4 11 1
min< —; — X4+ MiN< —; — > X — 4.31
{ 530} ! {15 o} ° 3 (4-31)
1 1
%X4 15)(5 é (432)

Notice that (4.32) is stronger than (4.23) since the coe cient of x, is less,
making (4.32) harder to satisfy.
When (4.32) is put in terms of the original variables,it becomes

1
T+ = .
30)(4 15)(5 3 (4 33)
1 4 1
%(28 4X1 XQ) + 1—5(27 X1 4X2) é (434)
ax, + 11x, 78 (4.35)

In Figure 4.2, the greenline is the original Gomory cutting plane, the red line
is the t-Gomory cutting plane and the blue line is the strong-Gomorycutting plane.
Notice how the red and the blue lines both dominate the greenline.

We will look at Example 7 to illustrate the use of these strong Gomory cut-

ting planesand to shav how these cutting planescan solve integer programming

problems.
Example 7
min X1 Xo
s.t. 2%, + Xo 87
X1 + 2%, 87
X1 Xo 2 Z7T

The graph of the constraint setfor this problem (generatedby Maple) is seen
in Figure 4.3. Notice that graphically the solution will be (2,2).
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Figure 4.2: Graph of the Original and all of the typesof Gomory -cutting
planes

The simplextableau of the linear programming relaxation for this problemis

0\1 100
87129 1 1 0
87/ 1 29 0 1

The optimal form of this tableau is
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Figure 4.3: Original constrain ts of a simple example

2‘00L 1

5 30 30
29 29 1
10 10 840 840
29 1 29
10 01 840 840

The strong Gomory cutting planesare generatedfrom ead row that has a
fractional right hand sideusingthe rulesin equation (4.19). Following the algorithm
found in Figure 4.1, we add theseto the tableau. Proceedingin this samefashion
for three iterations we found the optimal value of 4 at the point (2;2). Whereas,
CPLEX only adiievesa lower bound on the objective value of 4:0205.
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Figure 4.4: First set of Gomory cutting planes for a simple example

The progressionof the cutting planesfor ead iteration is found in Figure 4.4
to Figure 4.6. Notice that the solution to ead LP relaxation is cuto by these
cutting planes. This is the reasonfor the term cutting planes.

There are other typesof cutting planesthat CPLEX hasavailable and can be
found at http://eaton.math.rpi.edu:16080/cplex90html/usrcplex/solv eMIP10.html.

The di erent kind of cuts listed on this website are clique cuts, cover cuts,
disjunctive cuts, ow cover cuts, ow path cuts, gomory fractional cuts, generalized
upper bound (GUB) cover cuts, implied bound cuts, and mixed integer rounding
cuts. Cligue cuts areusedwhenthere arerelationshipsbetweenbinary variables. We
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Figure 4.5: Second set of Gomory cutting planes for a simple example

deal with generalinteger programming problemswhich are not necessarilybinary.
Cover cuts are the cuts discussedn chapter 1. Thesecuts are for knapsa& type
problemswhere the variables are binary also. Disjunctive cuts are usedwhen the
problem hasbeenbranched on and we have two subproblems.Theseparticular cuts
are valid for ead of their respective subproblemsbut not for the full LP relaxation.
Flow cover and ow path cuts are usedwhen the problem has continuousvariables.
Thesecuts treat the cortinuous variables as nodesand applies binary variablesto
whetherthe ow isonor o. GUB cuts are usedwhenthe sum of binary variables
can be made to be lessthan or equalto 1. Implied bound cuts are used when
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Figure 4.6: Final set of Gomory cutting planes for a simple example

the binary variables can imply something about the cortinuous variablesin the
problem. Mixed integer rounding cuts are generatedwhen we have both continuous
and integer variablesand we can perform integer rounding on the integer variables.

We have talked about the theory of Gomory cutting planes. The best way
to use Gomory cutting planesis to add in as many Gomory cuts as possible. We
are now goingto presem why exact arithmetic will yield better Gomory cuts than

oating point arithmetic.



CHAPTER 5
Gomory Cutting Planes in Exact Arithmetic

Gomory Cutting PlanesAlgorithms can be found in certain commercialcodeslike
CPLEX. We are going to illustrate the use of exact arithmetic Gomory cutting
planes. Also, we will shov an examplethat can be solved by only needingto use
cutting planes. Wewill usethis exampleto descrile the di erent resultswe collected
and how they are use. We have started an examplein an earlier chapter and solet us

cortinue with that example. Recallthat Example 6 hasthe following formulation:

min 2X4 3Xo
S.t. X1 Xg 1
4x, +  Xq 28
X; + 44Xy 27
X1 | X9 2 Z7T
Referto Figure 5.1to nd the graph of the constrairt set, all of the feasible

integer points and the solution to the LP relaxation. Notice that the solution to the
IP would be

Xx; = 5

Xo = 5

This problem doesnot have an ill-conditioned constrairt matrix. Using exact
arithmetic Gomory cutting planes,this problem canbe solved. We are only goingto
talk about strong Gomory cutting planespresened earlier in (4.19) becausethese
are the onesthat we have determinedto be the best ones. The optimal tableau of
the LP relaxation is:

46
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Figure 5.1: Feasible Integer Points for Example
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Notice that ead of the constrairt rows have fractional b-valuesand the objec-
tive valueis fractional. Socuts canbe generatedfrom all of the rows of the tableau.

The standard Gomory cuts rounding on the fractional parts using (4.7) are
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%x4 + §x5 (5.1)
§x4 + %x5 (5.2)
1i5x4 + i—g-Xg) (5.3)
1—gx4 + 1i5x5 (5.4)

Through experimertation and the argumers from the previous chapter, we

have found that it isusually bestjust to stick with the strong Gomory cuts deweloped

in (4.19) rather than usingthe combination. With this in mind, the strong Gomory

cutting planesbecome

WIFRPWINDWINWI e

%x4 + %x5 (5.5)
§x4 + %x5 (5.6)
1i5x4 + 1£5x5 (5.7)
%)XAL + %x5 (5.8)

Adding the inequalities (5.5) - (5.8) to the optimal tableau would not su ce

sincethe new sladk variables could be non-integer in their current form. To over-

comethis, ead inequality is multiplied by the greatestcommondenominator and

then divided by the greatestcommondivisor of the coe cien ts. Sothe inequalities

become

10

2X4 + Xs (5.9)
2X4 + Xs (5.10)
2%, + Xs (5.11)

