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ABSTRACT. A new numerical method for computing the divergence-
free part of the solution of the time-harmonic Maxwell equations is
studied in this paper. It is based on a discretization that uses the
locally divergence-free Crouzeix-Raviart nonconforming P; vector
fields and includes a consistency term involving the jumps of the
vector fields across element boundaries. Optimal convergence rates
(up to an arbitrary positive €) in both the energy norm and the
Ly norm are established on graded meshes. The theoretical results
are confirmed by numerical experiments.

1. INTRODUCTION

Let Q C R? be a bounded polygonal domain, f € [Ly(2)]? and
k > 0. Consider the variational problem of the time-harmonic Maxwell
equations with the perfectly conducting boundary condition:
Find w € Hy(curl; Q) such that

(1.1)  (Vxu,V xv)—k(u,v) = (f,v) Vv € Hy(curl; Q),
where (-,-) denotes the inner product of Ly(£2) (or [L2(£2)]?),

Q) ={o=[" 2, _Ov Ou
H(cutl; Q) = {v = L}J €[L@F: Vxv=32 -2 ¢ LZ(Q)}

and
Hy(curl; Q) = {v € H(cur; Q) : nxv =0 on 0Q}.

Here the vector n denotes the unit outer normal on 9€2. We assume
that k% is not one of the Maxwell eigenvalues and hence (1.1) has a
unique solution in Hy(curl; Q).
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The space Hy(curl;2) admits the well-known Helmholtz/Hodge de-
composition [12, 15]

(1.2) Hy(curl; Q) = [Hy(curl; Q) N H(div%; Q)] @ VH; (Q),
where
H(@iv’; Q) = {v = || € [L(QF: Vv = %Jr%:o}
’ U2 2 ’ 0.’111 6.’23'2 ’

and the direct sum is orthogonal with respect to the inner product of
[L2(2).
According to (1.2), we can write
u=u+ Vo,
where @ € Hy(curl; Q) N H(div’; Q) and ¢ € H}(Q2). From (1.1) we see
that @ and ¢ satisfy the following equations:
(1.3) (V x4,V x v) — k*(1,v) = (f,v)

for all v € Hy(curl; Q) N H(div’; Q),

(1.4) —k*(Vo,Vy) = (f, V)

for all ¢ € Hj(9).

Since ¢ can be obtained from the Poisson equation (1.4), we will
focus on (1.3), which will be referred to as the reduced time-harmonic
Maxwell (RTHM) equations. Under the assumption that k% is not a
Maxwell eigenvalue, the RTHM equations have a unique solution in
Hy(curl; Q) N H(div’; Q). Note that the strong form of the RTHM
equations is given by

(1.5) V x (V x @) — k*a = Qf,

where @ is the orthogonal projection operator from [Ly(2)]? onto the
space H(div’; Q). In particular, equation (1.5) implies that the scalar
function V x @ € H'(Q2) and

(1.6) IV x a|lg ) < Cakllfllz.@)-

Remark 1.1. The assumption that f € [Lo(Q2)]? is weaker than the
assumption f € H(div; Q) required for numerical schemes for the time-
harmonic Maxwell equations.

In this paper we introduce a numerical method for the RTHM equa-
tions using locally divergence-free Crouzeix-Raviart nonconforming P;
vector fields [9]. Note that a straight-forward discretization of (1.1)
using such nonconforming vector fields does not converge (cf. [15] page
200 and Table 7.2 below). Therefore a consistency term involving the
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jumps of the nonconforming vector fields across interelement bound-
aries is included in our discretization. We will show that the order of
convergence of our method is optimal (up to an arbitrarily small €)
in both the energy norm and the Ly norm, provided properly graded
meshes are used. In the spirit of [8], one can say that the results of this
paper rehabilitate nonconforming nodal finite elements for the Maxwell
equations.

