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This partition strategy is used to determine the optimal
allocation of hauling vehicles among the pickup and TDSR
sites given the current system state (e.g., differing loading
rates and travel times). Simulation results show that the system
throughput is significantly higher under the partition strategy
than the purely probabilistic one. Optimality conditions for
the network flows are presented for the exponential service
distribution case which show that when travel times are equal,
pickup sites that are able to load vehicles faster should be
utilized disproportionally less than slower sites compared to
a rational equilibrium (i.e., a Wardrop equilibrium in which
total travel times of utilized paths are equal [3]). These results
suggest that a payment policy which compensates each entity
equally (and thus encourages a Wardrop equilibrium) does not
support an efficient rational equilibrium in general.

Abstract—This work describes a novel method for allocating
entities to routes in a closed queueing network to maximize
system throughput. Results are presented which compare this
method with known prior work and known optimal solutions to
provide an empirical optimality gap. Further, because the system
of interest, debris removal following natural disasters, is under
the control of rational agents, optimality conditions are derived in
order to determine to efficacy of a flat market context in inducing
optimal behavior.

I.

I NTRODUCTION

Debris removal following natural disasters involves a set
of hauling vehicles which cyclically deliver debris from a
potentially large number of pickup sites (typically at curbsides)
to a much fewer number of temporary debris storage and
reduction (TDSR) sites, forming a network. Improvement in
the throughput of this system (i.e., the average number of
loads delivered per hour) translates directly to the ability of
a community to return to normal operation after the disaster
event. This work presents the underlying theoretical models
and methodology for a decision support system which dynamically reallocates a fixed number of hauling vehicles to routes in
this network (i.e., between pickup-TDSR pairs in this domain)
in order to maximize system throughput as the system evolves.

The next section describes related prior work and motivates
the approach used. The formulation for the general allocation
problem in closed queueing networks is then discussed in
detail, using a small example to illustrate the derivation before
presenting the general result. The partition algorithm is then
described before numerical results are presented. These results
compare the new method with both existing methods and
provably optimal allocations to obtain an estimate of the
empirical optimality gap.

This system is well-suited to modeling using queueing theory [1]. In particular, the system can be modeled as a network
of queues in which a fixed number of entities repeatedly move
between pickup and drop-off sites, with each site requiring a
random service time. Arriving entities which find their server
busy wait in line and are processed on a first come, first
served basis. The routing of entities in the network to maximize
system throughput is the focus of this work.

II.

Much work has been done in the area of optimal design
of queueing systems [4]. However, very little work in routing
of entities in closed networks has been done. In one notable
example, Kobayashi and Gerla present an iterative method for
finding optimal routing probabilities based on mean value analysis [5]. The primary drawback of this work is that no closedform optimality conditions can be derived using this methodology. Further, while it is known that the optimal routing strategy
is one in which each entity follows a deterministic routing
policy [2], [6], [7], there is no known method for finding these
individual routing strategies. Others have looked at the dual
problem: that of designing the network capacities to maximize
throughput given fixed routing probabilities (e.g., [8], [9]).

Because of the geographic extent of the system, a routing
(allocation) policy which does not require full knowledge of
the location of all entities is desired (i.e. a state-independent
policy). While some limited prior work has considered optimal
state-independent routing probabilities in closed queueing networks, no work is known to provide a method of partitioning
the entities into classes, each with its own deterministic route,
as is known to be optimal [2]. This work first presents a novel
method for generating optimal routing probabilities in closed
queueing networks using reasonable modeling approximations
and then a method for determining an entity partition, each
with its own deterministic-routing, from these probabilities.
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To evaluate the effectiveness of a payment policy (which
influences the resulting routing behavior of rational agents operating in this network), closed-form optimality conditions are
required. It is apparent that these existing iterative methods do
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not satisfy these requirements and thus a system approximation
and alternate method are needed. The work presented here
provides a methodology for determining routing probabilities
which exhibits optimality conditions and for determining a
deterministic routing policy from these probabilities.