X4 + 8X (5.12)
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respectively. Inserting the positive slaks givesthe following equations

2 = 22X X5+ S (5.13)
2 = X Xs+ S (5.14)
5 =  2X4 X5+ S3 (5.15)
10 = Xy 8X5+ Sy (5.16)

Before cortinuing let us look at the storagerequiremens of Gomory cutting
planes. By adding all of the constrairts to the tableau we have doubledthe number
of rows. Sincewe are using YSMP format for matrices we only needto add in the
non-zeroelemens of theseconstrains. Howewer, we are using fractions that have a
numerator and denominator. Recall that besidesthe numerator and denominator,
fractions alsoneed3 extra memory units asdiscussedn an earlier chapter. Howewver
ewery fraction needsthese 3 and they are static and so we are only going to talk
about the storageof the numerator and denominator. Even if we have an integer
value there is still a onein the denominator. We usean averageto discussthe size
of the Gomory cutting planes. The rst Gomory cutting plane shavn in 5.13 has
an averagestorageof 2. To calculatethis storage,we nd the sizeof the numerator
plus the sizeof the denominator. The sizeis the number of digits in basel10 of the
number. We usea program in the Granlund library that computesthe length of an
integer. Howewer, it always returns a value that is either exactly right or 1 more
than needed. The reasonfor this is that this program is usually usedto compute
how much memory it needssoif the number is closethen it will give a result that
is onemore. If we computedthis in base2 then it would be exactbut harder for us
to visualizesol usedbasel0 anyways. Sofor eatch Gomory cutting plane above we
have the sizerequiremerns found in Table 5.1.

Soif we wereto plot this on a graph then we would only have two data points
namely (1,2) and (1,2.5). The one standsfor the rst Gomory iteration.

Let usgobad to werewe left o . By adding the constraints 5.13through 5.16
to the optimal tableau we get
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Gomory Cutting Plane | Avg. Size
5.13 2
5.14 2
5.15 2
5.16 2.5

Table 5.1: Average Size of Gomory cutting planes

21000 4 2 0000
2/001 + 12 0000
1100 & £ 0000
1010 L& 4+ 00O00O
2/000 2 1 1000
2/000 2 1 0100
5/000 2 1 0010
1000 0 0 1 8 0001
Reoptimizing using dual simplex gives
2600 000000 2 &L
i1)j0010000 1 &
11000000 £ =
/0100000 = 5
310000010 1 O
3/ 0000001 1 o0
2/0001000 & L
1/0000100 & 2

Sincethe slaks s; and s, in the tableau above are equalto 3 (positive), these
constrairts arenot tight. If the constrairt is not tight then mostlikely it is not a very
useful constrairt. In an attempt to cortrol the growth of the tableau, we wish to
eliminate constrairts that aredominated(referto de nition 23). However dominated
constrairts aretoo complicatedto nd soit is easierto simply drop constrairts that

are not currently tight. Even though none of the original constrairts are tight we
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do not drop these. The original constrairts are usually newer totally cuto by the
Gomory cutting planes. Sowe newer drop the original constrairts.

Notice that there are only two constraints that have fractional b-values. So
we again calculate the strong Gomory cutting planesuntil we read the optimal
solution. In Table 5.2, we list the Gomory iteration, the non-zeroelemens of the

Gomory cutting planes,and their size.

Iteration Non-Zeros Avg. Size

1 -2 -2 -1 01 2

1 -2 -2 -1 01 2

1 -5 -2 -1 1 2

1 -10 -1 -8 1 2.5
2 -30 -22 101 2.5
2 -15 -1 31 2.25
3 -105 -1 4 1 2.5
3 -180 -24 -5 1 2.75
3 -150 -7 2 1 2.5
3 -300 -1 -56 1 2.75
3 -270 -10 27 1 3

3 -210 -2 21 1 2.75
4 -585 -27 -1 01 3

4 -6435 -93 -11 1 3.5
4 -585 -3 101 2.75
4 -195 -11 101 2.75
4 -585 -15 101 3

Table 5.2: Size of Gomory cutting planes for each Gomory Iteration

Notice that in Table 5.2 that the sizeis getting progressiely bigger aswe get
more Gomory cutting planes. We have put thesein a graph to get an idea of how
large thesenumbers grow and it can be found in Figure 5.2.

Figures5.3-5.6shawv the strong Gomory cuts asthey would be in the variables
X1 and X, per Gomory iteration.

One reasonwhy we can solwe this using exact arithmetic is becausethe sladk
variables that are added into the Gomory cutting planeshave to be integral. If
oating point arithmetic is usedthen we would have to allow the slaks to be real
numbers. When the sladks are not integral, one cannot make cuts as strong since
the sladk can take on many more valuesthan the pure integer Gomory cuts. So,
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Average Storage of Gomory Cutting Planes

Number of Digits
(V)
|

Iteration

Figure 5.2: Average Size of Gomory Cutting Planes for Example 6

wealer mixed-Gomory cuts needto be implemerted sincethe sladks could be real
numbers.

In orderto compareCPLEX with our code, we have useda relative optimality
percenage to display the data. To compute this relative optimality percerage
(ROP) we rst calculate the relaxation gap where the relaxation gap is de ned
as the di erence betweenthe objective valuesof the LP relaxation and the actual
optimal solution. After ead iteration, we take the di erence betweenthe objective
value at the current iteration and the LP relaxation and divide it by the relaxation
gap. When this is multiplied by 100, it givesus the relative optimality percernage.
Mathematically this percenage is de ned as

iti LPR
ROP = m 100 (5.17)
whereLPR is the LP relaxation objective value, and OPT is the optimal objective
value. Notice that whenit; = LP R then the ROP = 0% and whenit; = OPT
then the ROP = 100%. Soimplies that all problemsstart at the point (0,0) and
hopefully endsat (it;, 100).

The resultsarein Figure 5.7 for the exactcodevs. CPLEX aggressie Gomory
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Figure 5.3: First Set of Gomory Cutting Planes

cuts. Notice that the exact code producesthe readies100%ROP after 3 iterations
and after just 4 iterations it yields the correct solution of x; = X, = 5 with an
objective value of -25. Ead point in Figure 5.7 refersto the ROP value of the
current Gomory iteration. Table 5.3 lists the objective value, the gure with that
objective value, and the ROP value.