The rest of the paper is organized as follows. We introduce the space
of locally divergence-free nonconforming P, vector fields in Section 2,
together with a description of the graded meshes necessary for recov-
ering the optimal convergence rates. The discretization of the RTHM
equations is given in Section 3, where an abstract discretization error
estimate is also derived. The choice of the grading parameters and
the convergence analysis of our method on graded meshes depend on
the nature of the singularities at the corners of €2, which is discussed in
Section 4. Section 5 contains four preliminary estimates for the conver-
gence analysis, which is carried out in Section 6. Results of numerical
experiments are reported in Section 7, followed by some concluding
remarks in Section 8.

2. LocALLy DIVERGENCE-FREE VECTOR FIELDS ON GRADED
MESHES

Let T, be a family of triangulations of (2. We define the space V}, of
locally divergence-free Crouzeix-Raviart nonconforming P; vector fields
[9] by

Vi ={v € [La(V)]?: vr = v‘T €[P(T))P and V-vp =0VT € Th,
v is continuous at the midpoints of the interior edges of 7},

and n X v = 0 at the midpoints of the edges of 7, along 992}.

Remark 2.1. For a simply connected €2, there exists a completely local
basis for V}, consisting of vector fields tangential to the edges of 7, and
vector fields representing rotations around the vertices of 7 [18, 10].
For a multiply connected domain, the basis of V}, involves vector fields
along cuts that reduce €2 to a simply connected domain, in addition to
local vector fields. The dimension of V}, is &~ (4/3) x (the number of
edges in 7) for a general polygonal domain €.

For any s > = there is a natural weak interpolation operator Il :
[H(T)]? — [Pl( )]? defined by

(2.1) (IIp€) (me,) for 1=1,2,3,
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where m,, is the midpoint of the edge e; of T'. It follows immediately
from (2.1) and Green’s theorem that

(2.2) /TV x (IIp€)dx = /TV x ¢ dx V¢ € [HY (TP,
(2.3) /TV - (Mpd)dz = /TV ¢dx V¢ € [HY (T

Furthermore, given s € (1/2,2], we have the following interpolation
error estimates [9]:

(24) 1€ = IrClpyery + BV |¢ — Myl gmineny gy < CohielC sy

for all ¢ € [H*(T)]?, where hy = diam T, and the positive constant C
depends on the minimum angle of 7' (and also on s when s is close to
1/2). Here and below we use C (with or without subscripts) to denote
a generic positive constant that can take different values at different
occurrences.

Since the solution @ of the RTHM Maxwell equations belongs to
[H?(£2)]? for some s > 1 (cf. [15] and Remark 4.1 below), we can define
a global interpolant of & by

(Hh'il,)T = HT'&T VT € 77”

where @7 = 4. It follows from (2.3) and V - & = 0 that II,& € V;.

In order to recover optimal order convergence for the finite element
method introduced in Section 3, the triangulation 7} is graded around
the corners cy,...,cy, of € so that

(2.5) hr =~ h®,(T) VT € T,
where h is the mesh parameter, yu = (p1, ..., ur), and
(2.6) ®,(T) = I}y |er — cp|' .

The point ¢y is the center of T and u, (1 < ¢ < L) is the grading
parameter at the corner c,, whose choice will be addressed in Section 4.
Observe that

(2.7) ®,(T)<1 VTET

To prevent the proliferation of constants, henceforth we also use
the notation A < B (or B 2 A) to represent the inequality A <
(constant) x B, where the positive constant is independent of the mesh
parameter h and the parameter € that appears in some of the elliptic
regularity estimates. The statement A ~ B is equivalent to A < B
and B < A.

The construction of 7;, that satisfies condition (2.5) is discussed for
example in [1, 4]. (A graded mesh on an L-shaped domain is depicted
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in Figure 2.1 where the grading parameter equals 1/3 at the re-entrant
corner and 1 at all the other corners.) Here we note that for a fixed

w= (p,--.,H4r1), the family 7y, is regular (i.e., it satisfies the minimum
angle condition) and that (2.5)—(2.7) in particular imply

(2.8) hr < h VT €Ty,

(2.9) hy =~ hYH#  if ¢ € OT.

