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1. Introduction. Let Ω ⊂ R
2 be a bounded polygonal domain, f ∈ [L2(Ω)]2 and k ≥

0. Consider the time-harmonic Maxwell equations with the perfectly conducting boundary
condition: Find u ∈ H0(curl; Ω) such that

(1) (∇× u,∇× v) − k2(u, v) = (f , v) ∀ v ∈ H0(curl; Ω),

where

H(curl; Ω) =
{

v ∈ [L2(Ω)]2 : ∇× v =
∂v2

∂x1

−
∂v1

∂x2

∈ L2(Ω)
}

,

H0(curl; Ω) ={v ∈ H(curl; Ω) : n×v = 0 on ∂Ω}.

Here the vector n denotes the unit outer normal on ∂Ω.
Using the Helmholtz/Hodge decomposition [5], we can write

u = ů + ∇φ,

where ů ∈ H0(curl; Ω) ∩H(div0; Ω) and φ ∈ H1
0 (Ω). Here

H(div0; Ω) =
{

v ∈ [L2(Ω)]2 :
∂v1

∂x1

+
∂v2

∂x2

= 0
}

,

and ů and φ satisfy the following equations:

(∇× ů,∇× v) − k2(ů, v) = (f , v) ∀ v ∈ H0(curl; Ω) ∩H(div0; Ω),(2)

−k2(∇φ,∇ψ) = (f ,∇ψ) ∀ψ ∈ H1
0 (Ω).(3)

In this work, we will focus on (2), which will be referred to as the reduced time-harmonic
Maxwell (RTHM) equations. Under the assumption that k2 is not a Maxwell eigenvalue, the
RTHM equations have a unique solution in H0(curl; Ω) ∩H(div0; Ω).

Our main achievement in this work is that we design a numerical method for RTHM
equations using locally divergence-free Crouzeix-Raviart nonconforming P1 vector fields [4].
And we show the order of convergence of our method is optimal (up to an arbitrarily small
ε) in both the energy norm and the L2 norm, provided properly graded meshes are used. In
the spirit of [3], one can say that our results rehabilitate nonconforming nodal finite elements
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for Maxwell equations. Our method is also the first one designed for solving the divergence-
free part of the solution of the Maxwell equation, which will give some new insights for
computing Maxwell eigenvalues without introducing spurious eigenmodes. This subject will
be addressed in our forthcoming paper.

In the following, we will outline the discrete space on the graded meshes, the numerical
scheme and the main result in error estimate which will be followed by a numerical example.
One can refer to [1] for the full details of this work.

2. Locally Divergence-Free Vector Fields on Graded Meshes. Let Th be a family
of triangulations of Ω. We define the space Vh of locally divergence-free Crouzeix-Raviart
nonconforming P1 vector fields [4] by

Vh = {v ∈ [L2(Ω)]2 : vT = v
∣

∣

T
∈ [P1(T )]2 and ∇ · vT = 0 ∀T ∈ Th, v is continuous at the

midpoints of the interior edges of Th and n × v = 0 at the midpoints of the boundary edges.

In order to recover optimal order convergence for our method, the triangulation Th is graded
around the corners c1, . . . , cL of Ω and hT ≈ hΦµ(T ) where hT = diamT , h is the mesh
parameter, µ = (µ1, . . . , µL) and Φµ(T ) = ΠL

`=1|c` − cT |
1−µ`. The point cT is the center of

T and µ` (1 ≤ ` ≤ L) is the grading parameter at the corner c`. Based on the singularity
analysis [2] of the solution of the RTHM equations, we use

µ` = 1 if ω` ≤
π

2

µ` <
π

2ω`

if ω` >
π

2
.

(4)

where ωl is the interior angle of Ω at cl.

3. Discretization and an Abstract Error Estimate. Let the set of the interior (resp.
boundary) edges of Th be denoted by E i

h (resp. E b
h). Let e ∈ E i

h be shared by two triangles
T1, T2 ∈ Th and n1 (resp. n2) be the unit normal of e pointing towards the outside of T1

(resp. T2). We define, on e,

[[ne × v]] = n1 × vT1

∣

∣

e
+ n2 × vT2

∣

∣

e
and [[ne · v]] = n1 · vT1

∣

∣

e
+ n2 · vT2

∣

∣

e
.

For an edge e ∈ E b
h, we take ne to be the unit normal of e pointing towards the outside of Ω

and define [[ne × v]] = ne × v
∣

∣

e
.