Now, let these nodes be single server queues with known
service time distributions. Note that the terms node and server
will be used interchangeably throughout this paper. Using the
FPM approximation, Little’s Law (expected number of entities
at each server equals average arrival rate times the expected
wait time [1]) can be used to form a constraint on the total
number of entities. The PCP problem can then be written as
the following nonlinear program:

Approximations of queueing networks include system approximations (i.e., to obtain a product-form network), decomposition methods (i.e., assume nodes of network are independent), and process approximations (i.e., continuous fluid flows
for heavy traffic) [1]. Of particular interest for this work is
Whitt’s finite population mean (FPM) method [10]. In this
closed network approximation, the nodes are assumed to be
independent queues in an open network in which the sum
of the mean number of entities at each node is equal to the
number of entities in the closed network being approximated.
This FPM approximation along with optimization has been
previously used in the context of workload allocation among
server pools [11].
III.

max T =
s.t.

λ11
...

Fig. 1.
nodes.
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Total flow to parallel node i
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maximize f (x)
subject to g(x) ≤ 0
satisfies the Karush-Kuhn-Tucker (KKT) first-order conditions [14] given by
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λij
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The FPM approximation assumes that these servers are
indeed independent and uses the open network congestion
functions. This approximation is asymptotically correct for
large number of nodes and entities and the ratio of any two
server utilizations in the approximate model is equal to that
in the actual closed system [10]. Thus, we expect the ratio of
optimal flows to also be equal for large number of nodes and
entities (as ρ = λ/µ).

Let C be the set of central nodes (|C| = m) and P be
the set of parallel nodes (|P| = n). Then, i ∈ P be a
parallel node and j ∈ C be a central node. Consider the
following parallel-cycle partition (PCP) problem formulation
in which the continuous flows, λij , are the decision variables,
the constraint is the number of entities in the system, and
the objective is to maximize the total system throughput. The
relevant variables are shown in Table I along with additional
notation.

Variable

i=1

λ̄i Di (λ̄i ) +

For open networks (i.e., those with external Poisson arrivals
and departures), these congestion functions have a complete
closed-form representation since each server is known to be
independent [1]. On the other hand, for closed networks a
normalization constant must be found. The two most common
approaches to approximating this constant is through Buzen’s
convolution algorithm [12] and mean value analysis [13]. Both
of these are non-polynomial algorithms and neither admits a
general closed-form congestion function suitable for use in
solving the PCP problem in the programming framework.

General parallel-cycle network with m central nodes and n parallel

TABLE I.

n
X

Note that we can write the first constraint as an inequality
because of the form of the objective (i.e., sum of positive terms
strictly increasing in λij ). Further, this formulation assumes
no travel congestion (i.e., dij is not a function of λij ). This is
reasonable in early disaster recovery situations as the number
of vehicles on the road network is small relative to the capacity
of the network as normal traffic is minimal.

Parallel
Nodes

n

λ̂j Cj (λ̂j ) +

Here Dj (λ), Cj (λ) : R+ 7→ [0, ∞] are general mean congestion (i.e., latency) functions at the parallel and central
servers, respectively and dij is the mean round-trip travel delay
between i and j.

λnm

1

(1)

λij ≥ 0.

Central
Nodes

m

m
X
j=1

The general problem of interest for this work is that of
allocating entities circulating in a bipartite closed network to
maximize system throughput. The particular network structure
of interest is shown in Figure 1. Here entities repeatedly
travel from any number of parallel nodes (i.e., pickup sites)
to a (fewer) number of central nodes (i.e., TDSR sites), here
called a parallel-cycle network. Each node has an associated
congestion (latency) function which is increasing with traffic
flow and each path has some fixed travel delay.
...

λij

i=1 j=1

P ROBLEM F ORMULATION AND M ETHODOLOGY

1

n X
m
X

−∇f (x∗ ) + u∇g(x∗ ) = 0
g(x∗ ) ≤ 0
ug(x∗ ) = 0
u ≥ 0.
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λ1

µ

where u2 is the Lagrange multiplier for Constraint 2 and
u3,1 , u3,2 are the multipliers for Constraint 3. For both of these
equations to hold with non-trivial flows (i.e., u3,1 = u3,2 = 0),
it must be true that
µ1
µ2
−
= d2 − d1
2
(µ1 − λ1 )
(µ2 − λ2 )2

λ2

µ1

µ2

Fig. 2. Example parallel-cycle queueing network with two parallel nodes
and a single central node.

while the first constraint is at equality (i.e., u2 > 0). Further,
one can see that this takes the form of a hyperbola in the
parallel congestion (i.e., wait) times, given by

λ2
∇f

D12
D2
− 22 = 1
2
A
B
q
q
d2 −d1
1
where A =
and B = d2µ−d
. As d2 − d1 → 0 (i.e.,
µ1
2
the travel times of each possible route are the same), the first
quadrant solution tends to
r
µ1
D2 =
D1 .
(4)
µ2

µ2

µ1 µ

λ1

Fig. 3. Feasible region along with stability constraints and objective gradient
for two parallel cycles.