CPLEX gets closebut doesnot yield the optimal solution after going for 5
iterations. LU Mine is the most recen code that includes advancemets like LU
factorization of the basis matrix, steepest edgepivoting rules and strong Gomory
cutting planes. Strong Gomory is the old code that usedpivot matrices and most

negative reduced cost rules. Combination is the old code using the combination
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Figure 5.4: Second Set of Gomory Cutting Planes

Figure

Objective Value

ROP (%)

5.1
5.3
5.4
5.5
5.6

-27.3333
-26
-25.5385
-25
-25

0
57.1422
76.9211

100
100

Table 5.3: Objectiv e Value and ROP for Example 6
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Figure 5.5: Third Set of Gomory Cutting Planes

strengthening. The CPLEX settings that we usedcan be found in Figures 8.1 and
8.2.

Now that we have de ned the ROP and the CPLEX information, we can
include the results from Example 7 found in Figure 5.8. Notice that again CPLEX
cannot read the optimal solution just using Gomory cutting planes. Also notice
that both of the results that CPLEX giveshasa trailing o. This trail o is the
reasonthat cutting planesare not utilized to their full potential. Normally, cutting
planesare usedin a Branch and Cut algorithm to progressthe solution. Howe\er,
as soon asthe solution starts to have this trail o then the commercialcodesstart
brandhing sooner then actually needed. The cutting planescould be utilized more

and we could progressmuch further during ead subproblemand possibly reduce
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Figure 5.6: Fourth Set of Gomory Cutting Planes

the number of subproblemsthat needsto be solved.

5.1 Weaker Gomory Cuts

Earlier we talked about multiplying the Gomory cutting planesby the greatest
commondivisor and then dividing by the greatestcommonfactor. This allows usto
add in a slak variable that is alsorestricted to be integral. This causesvery large
numbers to be addedin to the simplex tableau. Sowe could just slightly wealen
the constrairts by dividing by power of ten and perform Gomory rounding (since
all of the variablesstill have to be integral). Let us supposewe have the following

Gomory cutting plane.
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Example: Convergence to Optimality
CPLEX vs. Exact Code
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Figure 5.7: Results of CPLEX vs. Exact Code for Example

649532= 45030k, 50047%,+ S, (5.18)

Let us divide this equation by 100 and perform the Gomory rounding. Then
we would get this inequality.

6496 4504, 5005, (5.19)

It seemslike this would not be a terrible appraximation to the full version.
We would not necessarilyhave to use100. We could use certain cuto points like
rounding ewerything to 50, 100 or even 300digits. In later chapters we discussthe
results of using thesewealer cuts on real problems.

Besideghe slads having to beintegral, another major advantageis the knowl-
edgeof the degeneratesolutions. Degeneratesolutions have always causedproblems

in linear programming and integer programming.
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5.8: Results of CPLEX vs. Exact Code for Example
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CHAPTER 6
Degenerate Piv ots

We have seenthat Gomory cutting planescan be usedto try nding solutionsto
an integer programming problem. Sincewe are using exact arithmetic we have the
advantage of knowing whenwe have degeneracy Dual degeneracycan causetrouble
by leaving the objective at its currert value after the Gomory cutting planeshave
beenaddedand the dual pivots performed. Through the useof the alternate optima
we might be ableto cut o more solutions and consequetly reducethe number of
iterations.

De nition 24 A linear program is called dual degeneate whenthere is a nonhasic
reduced cost that is zero after the program has reachel canonical form. [9]

Howewer, this might be avoided by pivoting to all dual degeneratesolutions
(by performing just one primal simplex pivot per degeneratepoint) and adding in
all of the appropriate Gomory cutting planeshencecutting o all degeneratepoints.
Adding all of theseGomory cutting planeswill causean abundanceof cuts that will
not necessarilymake a di erence. To illustrate the use of degeneratepivots, the
following exampleis provided:

Example 8
min 7X4 4x
S.t. 14x, + 8x, 63
2Xs 7
X1 | X9 2 Z7T

The constrairt setgraphically is found in Figure 6.1.
The relaxation of the integer program in tableau form is

0\7 400
63|14 8 1 0
710 2 01
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"
0: —T T T T T T 1%
0 1 2

Figure 6.1: An example with multiple alternate optima

A canonicalform of the relaxation is

200 4
RN
710 2 O

Using the rules deweloped previously for nding the strong Gomory cutting
planes,we getinequality (6.1) from the objective row which is the red line in Figure
6.2 and we get inequality (6.2) from the rst constrairt which is in greenin Figure
6.2:
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X1 + 4Xo 31 (61)
X1+ Xo 28 (62)

Pivoting on the dual degeneratevariable yields the following optimal form

tableau.
“lo0 L 0
5|10 4 7
71010 !

The objective row is the samesoit is not necessaryo add the sameconstrain
in. Howeer, two inequalities can be formed from the other two constrairts. These
inequalitiesare in blue in Figure 6.2 and are:

X, + 8X2 42

X 3

Adding in theseinequalitiesto the secondtableau yields:

100 L 00000
5110 L 20000
101 0 L 0000
110 0 1 0 1000
70 6 1.0 0100
70 1 40010
10 0 100001

Notice that we are no longerin canonicalform. The tableau is cleanedup by
pivoting on the basic variables and then performing the dual simplex to get back

to optimality. Reoptimizing, notice that we again have two alternate optima and
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v
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Figure 6.2: Graph after the rst Gomory cuts added with multiple al-
ternate optima

proceedas above, refer to Figure 6.2.

We corntinue until we nd the optimal point. It only took six iterations using
strong Gomory cuts and dual degeneratepivots, insteadof taking 11to 13iterations.
Also refer to Figure 6.3 to seethe comparisonbetweenall of the implemertations
and CPLEX. CPLEX stays on the LP relaxation for most of the iterations. This
use of alternate optima works extremely well for two dimensional cases.Howe\er,

pivoting to all alternate optima and cutting them all o isadicult task andit is
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Exampled: Convergence to Optimality
CPLEX vs. Exact code
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o
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O 2 4 6 8 10 12 14 |“*LUMine

Iteration

Figure 6.3: Results with multiple alternate optima

probably not necessaryWe refer the readerto [10] for more information on pivoting
to alternate optima. We can though simulate somethingthat is similar to this but
that doesnot producethe sameresults. It is discussedurther in the next chapter.