FIGURE 2.1. A graded mesh on an L-shaped domain

3. DISCRETIZATION AND AN ABSTRACT ERROR ESTIMATE

Before we discretize (1.3), we first introduce some notation. The
piecewise curl of v € V}, is given by

(3.1) (Vaxv)|,=Vxvr VveV, TeT,

the set of the interior (resp. boundary) edges of 7 is denoted by &}
(resp. £9), and &, = & UEL. We use m, and |e| to denote the midpoint
and the length of an edge e respectively.

Let e € & be shared by the two triangles Ty, Ty € Ty, (cf. Figure 3.1)
and m; (resp. m3) be the unit normal of e pointing towards the outside
of Ty (resp. Tz). We define, on e,

(3.2a) [n x v] = ny x vp, |, +ny x vy |,

(3.2b) [n-v] =n;- vp |e +ny- 'sz|

For an edge e € &, we take n, to be the unit normal of e pointing
towards the outside of {2 and define
(3.3) [n x v] = n. x v|_.

The discrete problem for the RTHM equations is:
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N T

n;
n,

T

Fi1GURE 3.1. Triangles and normals in the definitions of
[n x v] and [n - v]

Find u; € V} such that
(34) ah(ﬁhv’v) = (fav) V'U S Vh7
where

an(w,v) = (Vi x w,Vj, x v) — k*(w, v)
(3.5) +Z[q)||]/[[n><w]][[n><v]]

[®u(e)
Z ] /[[n w][n - v]ds,

ect}
(3.6) (€)= Iy fee — me|'
Observe that, by comparing (2.6) and (3.6), we have
(3.7) P,(e)~®,(T) if ecCdT.

Remark 3.1. The term involving [n x w] [n x v] also appears in dis-
continuous Galerkin methods for the time-harmonic Maxwell equations
[16, 14]. However, its role here is to ensure the consistency of the scheme
(3.4) and there is no need for a penalty parameter.

We will measure the discretization error in terms of the norm || - ||n
defined by
[®u(e)]”
(38) l[vlls = [IVh x v[lZ ) + 0T, + D €] I x v]IIZ, )
e€ty
+ Z ||[[ )L,
ec&}

Observe that
(3.9) [0llzo@) < lvlln - Vo eVh
and ay(+, -) is bounded with respect to || - ||, i.e.,
(3.10) an(v,w) < (k* + D)]Jv[lnllwllx
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for all v, w € [Ho(curl; Q) N H(div’; Q)] + V,. Furthermore we have a
trivial Garding (in)equality:

(3.11) an(v,v) + (k* + 1)(v,v) = ||v|]}

for all v € [Hy(curl; Q) N H(div’; Q)] + Vj.
The following lemma provides an abstract discretization error esti-
mate under the assumption that (3.4) is solvable.

Lemma 3.2. Let & € Hy(curl; Q) N H(div°; Q) satisfy (1.3) and @, be
a solution of (3.4). It holds that

& — ln < (267 +3) inf |4 —vlly
veEV,

ah(ﬁ — iLh, ’lD)

(3.12) + max
weV;\{0} |lw]|n

+ (kz + 1)||u — ’lol,hHLz(Q).
Proof. From (3.9) and (3.11) we have

ah('U,'U) (’U,’U)_ max ah(’U,’UJ)
[v]ln [vlln ~ wevil{oy [lw]l

for all v € V4, \ {0}. It follows that

+(k*+1)

[v[ln = + (K +1)|v]]25(0)

ah(va ’LU)
weVy\{0} ||w|x

Let v € V}, be arbitrary. Using (3.9), (3.10) and (3.13) we find

(3.13) ||l < + (K + D)y Vv E Vh

|9 — tp||n < || — o[ + [J[v — Gnl[n
< il + max T Um®)
weVy\{0} ||’U.7||h

+ (K + Dlv — @l

< (K +3)li—vfp+ max 8 UnW)

weVi,\{0} |w||n
+ (K + 1)||e — | 1, @),
which implies (3.12). O

In what follows we consider & to be fixed and simply write (3.12) as

o . . ap(% — Up, w) ..
— < inf — — )
||t — g ]| Nvléth”’u v||h+wen‘1/3\>§0} Tl + [|% — Un || £,

Remark 3.3. The first term on the right-hand side of (3.12) measures
the approximation property of V3, with respect to the norm || - ||5. The
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second term measures the consistency error of the nonconforming dis-
cretization. The third term addresses the indefiniteness of the RTHM
equations.