When this is compared to the rational equilibrium for this case
(D1 = D2 , i.e., the expected wait times at each pickup site are
the same), it is clear that for µ1 6= µ2 , the rational equilibrium
is not optimal.

This solution is also globally optimal when the feasible region
and objective function are convex [14]. The objective is linear
(and thus also convex) while the feasible region using M/M/c
congestion functions is known to be convex [15], [16]. Therefore, the first-order KKT conditions are both necessary and
sufficient to find globally optimal flows under this Markovian
assumption. To illustrate the derivation of these conditions,
a small example which can be easily visualized is described
before providing the general result.

B. General Optimality Condition
For an arbitrary number of parallel cycles, n, and central
servers, m, the general gradients are given by
T
∇f = Enm
 A

A. Two Parallel Cycles Example

1


 A
∇g =  . 2
 .
.
Am

Consider the system composed of a single central node
and two parallel nodes as shown in Figure 2. Let these nodes
have exponentially distributed service times which are known
to produce central and parallel node delay functions given by

C(λ1 , λ2 ) =

+ d1
+ d2

1
0

0
1

µ
µ2
+
+ d2
2
(µ − λ1 − λ2 )
(µ2 − λ2 )2

0

···

..

.
0

T
0 
.. 
. 
 .

0
In

i = 1, . . . , n

µi Di2 + µj Cj2 + dij = µk Dk2 + µl Cl2 + dkl ,
∀ (i, j), (k, l) ∈ M × N where λij , λkl > 0
and the optimal point intersects with the first constraint at
equality. Note that this gives an over constrained system in
general (i.e., n + m unknowns, nm equations). As a result,
for any system in which dij 6= dkj ∀ i, k ∈ P, the optimal
solution must have some zero flows. For the case in which all
travel times are equal,
√
√
µj Cj = µl Cl , ∀ j, l ∈ C and
√
√
µi Di = µk Dk , ∀ i, k ∈ P.

T
.

Again, it is clear that the rational equilibrium (Cj = Cl
and Di = Dk , i.e., all possible routes have equal delays) is
not optimal in general. Therefore, any market context which
encourages this kind of equilibrium where wait times are equal
among all possible options will lead to suboptimal performance
for cases in which the servers are heterogeneous.

and


In

···

The first-order KKT conditions require that all non-zero flows
satisfy

These gradients then give the following two equations from
the KKT first-order condition:


µ
µ1
+
+
d
+ u3,1 = 1
u2
1
(µ − λ1 − λ2 )2
(µ1 − λ1 )2

u2

0
..
.

µi Di2 + µj Cj2 + dij ,

The constraints are shown generically in Figure 3 along
with the stability boundaries (λ < µ) and objective gradient.
Taking the derivatives of the objective (λ1 + λ2 ) and the three
constraints (Constraint 2 and Constraint 3 for each decision
variable) with respect to both decision variables, the gradients
are given by
µ1
(µ1 −λ1 )2
µ2
(µ2 −λ2 )2

0

where In is an n-dimensional identity matrix, Enm is a column
vector of ones of length nm (the number of flow decision
variables), and each element, i, in the column vector Aj is

1
1
and Di (λi ) =
, i ∈ {1, 2}.
µ − λ1 − λ2
µi − λi

∇f = [ 1 1 ]

µ
2 +
∇g = (µ−λ1µ−λ2 )
(µ−λ1 −λ2 )2 +

In


+ u3,2 = 1
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The problem formulation is implemented in MATLAB and
solved with fmincon’s interior-point method. This continuous solution was first converted into a probability routing
matrix and partition (i.e., fixed routing groups) assignment
according to the methods described earlier and then simulated
for 5000 time units (with a 1000 unit warm-up period).