Sincewe are adding in a tremendousamourt of cuts, we needa way to add in

the best cuts and to drop cuts that are not usefulany longer.



CHAPTER 7
Adding and Dropping Constrain ts

Gomory cuts are linear inequalitiesthat cut o the solution of the linear program-
ming relaxation. It would mosttighten the relaxation to add in all possibleGomory
cutting planesand keep them around. Howewer, adding and keepingall Gomory
cutting planes could possibly double the size of the tableau which usesa lot of
memory Certain rules needto be usedto add and drop certain constrairts sothat
we reducethe number of dominated constrairts.

One attempt for adding cuts is to add only constrairts that are the dominart
constrairts. If we are given two inequalities that are the sameexceptfor the right
hand sidethen the inequality that roundsfurther down will betighter. For example,

if we have thesetwo rows in the tableau:

23 1 11
le éXQ + X3 = E (71)
19 7 19
le + §X2 + X3 = E (72)
The standard Gomory cutting planeswithout strengtheningwould be
3 7 1
le + éXQ E (73)
3 7 9
278 10 (7.4)

Notice that (7.3) is dominatedby (7.4). So,we could actually just add in equa-
tion (7.4). Howewer in general,it is hard to tell when one constraint is dominart
over another unlesswe do an elemen by elemem comparison. Also, with strength-
ening, the constrairnts cannot be compared. Inequality (7.3) hasa lower right hand
side so both of the Gomory strengthening techniques would greatly improve this

constrairt. So, we have decidedthat we add in all constrairts and try to drop the
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most appropriate oneslater.

Dropping constrairts is vital to the code becausef we do not, the constraint
matrix grows too big to be stored. For this reason, we have included code for
dropping constrairts. One rule usedto drop a constrairt is if the slak variable
is basic and is larger than a speci ed value. This value is generally zero since we
want to drop as many constraints as possibleto avoid memory issues. For large
sladk valuesit usually meansthat that constrairt is not reducingthe feasibleregion
or that the currert solution is far away from the constrairt. So most likely these
constrairts are not currertly relevant.

Another rule usedto drop constraints is if one constrairt is a multiple of
another, see[1]. It is dicult to tell if two constrains are exact multiples of ead
other unlessone does an elemen by elemen comparisonof the two constrairts.
Howe\er, if one of theseconstrairnts happensto be pivoted on then it is easyto tell.
If a constraint hasa right hand side of zeroand only two elemens in that row then
we know that they were multiples of eat other. For example, supposewe have

thesetwo rows somewherdn our constrairt matrix:

X; SXo+ X3+S, = 6 (7.5)

3X; 15, + 3X3+ s, = 18 (76)

If we happento pivot on oneof theserows, e.g. x5 of the rst constrairt, then
the two constrairts become

|
(o2}

X1 5xy + X3+ S (77)

Ox;+ 0Xy+0Xx3 35;+sy, = O (78)

The new secondconstrairt only hastwo elemens and it is equalto zerosowe
can drop this constraint sinceit is redundart. Recall that (7.6) in the inequality
formulation is just 3 (7.5) in the inequality formulation and notice that (7.8) states

that s, = 3s; which is the samething. Sincewe are using YSMP format then to
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chedk whether or not a row hastwo elemers and the right hand side is equal to
zerois very easy If the di erence betweensuccessie elemeits of the row vector is
2 then that row only hastwo elemelts.

In general,we could drop any constraint that doesnot include any original
variables,andif the coe cien ts of all of the nonbasicvariablesare nonpositive. Then
the basicsladk variable is just a nonnegatiwe linear combination of the other added
sladk variables plus a nonnegatiwe value. Howewer, we would needto perform an
elemen by elemen seart of this row to determine whether we could drop this or
not. So,we do not drop constrairts that have this form.

There is a time when we do not drop any constraints. When there is no
decreasean the objective function then we should not drop cuts. For example,see
Figures7.1- 7.4. Hereis an examplewhereif we drop constrairts then we will never
have a decreasen the objective function. Notice that the objective valueis the same
for all of the extreme points. Supposethat we nd the LP Relaxation solution to
bein the upper left hand cornerof Figure 7.1. Now let us say that we nd a cutting
plane given in Figure 7.2. We cuto the rst solution and now resolving gives us
another solution. It could have beeneither solution sowithout lossof generality, let
us sa& that it is the solution plotted in Figure 7.2. Continuing in this manner, we
cuto this secondsolution with another cutting plane shovn in Figure 7.3. Notice
that the rst cutting planeis no longer active. We would normally drop this rst
constrairt. If we perform another sud iteration then we would cuto the next
solution with a cutting plane shavn in Figure 7.4 and get another solution. If we
cortinue this for a number of iterations, we could end up right bad at the beginning
with having to cuto points that were already cuto from an earlier cutting plane.
This is a sort of cycling for Gomory cutting planes.

By not dropping any cuts whenthe objective valueis the samewill essetially
produce similar results to the degeneratecasewithout having to pivot to ewery
possiblealternative optimal solution. Sowe cannotdrop cuts that all have the same
objective value. Thus we must either pivot to all of the points and cut them all o
or we must not drop any cuts with the sameobjective value. For smaller problems

either of theseideaswould work extremely well. Howewer, for larger problemsboth
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Figure 7.1: Example with dropping

of thesesituations are not good. If we pivot to all of the alternate optima then we
could be doing a lot of extra work. If we do not drop any cuts then we could end
up exponenrtial growth of the sizeof the simplex tableau. What we have decidedto
do is to not drop any cuts for three iterations if the objective value is the same. A
coupleof the MIPLIB examplessolwe in a later chapter hasthis exact property and
this worked well.

We have discussedmany examplesso far, but most of them were small exam-
ples. What happenswhen we extend theseideason real world problems? We will
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Figure 7.2: Example with dropping

show results of our implemertation on a library of test problemsknown as MIPLIB.
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CHAPTER 8
Results

Previously we have seenvery small examplesthat had special propertiesthat exploit

the abilities of exactarithmetic. Wewant to compareour codewith somecommercial

software that has Gomory cutting planesincluded. We decidedto use CPLEX 9.0

for this comparison. CPLEX is awidely usedprogramto solve all typesof operations

researb type problems. CPLEX also allows usersto changecertain settings. We

wanted to compareapplesto applessothe settingsthat we have chosefor CPLEX

arein Figure 8.1.

