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Section 3.2 Sequential Pointwise Limits and Simple Approximation 63 

Extend 'Pn to all of E by setting 'Pn (x) = n if f ( x) > n. The function 'Pn is a simple function 
defined on E and 0 ::: 'Pn ::: f on E. We claim that the sequence {!/In} converges to f pointwise 
on E. Let x belong to E. 

Case 1: Assume f(x) is finite. Choose a natural number N for which f(x) < N. Then 

0::: f(x) - 'Pn(x) < lin forn N, 

and therefore limn .... 00 !/In (x) = f(x). 
Case 2: Assume f(x) =.00. Then 'Pn (x) = idor all n, so that limn .... 00 'Pn (x) = f(x). 

By replacing each 'Pn with max {'Pi, ... , 'Pn} we have {'Pn} increasing. 

PROBLEMS 

D 

12. Let I be a bounded measurable function on E. Show that there are sequences of simple 
functions on E, ('Pn} and (!/In}, such that ('Pn} is increasing and ("'n} is decreasing and each of 
these sequences converges to I uniformly on E. 

13. A real-valued measurable function is said to be semisimpie provided it takes only a countable 
number of values. Let f be any measurable function on E. Show that there is a sequence of 
semisimple functions (fn} on E that converges to I uniformly on E. 

14. Let I be a measurable function on E that is finite a.e.on E and m( E) < 00. For each E > 0, 
show that there is a measurable set F contained in E such that I is bounded on F and 

<E. 
15. Let I be a measurable function on E that is finite a.e. on E andm( E) <00. Show that for each 

E> 0, there is a measurable set F contained in E and a sequence ('Pn} of simple functions on 
E such that {'Pn}-+ I uniformly on F and m(E F) < E. (Hint: See the preceding problem.) 

16. Let I be a closed, bounded interval and E a measurable subset of I. Let E > O. Show that 
there is a step function h on I and a measurable subset F of I for which 

h = XE on F F) < E. 

(Hint: Use Theorem 12 of Chapter 2.) 
17. Let I be a closed, bounded interval and." a simple function defined on I. Let E > o. Show that 

there is a step function h on I and a measurable subset F of I for which 

h = ."on F <E. 

(Hint: Use the fact that a simple function is a linear combination of characteristic functions 
and the preceding problem.) 

18. Let I be a closed, bounded interval and I a bounded measurable function defined on I. Let 
E > O. Show that there is a step function h on 1 and a measurable subset F of 1 for which 

Ih - II < E on F and m(I F) < E. 

19. Show that the sum and product of two simple functions are simple as are the max and 
the min. 
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Section 3.3 Littlewood's Three Principles, Egoroff's, and Lusin's Theorem 61 

m(Erv F) = m([Erv Fol U Q[Erv Fnl) ::: E/2 + E/2n+1 = E. 

The set F is closed since it is the intersection of closed sets. Each In is continuous on F 
since F C Fn and In = gn on Fn. Finally, {In} converges to I uniformly on F since F C Fo. 
However, the uniform limit of continuous functions is continuous, so the restriction of I to 
F is continuous on F. Finally, there is a continuous function g defined on all of R whose 
restriction to F equals I (see Problem 25). This function g has the required approximation 
properties. 0 

PROBLEMS 
25. Suppose I is a function that is continuous on a closed set F of real numbers. Show that 

I has a continuous extension to all of R. This is a special case of the forthcoming Tietze 
Extension Theorem. (Hint: Express R,....., F as the union of a countable disjoint collection of 
open intervals and define I to be linear on the closure of each of these intervals.) 

26. For the function I and the set F in the statement of Lusin's Theorem, show that the restriction 
of I to F is a continuous function. Must there be any points at which I, considered as a 
function on E, is continuous? 

27. Show that the conclusion of Egoroff's Theorem can fail if we drop the assumption that the 
domain has finite measure. 

28. Show that Egoroff's Theorem continues to hold if the convergence is pointwise a.e. and I is 
finite a.e. 

29. Prove the extension of Lusin's Theorem to the case that E has infinite measure. 
30. Prove the extension of Lusin's Theorem to the case that I is not necessarily real-valued, but 

may be finite a.e. 
31. Let {In} be a sequence of measurable functions on E that converges to the real-valued I 

pointwise on E. Show that E = Ek, where for each index k, Ek is measurable, and {In} 
converges uniformly to Ion each Ek if k > 1, and m( E1) = o. 

:

:
o

:



Section 4.3 The Lebesgue Integral of a Measurable Nonnegative Function 79 

PROBLEMS 
9. Let E have measure zero. Show that if I is a bounded function on E, then I is measurable 

and IE I = O. 
10. Let I be a bounded measurable function on a set of finite measure E. For a measurable 

subset A of E, show that IA I = IE I· XA· 
11. Does the Bounded Convergence Theorem hold for the Riemann integral? 
12. Let I be a bounded measurable function on a set of finite measure E. Assume g is bounded 

and I = g a.e. on E. Show that IE I = lEg· 
13. Does the Bounded Convergence Theorem hold if m(E) < 00 but we drop the assumption 

that the sequence {lin I} is uniformly bounded on E? 
14. Show that Proposition 8 is a special case of the Bounded Convergence Theorem. 
15. Verify the assertions in the last Remark of this section. 
16. Let I be a nonnegative bounded measurable function on a set of finite measure E. Assume 

IE I = O. Show that I = 0 a.e. on E. 

4.3 THE LEBESGUE INTEGRAL OF A MEASURABLE 
NONNEGATIVE FUNCTION 

A measurable function 1 on E is said to vanish outside a set of finite measure provided there 
is a subset Eo of E for which m ( Eo) < 00 and 1 = 0 on E'" Eo. It is convenient to say that a 
function that vanishes outside a set of finite measure has finite support and define its support 
to be {x EEl I(x) * O}.6 In the preceding section, we defined the integral of a bounded 
measurable function lover a set of finite measure E. However, even if m( E) = 00, if 1 is 
bounded and measurable on E but has finite support, we can define its integral over E by 

11=1 I, 
E Eo 

where Eo has finite measure and 1 = 0 on E'" Eo. This integral is properly defined, that is, it 
is independent of the choice of set of finite measure Eo outside of which 1 vanishes. This is a 
consequence of the additivity over domains property of integration for bounded measurable 
functions over a set of finite measure. 

Definition For 1 a nonnegative measurable function on E, we define the integral 0/ lover 
E by7 

\ l 1 = sup {l h I h bounded, measurable, o/finite support and 0 h Ion E}- (8) 

6But care is needed here. In the study of continuous real-valued functions on a topological space, the support of 
a function is defined to be the closure of the set of points at which the function is nonzero. 

7 This is a definition of the integral of a nonnegative extended real-valued measurable function; it is not a 
definition of what it means for such a function to be integrable. The integral is defined regardless of whether the 
function is bounded or the domain has finite measure. Of course, the integral is nonnegative since it is defined to 
be the supremum of a set of nonnegative numbers. But the integral may be equal to 00, as it is, for instance, for 
a nonnegative measurable function that takes a positive constant value of a subset of E of infinite measure or the 
value 00 on a subset of E of positive measure. 
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