C. Partition Allocation Method
The solution to the problem as posed gives continuous
flows, λij , for each cycle. These flows now need to be
converted to routing probabilities, to allow for comparison of
the FPM method with prior work, and a partition of the entities
into deterministic routes, which is known to be optimal as
discussed previously. Additionally, note that a partition strategy
is also more practical in the case of debris removal as this
corresponds to the creation of teams with fixed assignments.
A probabilistic routing strategy can be obtained by normalizing
the flows:
λij
pij = P
j λij

and

λij
pji = P
i λij

First, the mean throughput observed in the simulation
is compared with the approximate throughput, both relative to the maximum
capability of the system, λmax =

P
P
min
µ
,
µ
,
in
the left panel of Figure 4. These
i i
j j
results show that the FPM approximation consistently underestimates the simulated throughput (as the approximation
predicted result (stars) is below both probabilistic simulation
(squares) and partition simulation (triangles) ). This result
can further be seen in that all points in the right panel are
greater than one. As the approximation assumes that an infinite
number of entities would result from high utilization, while
in reality the number of entities is fixed, this result is to be
expected. Further, the partition strategy uniformly outperforms
the probabilistic strategy as expected. The ratio of simulated
throughput to the FPM predicted throughput for each of the
two routing strategies is shown for each case in the right panel
of Figure 4. These data also support Whitt’s conjecture that the
approximation throughput error is bounded above by 1/2 with
probabilistic routing [10] as all probabilistic simulation ratios
(squares) are less than 1.5. It is also clear from the right panel
that the approximation generally improves with increasing
number of entities as expected (i.e., the points approach one
as N .

∀ i ∈ P, j ∈ C.

Meanwhile, a novel rounding strategy is required to obtain the
deterministic routing assignments (i.e., a partition) which is
described next.
Obtaining an optimal integer solution from a relaxed solution is commonly done by either branch-and-bound or by
adding cutting planes when the decision variables themselves
are desired to take integer values [17]. However, because
the decision variables (mean flows) themselves can remain
fractional with an integral entity assignment, these standard
methods are not appropriate. The method proposed to obtain
a partition routing strategy is shown in Algorithm 1. First,
calculate the mean lengths from the optimal flows (lines 2–
4), and then calculate the initial integral solution by rounding
down (flooring) the number of entities on each path thus
calculated (lines 5–8). The number of entities unallocated, k,
is then calculated (line 9). Finally, increase the entity count
of the k partitions with the largest non-integer parts by one
(line 10) to complete the allocation.

1) Comparison with Prior Work: In this portion of the
numerical results, the routing probabilities resulting from proposed method are compared with those presented in Kobayashi
and Gerla’s Example 1 [5]. This example is a central server
system similar to that shown in Figure 2 with three parallel
cycles where µ = 4, µ1 = 2, µ2 = 1, and µ3 = 0.5. The
resulting routing probabilities from both the proposed FPM
method and Kobayashi and Gerla’s MVA method are shown
in Figure 5. All FPM routing probabilities are within 0.133
of those determined by the MVA method. The FPM method
tends to under-allocate to the first parallel server while overallocating to the remaining two. The differences are generally
decreasing as the number of entities increases. Finally, as N
increases, the proposed method converges to the balanced
probabilities in which the utilizations are equalized (i.e., the
well-known proportional routing asymptotic result [19]).

Algorithm 1 Partition Assignment Method
1: procedure A SSIGN (λ, µ, N )
2:
Li ← µ λ̂−iλ̂
. Mean parallel length
i

3:
4:
5:
6:
7:
8:
9:
10:
11:

i

λ̄

Lj ← µj −jλ̄j
. Mean central length
Lij = dij λij
. Mean travel length
for i ← 1, n; j ← 1, m do
L λ̄
n̂ij ← Lij + λjij j + Lλiijλ̂i
nij ← bn̂ij c
end for P P
k ← N − i j nij
nij = nij + 1 for k largest n̂ij − nij
end procedure

IV.