1.set! mip! cuts! all! 1

This will turn o all cuts for integer programming problems.
2.set! mip! cuts! gomory! 1(2)

This will turn on consenrative (aggressie) Gomory cuts. Sincethey
are using oating-p oint arithmetic we think that aggressie Gomory cuts are
onesthat will perform rounding that is closerto integersthan conserative
Gomory cuts.

3.set! mip! limits ! nodes! 1

This setting will useonly one Branch and Bound node. We just want
to know how well Gomory cuts perform sowe turn o the branding.

4. set! preprocessing! presolve! n

This setting will turn o the presoher. We warnt to be solvingthe same
problemas CPLEX sowe do not allow CPLEX to get any extra advantage by
getting rid of extra variablesor rows.
5.set! mip! strategy! heuristicf req! 1

This setting will turn o the heuristicsthat nd solutions to integer
programming results without any theoretical badking.

Figure 8.1: CPLEX Settings
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In order to gather the necessaryesults per iteration, we madetwo additional
settingsto CPLEX found in Figure 8.2.

1. set! mip! display! 2;3;4;0r5

This will display LP information. The higher the number will result
in more information about the LP. We generally use 3 becausethis number
givesus the necessaryinformation without anything extra.

2. set! simplex! display! 2

Sincewe are interested in recording where the objective value is this
will display the objective value after ead iteration.

Figure 8.2: CPLEX Settings Data Gathering

We neededsomelarger problemsto test whether our code was worth pursu-
ing. We choseto usethe library MIPLIB (Mixed Integer Programming LIB rary).
MIPLIB is a library of dicult mixed integer programming problems which are
basedon real life examples. There are three versionsof MIPLIB available, MI-
PLIB, MIPLIB 3.0, and MIPLIB 2003. All of the problemsusedin this researt
canfound at http://miplib.zib.de/. We have gatheredsomeof the smallerexamples
that are pure integer programming problems. We choosesmaller problemsbecause
we know that exact code will have its limits and we are not interested in mixed
integer programming problems. Table 8.1 is a list of the problemsthat were used.

The de nitions of the columnheadingsin Table 8.1 are cortained in Table 8.2.
Note all of the problemsare pure binary problemsexceptGT2.

As in an earlier chapter in order to comparethe codes, we are going to use
the relative optimality percernage asthe measureof how good all of the codesare.
Table 8.3 comparesall of the codeswith CPLEX.

The de nitions of what the column headingsfor Table 8.3 are listed in Table
8.4.

First thing to notice in Table 8.3 is that for the problemsthat are not found
to be 100%that CPLEX is never amongthe bestcodes. It is always either Old code
with Strong Gomory cutting planesor the new code with LU factorization/Steepest

edgepivoting rules and Strong Gomory cutting planes. Notice that LU code also
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Name Rows | Cols LP Relax | Optimal | Dierence | % Di erence
BM23 20 27 20.5709 34 13.4291 65.28
GT2 * 29| 188| 13460.2331 21166| 7705.7669 57.25
LSEU 28 89 834.6824 1120| 285.3176 34.18
MODO008 6| 319 290.9311 307 16.0689 5.52
P0033 16 33 2520.5717 3089| 568.4283 22.55
P0040 23| 40 61796.55 62027 230.45 37
P0201 133| 201 6875 7615 740 10.76
P0282 241 | 282| 176867.5033 258411| 81543.4967 46.1
P0291 252 | 291 1705.1288 5223.749 3518.6202 206.36
PIPEX 25| 48 773.751| 788.263 14.512 1.88
SENTOY 30 60 -7839.278 -7772 67.278 .87 **
Table 8.1: MIPLIB problems
Name: Name of the problem
* All of the problemsare binary exceptGT2

Rows: Number of rows of the original problem

Cols: Number of columnsof the original problem

LP Relax: Objective value of the linear programming relaxation

Optimal: Objective value of the optimal value

Di erence: Di erence betweenthe LP Relaxation and the Optimal Value

% Di erence:

Percen di erence to the LP Relaxation
** GT2 hasthe percen di erence to the Optimal

Table 8.2: Denition Table for Table 8.1

Name CPLEX | Strong/Old | Combination/Old | LU/Steepest/Strong
BM23 26.8402| 32.9813 32.9813 32.9813
GT2 99.3676 100 100 100
LSEU 67.0647 71.3376 71.6106 73.442
MODO008 | 28.3871| 43.9912 31.5449 31.5449
P0033 70.1518, 75.8985 60.3786 72.7318
P0040 100 100 100 100
P0201 14.6172 39.6159 33.6377 44.0009
P0282 14.7679 16.2835 15.3754 18.4281
P0291 85.9277 87.1634 89.1826 92.8621
PIPEX 54.6189 49.9516 43.0607 56.8424
SENTOY | 25.7474| 27.1679 26.2819 25.8417

Table 8.3: Relativ e Optimalit y Percentages
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Name: Name of the problem

CPLEX: Highest relative optimality perceriage readed by
CPLEX

Strong/Old: Highestrelative optimality percertage readed by the

Old Simplex code written. This code did not useLU
factorization and it usedmost negative reducedcost.
The strong refersto using only strong Gomory cuts.

Combination/Old: Sameas Strong/Old but it only usedT-strong
Gomory cutting planes.

LU/Steepest/Strong: Highestrelative optimality percernage readed by the
new Simplex code. This code usesLU factorization
and steepest edgepivoting rule. It only usesStrong
Gomory cuts.

Table 8.4: De nition Table for Table 8.3

only getsbeat by CPLEX onetime and that is SENTOY and the LU code is less
than .2% away from CPLEX.

Secondlynotice that the combination of strongand t-Gomory cutting planesis
not asgood asjust the strongones. We have includedtheseaswell for completeness.

We noticed that CPLEX decidesto stop after only 5 iterations eat time. We
stop becauseof a coupleof reasons.Onereasonis that the codeis running too long.
This usually happens when either the fractions get too large and/or the tableau
grows too big so we stop the code. The code could also stop if we are getting too
closeto the upper bound of the number of non-zeroelemertts. The memory for this
code is immenseas demonstratedby how large the fractions grow sowe set a limit
of 35000non-zeros. This is part of the reasonwe cannot solve any larger problems
than the oneschosen.

We broke up the problemsinto groupsthat we thought had the sameproper-

ties.