4. SINGULARITIES OF THE RTHM EQUATIONS AND GRADING
PARAMETERS

Since Qf € [L2(R2)]? and V-u = 0, elliptic regularity and (1.5) imply
that

(4.1) @ € [H*(Qs)]%,

where ()5 is the domain obtained from €2 by excising d-neighborhoods
(cf. Figure 4.1) at the corners of €, and

(4.2) ]| zr2(5) < Csll Fll Lo

The regularity of & stated in (4.1) allows optimal approximation by the

FIGURE 4.1. Qs and Ny

piecewise P; vector fields in V}, away from the corners of (2. Therefore
the choices of the grading parameters p, for 1 < ¢ < L are determined
by the nature of the singularities of & at the corners of €). Details of
the discussion below can be found in [2, 7].

Let (r,0) be the polar coordinates at ¢, such that the two edges of
2 emanating from ¢, are given by § = 0 and 6 = wy, where wy is the
interior angle of €2 at ¢;, and

 itnfwe—1 |sin(f(m/we) — 1)6
(4.3) Yis(r,0) = 70T i o) — 1))

In the d-neighborhood (cf. Figure 4.1)
(4.4) Nes={z€Q: |z —¢| <}
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of ¢, in €2, we have a singular vector field representation for wu:

Je
(4.5) U=1p+ Y ket

j=1

The precise form of the representation (4.5) can be divided into sev-
eral cases. In the first case we have

(46)  J;=0 and dp=1wu€ [H (Np)® if w < g

where € is any positive number, and
(4.7) ||'&||H2—€(NL,;) < Cg7e|
In the second case we have

. = an UR € 0.5 i E<wg<7r.
(4.8) Jy=1 and [H?(Nys)]? if 5

Fllza@)-

Furthermore, it holds that

(4.9) 5e1] + 1Grl 2 s) < Cell £llzae)-
In the third case we have

3
(4.10) Jg=2 and Ug € [H(Nys)* if m<w < 5™

where € is any positive number, and

(4.11) ko1 + [Ke2| + |Ur|m2-c (v, 5) < Crell Fllza(0)-
In the final case we have
(4.12) Jo=3 and g€ [H*(Ny)® if g < wp < 2m,
and
(4.13) ke + [Ke2| + |Kes| + [|Urll a2, 5) < Coll Flla(0)-

In the first case where w, < 7, there is no need for a graded mesh
around ¢, and we can take pu, = 1. For the other three cases we take

e to be less than g i.e., the grading parameters p, for 1 < ¢ < L
satisfy

He = 1 if w, < ga
(4.14) o7 T
— i —.
27 2w We )
The key observation is that, for w, > 7, (4.3) and (4.14) imply

(4.15) Z /T lce — x|4(1_”£)|D2¢e,j|2 dzr < o0,

Teﬁu TCNZ,:;
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2
8%v. \2
where |D?*v|? = E ( : ) , because
= 8.’1)j61’k
1,5,k=1

1
/ pA=p) (2((7/w0)=3) o e« 0 if < i
o 2(4}15

Remark 4.1. The singular vector field representation (4.5) implies that
@ € [H*(Nys)]? for any s < . Therefore 4 belongs to [H*(2)]? for any
s < min<<r, - In particular we can choose s to be strictly greater
than %

Remark 4.2. In the case where w, > 7,
from well-known results [13, 11] for the singular vector fields 1), ; that
u € [H**(N,5)]* and, in view of (4.5) and (4.8)—(4.13), the following
regularity estimate is valid:

(4.16)

since 2pp < -, it follows

u

H2#e(Ny 5) ,S ||f||L2(Q)'

Remark 4.3. When w is larger than 7/2, the solution & does not belong
to H%(Nys) since m/w, < 2 (cf. Remark 4.1). This is the reason why
local refinement is required when w, > 7/2. Otherwise the results in
Lemma 5.2 and Lemma 6.5 will fail to hold, and the optimal error
estimates for the energy norm and the Ls norm in Theorem 6.6 are no
longer valid.