To understand the impact of these small differences, 100
simulation runs were performed for the N = 5 case with
the two sets of routing probabilities shown in Figure 5.
Each configuration was simulated for 5000 time units (with
a 1000 unit warm-up period). The histograms of the resulting
average system throughputs are shown in Figure 6 along with
the results for the partition routing strategy. Little difference
between the probabilistic routing cases resulting from the FPM
approximation method and the MVA method are observed
(means are 2.386 and 2.401, respectively), while the partition
routing clearly out-performs with a mean total system throughput of 2.830, an increase of 17.6% over the prior literature for
this particular case.

N UMERICAL R ESULTS

To assess the performance of the throughput optimization method using the FPM approximations, two hundred
random instances with 2 central servers, 6 parallel servers,
and zero travel delays were generated using parameters chosen from uniform distributions (N ∼ U (1, 40), µi∈P ∼
U (10, 25), µj∈C ∼ U (5, 45)) Travel delays were omitted so
that the FPM approximation could be evaluated in isolation.
The network configuration and parameters are in line with
previous analysis of actual debris removal missions [18].
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M/M/1 Approximation Throughput Results

M/M/1 Approximation Accuracy Results
1.8
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Fig. 4. Throughput of approximation prediction and actual simulation with both routing schemes (probabilistic and partition assignment) relative to maximum
capability of the system and ratio of actual to predicted throughput (left and right, respectively) for FPM approximation.

2) Empirical Optimality Gap: To evaluate the optimality
gap of the proposed partitioning method, a large set of small
networks was created and optimal partitions found empirically
via complete enumeration of the solution space and determination of the expected system throughput via mean value
analysis. For this test, only two parallel cycles were present
(as shown in Figure 2) and a fixed number of entities was used.
All possible assignments were evaluated using mean value
analysis and an optimal assignment was selected. The objective
function was system throughput — i.e., the throughput of the
central server. The number of entities was chosen to be twentyfour and the first parallel node service rate, µ1 , to be ten. The
central node rate, µ, was varied from 5 to 40 in increments of
5 while the second parallel node rate, µ2 , was varied from 1
to 25 in increments of 0.2. This parameter space resulted in
968 total test cases. All test results were generated using the
queueing Octave package [20].

Comparison of Routing Probability Results
1

0.4
MVA

0.8
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0.7
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5
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Number of entities
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p2 (green) and p3 (red)

0.3

1

p (blue)

FPM
0.9

0
10

9

Fig. 5. Comparison of routing probility results. All MVA results are from
Table V in [5]. Left axis shows routing probability to the first parallel server
while the right axes show probability to the remaining two parallel servers.

The expected relationship between the two parallel server
waiting times that characterize the first-order optimality condition given by Equation 4 can be seen from this empirical
data in Figure 7. This figure shows a scatter plot which has
axes
√ equal to the scaled waiting times for each parallel node
( µi Di ) for the known optimal solutions for these 968 cases.
The optimality condition for the continuous flow case (i.e.,
solution to the PCP problem) is a straight line in this space.
The observed dispersion is likely due to the approximation
in the optimization problem, partition assignment, and the
inclusion of cases which have multiple optima. The general
trend, however, is consistent with the optimality conditions
from the approximation.

Histogram of FPM Average Throughput
20
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0
2.3

2.4

2.5

2.6

2.7

2.8

2.9

Histogram of Partition Average Throughput
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0
2.3

2.4

2.5

2.6

2.7

2.8

2.9

Almost half of the cases produce a calculated partition
which is identical to a known optimal partition. Over 90% of
the calculated partitions are within 3 of the known optimal
partition. Note that in the case of multiple known optimal
solutions, the first one found in the search is used. Thus, these
percentages should be considered lower bounds.

Histogram of MVA Average Throughput
20
10
0
2.3

2.4

2.5

2.6
2.7
Throughput
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The empirical optimality gap itself is calculated by considering the total system throughput of the system under the
calculated partition compared to the known optimal partition.

Fig. 6.
Histogram of system throughput using FPM approximation and
partition routing compared to the MVA method for 100 simulation runs.
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Relationship Between Optimal Wait Times

process certain vehicle/load types. The other closed network
approximations proposed by Whitt (e.g., FPM with finite
waiting room [10]) could also be explored along with any
travel congestion effects and various service distributions.

14

12

8

While the motivating domain was debris removal following
natural disasters, the framework is general and can be applied
to any system for which a closed queueing network is appropriate. This includes mining, logging, and other material
transport systems.
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