8.1 P0040
P0040is a very boring problem. Eadc of the codesreadt a value of 100% of

optimality. Also, they all read optimality after just one iteration. P0040is too

trivial to eveninclude any graphsor anything.
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8.2 GT2

GT2 hasan interesting feature. BeforeCPLEX 9.0, noneof the earlier versions
of CPLEX could solwe this problem to optimality even using the full blown version
of CPLEX. Now it solwes this problem to optimality only using Gomory cutting
planes. The resultsin graphical format are in Figure 8.3. Our code doesnot nd

the optimal point but it readesthe optimal objective value.

GT2: Convergence to Optimality
CPLEX vs. Exact Code

100 *#-::T'—.i
s
< 95
>
T 9 '/ r/ —— Strong Gomory
g Combination
5 8 —e—CPLEX
2 0| —A—LU Mine
©
g 75

70

0 2 4 6 8

Iteration

Figure 8.3: Results of CPLEX vs. Exact Code for GT2

8.3 MODO008

For MODOO08 both of the LU code and the Combination get stuck at the
objective value of 296. CPLEX doesnot evenreat 296. Wherethe Old code seems
to do really well. This problem hassomedegeneracyso certain pivots will de nitely

do better than other pivots. SeeFigure 8.4 for the results.

8.4 BMZ23
This next problem BM23 hasa similar feature to PO033and PIPEX. They all

get stuck on a certain integer objective value and stay there for awhile. BM23 gets
studk on the objective value of 25 and ROP value of 32.98%and doesnot proceed
further asshown in Figure 8.5. Note that all of our code is better than CPLEX.
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MODO008: Convergence to Optimality
CPLEX vs. Exact Code
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Figure 8.4: Results of CPLEX vs. Exact Code for MODO08

BM23: Convergence to Optimality
CPLEX vs. Exact Code
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Figure 8.5: Results of CPLEX vs. Exact Code for BM23

Also, we have included the graph of the weak cuts. If we reducedthe Gomory
cutting planesto just 100digits and perform the weakening described in ?? we get
the results given in Figure 8.6. Notice that the weak cuts even to within 100digits
of accuracyis not enoughto compete with the full version. For a cuto of 300digits
it lookslike it is the sameasthe full version,unfortunately it is not. The 300digit
cuto is actually just below the full version but becauseof the represetation of
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oating-p oint numbersit is too hard to tell on the graph.

BM23: Convergence to Optimality
Weak Cuts
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Figure 8.6: Results of Weak Cuts for BM23

Another interesting feature of this is the found in Figure 8.7 and Figure 8.9.
Notice that the number of digits for the cuto levels are below 300 for obvious
reasonsand the full version keepsgrowing exponertially. This seemsreasonable
since the fractions are growing in the tableau. Each dash represets the average
length of the non-zeroelemens of eady Gomory cutting plane added.

Sincethe length of the numbersin the Gomory cutting plane are growing, one
would presumethat the maximum y-value would grow also. The Maximum y-value
whenwe are solving for the equationBy = A, in the dual. Note that the maximum
y-value for eat simplexiteration for whenthe 300digit Gomory cutting planesare
usedare morethan the full Gomory cutting planesasseenin Figure 8.11and Figure
8.12.

8.5 PO0033

P0033is similar to BM23 in that it getsstuck in two placeswith objective
value of 2925and 2934o0r 71.15%and 72.73%respectively for the LU code asshavn
in Figure 8.13. The CPLEX and the LU code are virtually the samefor the rst 5
iterations then all of the codesseemto trail o. The combination cuts do extremely
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Figure 8.7: Av erage Digits for Storage of Non-Zeros elements of Gomory
cutting planes for problem BM23 with Cuto 300
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Figure 8.12: Maxim um size of the element of w-v ector for problem BM23
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poorly for this situation. This problem has some degeneracyso we had to play
around with the dropping of constrairnts. The default is to not drop any Gomory
cutting planesfor 3 Gomory iterations if the objective function hasno change. We
choose3 becauseusually the tableau would just be too big after that point for this
size of problem. If we are working with smaller problemsthen a default could be
much higher.

P0033: Convergence to Optimality
CPLEX vs. Exact Code
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Figure 8.13: Results of CPLEX vs. Exact Code for PO033

We have included the results found in Figures 8.14 and 8.15. Again the 100
cuto hasatrail o that is uninteresting but notice the nonecuto one hasa dip
at about iteration 12. At iteration 12is wherethere is a slight move away from the
objective value that it was stuck on and then a lot of the cuts get dropped because
of the lack of tightnessin them.

Let us now look at Figures 8.16 and 8.17. Notice the dip at iteration 13 of
Figure 8.17. The dip in the Gomory graphwasat 12. The reasonfor this is that after
iteration 12 all of those cutting planesare dropped and we had in somerelatively
small fractions at the 13th iteration. Sothe eta matrices do not get sobig right at
that iteration. Howewer, we go badk to exponertial growth right afterwards.
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Figure 8.14: Av erage Digits for Storage of Non-Zeros elements of Gomory

cutting planes for problem PO0033
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Figure 8.16: Maxim um size of the element of w-v ector for problem P0033
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8.6 PIPEX

PIPEX getsstudk at both 781and 782 objective valuesor 49.95%and 56.84%
respectively for the LU code as shown in Figure 8.18. PIPEX is the only problem
whereCPLEX doesbetter if a comparisonis donewith the nal iteration of CPLEX.
For example,CPLEX stopsafter 5 iterations for this problem and CPLEX is better
at iteration 5 but evertually our code catchesup and exceedst. For all of the other
problemsour code is competitiv e or better than CPLEX when CPLEX stops.

PIPEX: Convergence to Optimality
CPLEX vs. Exact Code
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Figure 8.18: Results of CPLEX vs. Exact Code for PIPEX

8.7 LSEU

The ROP graph of LSEU is a classicalexampleof what we usually would think
that happenswith cutting planes. This graph demonstratesthe trailing o e ect of
cutting planesthat is typical of cutting plane algorithms, seeFigure 8.19for details.
All of the codesare within 1% ROP of ead other up to iteration 5 where CPLEX
bows out.

We have alsoplotted the weakcutting planesin Figure 8.20. It is exactly what
we expect to happen with wealer cuts. The solution tendsto die o .