5. PRELIMINARY ESTIMATES

In this section we establish some preliminary estimates that are
needed for the convergence analysis in Section 6. We assume that
a positive § has been chosen. Let 7, be the set of the triangles of 7
that share the corner ¢, as a common vertex. Without loss of general-
ity, we may assume that h < 6 and hence T' € T, = T C N4, where
N, s is the neighborhood of ¢, defined in (4.4). We will use the notation

¢ =Ur, The and T = 75\ TF in the proofs of the first two lemmas.

Lemma 5.1. Let & € Hy(curl; Q)N H(div®; Q) be the solution of (1.3).
It holds that

(5.1)

U — |, ) < C€h27€||f||L2(Q) for any € > 0.

Proof. We can write

%2(9) = Z U HT'&”%Z(T) + Z |4 — HT'&”%Z(T)'
TET; TeTy

(5.2) ||& — Iyt
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We have, by (2.4) (with s = 2), (2.8), (4.1) and (4.2),
(5.3) > 1 = Trial7, ) S B FIIZ, )
TETHT¢Upey Neys
On the other hand, near a corner ¢, of 2 we can use (4.5) to obtain

Z 4 — Tpa|2, )

TETE, TCNy,s

(5.4) S > |lis - rial,

TeTE, TCNy,s

Ji
+ Z |f€z,j|2 ||¢Z,j — by |%2(T)]'
j=1

The estimates (2.4) (with s = 2 —€), (2.8), (4.7), (4.9), (4.11) and
(4.13) imply

(5.5) Z lir — Trtgl|7, 0y < Ch* (| FlI7,0)
T€T}, TCNys

for any € > 0.
Note that (2.5) and the regularity of 7, imply that

lce — | & |cp — x| VeeTeT and T C Ny,
and hence
(56) @, (T)~|c,—z|"™ VzeTeT; and T C Ngy.

Using (2.4) (with s = 2), (2.5), (4.15) and (5.6) we obtain the fol-
lowing estimate for the term involving the singular vector fields:

Z b ; — T, |%2(T) N Z h%“|¢£,j|i]’~’(T)

TEW,TCNL(; TE']Z,TCNL,;

(5.7) Rht Y [Bu(T) [y,

TG’EZ’., TCNg)g

2
H(T)

~ht Y lce — z[*C7#| D2, [ dz < bt

Teﬁ, TCNL(;

Combining (4.9), (4.11), (4.13), (5.3)—(5.5) and (5.7), we arrive at

(58) 3 i —Tral2, ) < Ci* | |3, forany ¢ >0.
TeT;:
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It remains to estimate the second term on the right-hand side of
(5.2). For the case where w, < 7, it follows from (2.4) (with s =2 —¢)
and (4.5)—(4.7) that

. . e . T
(5.9) Z [ — @), < Ch || fllT,@  if we< 3
T€Th,e

For the case where w, > %, since @ € [H?**(Q)]? (cf. Remark 4.2), we
obtain from (2.4) (with s = 2u,), (2.9) and (4.16) the estimate

(5.10) > =T,y S R FllTaw) ~ Bl
T€Th,e
if wy > 7/2. Combining (5.9) and (5.10), we have
(5.11) Z l|lo — HT'&H%z(Q) < C’eh4_€||f||%2(m for any € > 0.
TeTy?

The estimate (5.1) follows from (5.2), (5.8) and (5.11). O

Lemma 5.2. Let &4 € Hy(curl; Q)N H(div®; Q) be the solution of (1.3).
It holds that

®,(e)?, .. . e
(5.12) S 2O e malR, < CR I F

ecly |€|

for any € > 0, where [u — I u] is the jump of u — Ipu across the
interior edges of Tp, and [t — pa] = @ — II,4 on the boundary edges

of Th.