The discrete problem for the RTHM equations is: Find ůh ∈ Vh such that

(5) ah(ůh, v) = (f , v) ∀ v ∈ Vh,

where

ah(w, v) = (∇h × w,∇h × v) − k2(w, v) +
∑

e∈Eh

[Φµ(e)]2

|e|

∫

e

[[ne × w]] [[ne × v]] ds(6)
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+
∑

e∈Ei

h

[Φµ(e)]2

|e|

∫

e

[[ne · w]][[ne · v]]ds,

Φµ(e) = ΠL
`=1|c` −me|

1−µ`.(7)

We will measure the discretization error in terms of the norm ‖ · ‖h defined by

‖v‖2
h = ‖∇h × v‖2

L2(Ω) + ‖v‖2
L2(Ω) +

∑

e∈Eh

[Φµ(e)]2

|e|
‖[[ne × v]]‖2

L2(e) +
∑

e∈Ei

h

[Φµ(e)]2

|e|
‖[[ne · v]]‖2

L2(e).

Using the boundness of ah(·, ·) with respect to ‖ · ‖h and the G̊arding’s (in)equality, for fixed
k, we have the following abstract discretization error estimate under the assumption that
(5) is solvable:

Lemma 1. Let ů ∈ H0(curl; Ω) ∩ H(div0; Ω) satisfy (2) and ůh be a solution of (5). It

holds that

(8) ‖ů − ůh‖h ≤ Ck

(

inf
v∈Vh

‖ů − v‖h + max
w∈Vh\{0}

ah(ů − ůh,w)

‖w‖h
+ ‖ů − ůh‖L2(Ω)

)

.

Remark 2. The first term on the right-hand side of (8) measures the approximation property
of Vh with respect to the norm ‖ · ‖h. The second term measures the consistency error of
the nonconforming discretization. The third term addresses the indefiniteness of the RTHM
equations.

4. Convergence Analysis. We collect the estimates for those three terms on the right-
hand side of (8) in the following lemma.

Lemma 3. Let ů ∈ H0(curl; Ω)∩H(div0; Ω) be the solution of (2), and ůh ∈ Vh satisfy (5).
It holds that

inf
v∈Vh

‖ů − v‖h ≤≤ Cεh
1−ε‖f‖L2(Ω) for any ε > 0,(9)

max
w∈Vh\{0}

ah(ů − ůh,w)

‖w‖h
≤ Ch‖f‖L2(Ω),(10)

‖ů − ůh‖L2(Ω) ≤ Cε

(

h2−ε‖f‖L2(Ω) + h1−ε‖ů − ůh‖h

)

for any ε > 0.(11)

Our main result is obtained by following the approach of Schatz for indefinite problems
[6]:

Theorem 4. There exists a positive number h∗ such that the discrete problem (5) is uniquely

solvable for all h ≤ h∗, in which case the following discretization error estimates are valid :

‖ů − ůh‖h ≤ Cεh
1−ε‖f‖L2(Ω) for any ε > 0,(12)

‖ů − ůh‖L2(Ω) ≤ Cεh
2−ε‖f‖L2(Ω) for any ε > 0.(13)
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We conclude with showing one numerical experiment on the L-shaped domain (−0.5, 0.5)2 \
[0, 0.5]2 to confirm our analytical results, see Table 1. The exact solution is chosen to be

(14) ů = ∇×
(

r2/3 cos
(2

3
θ −

π

3

)

φ(r/0.5)
)

,

with k = 1, where (r, θ) are the polar coordinates at the origin and the cut-off function is
given by

φ(r) =







1 r ≤ 0.25
−16(r − 0.75)3

[

5 + 15(r − 0.75) + 12(r − 0.75)2
]

0.25 ≤ r ≤ 0.75
0 r ≥ 0.75

The meshes are graded around the re-entrant corner with the grading parameter equal to
1/3.

Table 1. Convergence of the scheme (5) with graded meshes on the L-shaped
domain (−0.5, 0.5)2 \ [0, 0.5]2 with k = 1 and exact solution ů given by (14).

h
‖ů − ůh‖L2(Ω)

‖ů‖L2(Ω)
order

‖ů − ůh‖h

‖ů‖h
order

|ů − ůh|curl

|ů|curl
order

1/4 1.23e+02 − 1.88e+01 − 7.77e−00 −
1/8 3.23e+01 1.92 7.38e−00 1.35 4.41e−00 0.82
1/16 2.84e−00 3.50 2.23e−00 1.73 7.87e−01 2.49
1/32 5.84e−01 2.28 1.09e−00 1.03 4.34e−01 0.86
1/64 1.28e−01 2.18 5.50e−01 0.99 2.34e−01 0.90
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