We have included graphsof the averagenumber of digits to storethe numerator
and denominator of the Gomory cutting planes. We useda cuto of 50 digits and
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LSEU: Convergence to Optimality
CPLEX vs. Exact Code
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Figure 8.19: Results of CPLEX vs. Exact Code for LSEU

LSEU: Convergence to Optimality
Weak Cuts

76
74+
& 72
>
5 70 —=— 100 cutoff
E 68 | euto
a 50 cutoff
S 66 | " N
pY —eo—Full
2 64 ‘/
3 62 o
'

60 - /

58 ‘

0 5 10 15
Iteration

Figure 8.20: Results of Weak Cuts for LSEU

100digits. Figures8.21and 8.22 are thesegraphs. Notice that in Figure 8.21that
the cuto is 50 and the averageis above 50. This could happenin two ways. First,
if all of the Gomory cutting planeshave 50 digits in it then the averagewill actually
be 51 becausehere are 50 digits for the numerator and 1 digit for the denominator.
Secondrecall that the programusedto nd the sizeof a variable can be onelarger

than the actual size. This is surprising that this has occurred but it is possible.
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Figure 8.23displays the full version of the sizeof the Gomory cutting planes. Note
the exponertial growth of this graph wherethe 50 and 100cuto are much smaller.
Howeer, the wealer cuts just do not work as well as the full blown version. Not
only do we have exponertial growth in the number of cutting planesbut alsoin the

sizeof the cutting planes.

LSEU: Average Storage of Gomory Cutting Planes
(cutoff 50)
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Figure 8.21: Av erage Digits for Storage of Non-Zeros elements of Gomory
cutting planes for problem LSEU

Figures8.24and 8.25shov what happensto the sizeof the w-vector for LSEU
for the 50 digit cuto and 100digit cuto of the Gomory cutting planes. Notice the
rangeof the 50 and the 100. The rangeis much large for the 100digit cuto . Inter-
estingly enough,ead of the graphstend to level o after the read their respective
cuto points. This is what we would hope would happen for all of the problems.

Now turn your attention to Figure 8.26. First note that we have switched to
a logarithmic scalefor the range. This is becausethe size of these valuesgrow so
large. This displays perfectly the exponertial nature of exact arithmetic. The code
slows down almost to a crawl. Mainly becauseall of the eta matrices has these
huge fractions in them and it needsto solwe systemsof equationsbasedon these
eta matrices. With the sizeof the Gomory cutting planes,refactorizing the basisis
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LSEU: Average Storage of Gomory Cutting Planes
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Figure 8.22: Av erage Digits for Storage of Non-Zeros elements of Gomory
cutting planes for problem LSEU
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Figure 8.23: Av erage Digits for Storage of Non-Zeros elements of Gomory
cutting planes for problem LSEU
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Figure 8.24: Maxim um size of the element of w-v ector for problem LSEU
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Figure 8.25: Maxim um size of the element of w-v ector for problem LSEU
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probably not goingto help either. This is probably the worst casescenarioof what

we want to avoid.

LSEU: Maximum w-value
(cutoff none)
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Figure 8.26: Maxim um size of the element of w-v ector for problem LSEU

8.8 P0201

Both versionsof the old code could not get very far with this problem see
Figure 8.27. Howewer comparedto CPLEX our three codesdo extremely well. All
of the codes, especially LU code, doesmuch better than CPLEX. CPLEX doesnot
even read 15% of optimality wherethe LU code nearly reaches45%.

Surprisingly, the sizeof the Gomory cutting planesstay very small seeFigure
8.28. Also accordingto Figure 8.29,the numbersdo not getlargeewenin the solution
of Bw = Aj,. Howewer, CPLEX still doesnot do well evenwith thesefacts. CPLEX
did geto to avery good start for this problem and then it tails o. The issuewith
this problem is not the size of the fractions, it is the number of Gomory cutting
planesthat get addedto the tableau. In Figure 8.28,it looks like there is only one
value of 2 for the Gomory iteration 1. Howeer, there is actually 42 cutting planes

all with that sameaveragesize. For this problem, it is probably usefulto know the
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Relative Optimality (%)

P0201: Convergence to Optimality
CPLEX vs. Exact Code
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Figure 8.27: Results of CPLEX vs. Exact Code for P0201

number of Gomory cutting planesfor eady Gomory iteration (refer to Table 8.5).

Notice that the number of dual simplex iterations is the sameorder or lessthan the

number of Gomory cutting planesadded. This is a commonbelief.

Iteration | Number of Gomory Planes| Dual Simplex Iterations
1 42 13
2 55 78
3 106 60
4 110 33
5 126 64

Table 8.5: Num ber of Gomory Cutting Planes for Problem P0201

8.9 P0282

This problem is similar to P0201in that the Gomory cutting plane storage

and the maximum w-value is small asin Figure 8.31 and Figure 8.32. We seethe

typical exponertial growth in both of thesegraphs. None of the codesdo extremely

well asseenin Figure 8.30. Our three codesstill outperform CPLEX but it is hardly

anything to brag at.
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P0201: Average Storage of Gomory Cutting Planes
(Cutoff none)

~
|
|

Number of Digits
D
1111

w
|
1 1

Iteration

Figure 8.28: Av erage Digits for Storage of Non-Zeros elements of Gomory
cutting planes for problem P0201
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Figure 8.29: Maxim um size of the element of w-v ector for problem P0201
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Figure 8.30:

Results of CPLEX vs. Exact Code for P0282

P0282: Average Storage of Gomory Cutting Planes
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Figure 8.31: Av erage Digits for Storage of Non-Zeros elements of Gomory
cutting planes for problem P0282
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P0282: Maximum w-value
(Cutoff none)
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Figure 8.32: Maxim um size of the element of w-v ector for problem P0282

8.10 P0291

This problem is similar to LSEU in that it hasthe long tail o. All of the
codesare very similar with ours slightly edgingout CPLEX seeFigure 8.33.

P0291: Convergence to Optimality
CPLEX vs. Exact Code

100

& 80 -

2 70

. —l— Strong Gomory
e 60 1 L
= Combination
o) 20 —e—CPLEX

_az) —&— LU mine
= 30 1

©

©

14

20
10

0 3 6 9 12

Iteration

Figure 8.33: Results of CPLEX vs. Exact Code for P0291
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We have include the later iterations of the wealer cuts in Figure 8.34. Notice
that we do not have our typical situation. We have the cuto of 50 doing better
than the cuto of 100. They are exactly the sameup until iteration 6 when the
cuto 50dropsbelov cuto of 100but then it recovers and passest. However, it
still doesnot perform as well as the full blown version. We still needall of these
digits of accuracy

P0291: Convergence to Optimality
CPLEX vs. Exact Code
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Figure 8.34: Results of Weak Cuts for P0291

Interestingly, we seea decreasan the maximum w-value in the cuto 50 ex-
ample (seeFigure 8.38). Also, we seea levelling o in the cuto 100 version (see
Figure 8.39).