Proof. Let e € &, and T, be the set of the triangles in 7, having e as
an edge. We have

1, . .y .
(5.13) Hllﬂu — T 7,0 S D lel Ml — a7, .
TeTe

If T € T, belongs to T;}, we can use the trace theorem (with scaling)
and the Bramble-Hilbert lemma [3, 5] to obtain

(5.14) el = Tpa|7, ) S hp’lle — Tr@l|7, ) + |@ — Tpw|3 o
S & — T3 ).

If T € The and wy, < 7, then we have, by (2.4) (with s = 2—¢), (4.5)
and (4.6),

(5.15) e[ la — Myal|7, ) S hr’lle — T2, ) + & — Trdfi o
2(1—€) o
< Chi )luﬁI?—f(T)

for any € > 0.
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On the other hand, if T € T4, and w, > 7, we have, by the trace
theorem (with scahng) and (2.4) (with s = 2ug (cf. Remark 4.2)),

le] i — HT'&||2Lg(e) S hp?lla — HT,&”%Q(T)
2(min(2p,1)—1)| o o
(5.16) + hT( (2p0,1) )|u — HTu|2Hmin(2“Z’l)(T)

S B ]y oy

It follows from (3.7) and (5.13)—(5.16) that

[<I> . .
Y II[[U — ]|, )

e€&y
<c{2[<1> )Pl — Tl
TET;
2 1—¢)
(5.17) + 3 > [@u(MPR iy
we<Z TE€The
2 1
+ > D @U@V |HW(T)}
we> TG’ELZ

for an € > 0. As in the proof of Lemma 5.1, the three terms on the
right-hand side of (5.17) can be analyzed as follows.
We can write the first term as

D [@u(T)Plt — Tyl 3y o)

TeT,
(5.18) = Y [®u(D)P i — Tl gy
TeTT¢Up_1 Ne,s
+ > Bl — Tyt -
TeTHTCUf_y Nes

It follows from (2.4) (with s = 2), (2.5), (2.7), (2.8), (4.1) and (4.2)
that

(5.19) Y. [Bu(DPld - Tl S Bl

TeT T Ugeq Neys

Near a corner ¢, of €2, we can use (4.5) to obtain

Y [RuDPld — Trdff gy

TE'];:',TCNA(;
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(5.20) S Y [@uDP ik~ Tyl

TeTTCNys

Je
+ Z |"‘6£,j|2 We,j - HT"’bl,j %Il(T)] .
j=1

From (2.4) (with s =2 —¢), (2.5), (2.7), (4.7), (4.9), (4.11), (4.13), we
have

(5.21) Z [®,(T)itr — Tptg|fn iy S Ch* || £12, )
TET,TCNes

Furthermore, (2.4) (with s = 2) and the arguments in the derivation

of (5.7) imply that

Z [(I)u(T)]QWZ,j - HT'wbl,jﬁ“{l(T)

TeT;, TCNy,s

(5.22) S Y BuDPREI, e

TET},TCNg,s
~ h? Z [‘I)H(T)]4|¢e,j|%{2(T) S h?.
TeT;TCNy,s

Combining (4.7), (4.9), (4.11), (4.13), and (5.18)—(5.22), we arrive
at the estimate

(5.23) D [Bu(D)Plie — Trit[3a iy < Ch”|| £ 1170
TET}
for any € > 0.

Next we bound the second term on the right-hand side of (5.17)
using the estimates (2.7), (2 8) and (4.5)—-(4.7):

21 e €
G24) DN @R Ny < CRI 13,0
w5 T€Th e

for any € > 0.
Finally we derive from (2.5), (2.9) and (4.16) the following estimate
for the third term on the right-hand side of (5.17):

(5.25) Z Z [@,( ]h (Bre l)l |H2Me(T)

we> T€Th,e
— 4 o
I Z Z h thﬂe|U|iI2M(T) §h2||f||%2(§2)
wz>%TE77z,£

The estimate (5.12) follows from (5.17) and (5.23)—(5.25). O
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Lemma 5.3. It holds that
> el [@u() %I = e 7o) S Pllingy — ¥n e H'(Q),

e€€y

where
.26 ’I] ’l]d.’l]'
Te |T | ]

is the mean of n over T, one of the triangles in Ty that has e as an
edge.

Proof. This is the consequence of (2.5), (3.7), the trace theorem (with
scaling) and a standard interpolation error estimate [6, 5]

> el [@,(e)]7lIn — iy,
e€ely
S [ @u(MN 2 (Iln =

ey

N Z[‘I’ T))7%h3 |77|%{1(Te) N h2|77|§11(9)-

ecly

Lz(e)

L2(Te) + hT|77 ,r]Te|H1(Te )

O
Recall that @ is the orthogonal projection from Ly(Q) onto H (div’; Q).
Lemma 5.4. The following estimate is valid:
(5.27) [[v—Qv||r,) S hllvlln Vo € [Ho(curl; Q) N H(div%; Q)] + V.

Proof. Let v € [Hy(curl; Q) N H(div®; Q)] + V4, be arbitrary. Since
v — Qu belongs to VH (), the orthogonal complement of H(div’; ()
in [Ly(9)]?, we have by duality

v —Qv,Vn
(5.28) lo—Qullyey = sup 2@V
nemy@\oy  1Vnllz.()
(v, Vi)

=  sup =
nemt@©\fo} | VllLa9)

Let n € H}(Q) be arbitrary. Since V-v = 0 on each triangle T' € Ty,
we find using integration by parts and the fact that 77| aq — 0 and on
each e € & the jump [n-v] is a linear polynomial that vanishes at the

midpoint,
(v,Vn) = Z / v-Vndz

TET,
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(5.29) =) / nn - v] ds

eef,'i
—Z/n i, )n - o] ds,
eez‘,‘l

where 7, is defined in (5.26). It then follows from the Cauchy-Schwarz
inequality, (3.8) and Lemma 5.3 that

1/2
(0,V0) < [ Y2 1ell@u(@]?lIn = 7 12,00
66.5'Z
[<1> 1/2
(5.30) [ X - ol ]
ES’
< bl @ 1ol = h||V77||L2(n)||’v||h-
The estimate (5.27) follows from (5.28) and (5.30). O

6. CONVERGENCE ANALYSIS

In this section, following the approach of Schatz for indefinite prob-
lems [17], we prove the well-posedness of the discrete problem (3.4) and
estimate the discretization errors. We begin with three lemmas that
provide estimates for the three terms on the right-hand side of (3.12).

Lemma 6.1. Let & € Hy(curl; Q)N H(div’; Q) be the solution of (1.3).
It holds that

(6.1) inf [|é — vllp < [l& — Madeln < Ch™ | Fll1a(e)
veEV,
for any € > 0.

Proof. According to (3.8), we have

14 — Tyisl[; = ||vh x (@ — M) |7, ) + |8 — Tatel[7, )

(6.2 £y BulaF ]2 N x (i — )]

ec&y

n Z [(I) |||[n . (’lol, — Hhﬁ)]]H%z(e)'

GS’

The second term on the right-hand side of (6.2) has been estimated
in Lemma 5.1, and the third and fourth terms can be estimated using
Lemma 5.2. Therefore it only remains to estimate the first term.
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Observe that (2.2) implies
(6.3) Vi x (@) = TY(V x @),

where II9 is the orthogonal projection from Ly({2) onto the space of
piecewise constant functions with respect to 7. It then follows from
(1.6), (2.8), (6.3) and a standard interpolation error estimate [6, 5] that

(6.4) IVh % (& — Iat) L) = IV x & — IL(V x @)L, (q
S h|V X '&ﬁ{l(n) S h2||f||%2(n)-
The estimate (6.1) follows from (6.2), (6.4) and Lemmas 5.1-5.2. O

Lemma 6.2. Let @ € Ho(curl; Q) N H(div%; Q) be the solution of (1.3)
and uy, € Vy, satisfy (3.4). It holds that

ah('il — ﬂh, ’lU)
weV,\{0} ||’I.U||h

(6.5) < Ch £l Lo()-

Proof. Let w € V}, be arbitrary. We have, by (1.5), (3.2), (3.3), (3.5)
and integration by parts,