8.11 SENTOY

This problem is similar to P0282. All of the codesperform similarly as seen
in Figure 8.41. None of them really shine. This is a hard problem becausen its
original format it is totally dense.It has30rows and 60 columnsand 1800non-zero
elemetts. This is fairly rare for a problem of this size. With atotally densesystem,
the factorization and the sparsematrix storagedoesnot help.

Again we have alevelling o of the graphsof the maximum w-vectorin Figures
8.46and 8.47,wherewe have exponertial growth for the full version.
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Figure 8.35: Av erage Digits for Storage of Non-Zeros elements of Gomory
cutting planes for problem P0291

P0291: Average Storage of Gomory Cutting Planes
(Cutoff 100)

120
100 = = = =
2 — |
© 80 - B
Q _ =
° 60 =
[}} —
-° -
g 40 =
= =
20 - " e -
z = =
0 "8 - = = ‘ ‘ ‘
0 2 4 6 8 10 12

Iteration

14

Figure 8.36: Av erage Digits for Storage of Non-Zeros elements of Gomory
cutting planes for problem P0291
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Figure 8.37: Av erage Digits for Storage of Non-Zeros elements of Gomory
cutting planes for problem P0291
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Figure 8.39: Maxim um size of the element of w-v ector for problem P0291
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Figure 8.41: Results of CPLEX vs. Exact Code for SENTO Y
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Figure 8.42: Results of Weak Cuts for SENTO Y
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Figure 8.43: Av erage Digits for Storage of Non-Zeros elements of Gomory

cutting

planes for problem SENTO Y
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Figure 8.47: Maxim um size of the element of w-vector for problem SEN-
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CHAPTER 9
CPLEX and Exact Arithmetic

We have alsotried to implemert code usingthe CPLEX callablelibrary. Sincethe
longesttime is spert solvingthe LP relaxationsin our exact code we useCPLEX to
solwethe LP relaxationsand exactcode to do the rest. Sowe have CPLEX solve the
current LP and then we take the basisgiven by CPLEX and feedthat into the exact

Gomory cutting plane code that we wrote. Below is an outline of the algorithm:

Algorithm 1 CPLEX/Exact Code Algorithm:
1. Use CPLEX to solvethe LP relaxation.
Find the basis and form the LU factorization in exactarithmetic.
Find the Gomory cutting planes.
Add thesecutting planesto the CPLEX tableau.
If optimal, stop.

o g bk~ w N

Elsegoto 1.

There are someconsiderationsthat must be taken in accoun. First, CPLEX
and our code must have the samestarting tableau. We must changethe problem
formulation in CPLEX. So,we add in all of the bound information directly to the
tableau. We also needto changeall of the inequalities to equalities. This way we
can have accesdo all of the sladk variables. We needto shut o the presoher and
changethe problem from an integer programmingproblemto a linear programming
problem. Now we have the sametableau.

We put this LP formulation into CPLEX and we get a solution. We usethe
function cpx_getbaseto get the basisinformation. CPLEX usestwo vectors (cstat
and rstat) to store all of the basisinformation. cstat is the column information so
the " elemen of this vector is either basic, nonbasicat its lower bound, nonbasic
at its upper bound, or free. rstat is the row information sothe i elemen of this
vector is whether the slad/arti cial/surplus variable assaiated with that row is

basic, nonbasicat its lower bound, or nonbasic at its upper bound. One issuethat
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CPLEX hasis that if there is a primal degeneratesolution then it doesnot supply
enoughvariablesto Il the basis. Sowe must gure out the other variablesthat are
basic. Sincewe have changedall of the constrains to equalitiesand explicitly put
the bounds of all of the variablesin, one would think that rstat would have all of
thesevariablesnonbasicat its lower bound sincethere are no slad/arti cial/surplus
variables. Howe\er, this is not the case. The exact number of variables that are
missing from the basis can be found in rstat. So we took this row and put the
\slack" variable ass&iated with that row into the basis. This worked for ewery
small examplethat we tried.

Oncewe have the solution and the basis,we now useour Gomory cutting plane
code to nd the cutting planesand add them to the LP. This causeda problem.
CPLEX can only handle tableaux that are extremely well behared. We have seen
how quickly the numbersgrow in the Gomory cutting plane sowe must wealen the
cuts sothat we canadd them to the tableau. The problemis that we had to weaken
them to lessthan 8 digits. Thereforemost of the cuts are soweak that they do not

help at all. This part of the project was halted here becauseof this set back.



CHAPTER 10
Conclusion

Gomory cutting planesareincorporatedinto alot of commercialsolversbut they are
not usedto their full power. Using exact arithmetic is slower but it can solve more
problemsand usually yields lower iterations courts than oating point arithmetic.
Exact arithmetic also allows for the possibleexploitation of the alternate optima
and generatingcutting planesfrom all of theseoptima instead of just oneat a time.
We have found this to work extremely well for two dimensional cases. We have
found that by usingthe alternate form of this alternate optima approad we canget
away from problemsthat get stuck on the sameobjective value for long periods of
time. Searding all of the other alternate optima might be overkill. The other types
of cutting planesthat CPLEX usesmight be able to be expandedin the sameway
as Gomory cutting planessincethey are just inequalities computed in a di erent
manner. Exact arithmetic might not be ase ective onthosebecausean generalthey
are usually already integral coe cien ts like the knapsa& inequalities.

We have implemenied many of the advancemets that modern LP solvers
have but in exact arithmetic found in [3]. For example, sparsematrix storage,
using steepest edgepivot rulesinstead of the most negative reducedcost for solving
the primal and the dual simplex, and using LU factorization with partial pivoting.
Even with these advancemelis we are still only able to solwe the smaller of the
MIPLIB problems. Gomory cutting planescausethe sizeof the problemsto become
exponertial. Howewer, we have shovn that using exact arithmetic has resulted in
coming up with better cutting planesewen with small problems. Hencewe would

not needto start branching algorithms so soon.
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