6.6)  an(is,w) = Z/vXu(va)dx—k2(u w)

T€Th
= (Qf,w +Z/V><u[[n><w]]ds
e€ly
Subtracting (3.4) from (6.6), we find

6.7)  ap(tt — ap, w) = (Qf — f,w Z/qu [n x w]ds.

ec&y

The first term on the right-hand side of (6.7) can be estimated using
Lemma 5.4:

< [ Fllza@ QW — wl|ry) S Bl Fll L@ llw][s-

The second term can also be estimated by arguments similar to those
in the proof of Lemma 5.4. Since w is continuous at the midpoints, we
can write

Z/qu nxXw ds-Z/qu (V xa), ) x w]ds,

ecéy eely

where (V x @), is the mean of V x 4 on T, one of the triangles in
Tr, that has e as an edge. It then follows from (1.6), (3.8), the Cauchy-
Schwarz inequality and Lemma 5.3 that
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> [(V x@)[n x w]ds

e€&y €
. R 1/2
<[ X lell@u(@) 21V x @ — (V x @) 170 |
e€€y
[@,(e)) .
x [ 2l x

ecép
S AV xalmgllwlln S Al FllLa@llwlln,

which together with (6.7) and (6.8) completes the proof. O

Remark 6.3. The analysis carried out in Lemma 6.2 explains why the
straight-forward discretization

(69) (Vh X '&h,Vh X ’U) - kQ(i’zh,v) = (f,’U) YveV,

without the consistency term fails to converge (cf. [15] page 200 and
Table 7.2 below). Indeed, we can see from (5.29) and (6.7) that both
[n - w] and [n x w] appear naturally in the consistency analysis of
the method. For the Poisson problem the jumps of nonconforming P,
functions can be controlled by the piecewise H! norm using the conti-
nuity at the midpoints. But for the Maxwell equations the piecewise
H (curl) norm is not strong enough to control [n-w] and [n x w], even
with the continuity of w at the midpoints.

Remark 6.4. Even though our analysis relies on the fact that || - ||
defined in (3.8) includes the normal jumps, it is still possible that a
discretization without the normal jumps would converge. For example,
we can replace the bilinear form ay(-,-) in (3.4) by the bilinear form

(6.10) an(w,v) = (Vi x w, Vi, x v) — k*(w, v)
+ Z [(I)‘LET)]Q /e[[n x w] [n x v]ds.

ec&y

The resulting scheme in fact converges. Numerical results can be found
in Table 7.3 below, where the norm || - ||, is defined by

2 x 1)

(6.11) JJolli = [[Va x vl[7,@) + [0l Z,@) + D

e€&y

But we will not analyze this scheme in the current paper.
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Lemma 6.5. Let @ € Hoy(curl; Q)N H(div®; Q) be the solution of (1.3)
and uy, € Vy, satisfy (3.4). It holds that
(6.12) 1% — dnllzo) < Ce(h* I fllzo(@) + A" 1% — @alln)
for any e > 0.

Proof. We will establish (6.12) by a duality argument.
Let 2 € Hy(curl; Q) N H(div’; Q) satisfy the RTHM equations

(Vxv,Vx2)—k*(v,2) = (v,4—%,) Vo € Ho(curl; Q)NH(div%; Q),
which can also be written as

(6.13)  an(v,2) = (v,4—4,) Vo € Hy(curl; Q) N H(div’; Q).
The strong form of (6.13) is

(6.14) V x(Vx2)—k*%2=Q(t — )

and we have the following analog of (1.6):

(6.15) 'V x 2[m) S % — | L,0)-
From (6.13) we have
(6.16) (i, @ — ) = an(d, 2).

On the other hand, it follows form (6.14) and integration by parts that
the following analog of (6.6) holds:

(6.17)  an(itn, 2) = (in, Q(&r — wn)) + Y [ (V x £)[n x i3] ds.

ee&y €

Combining (6.16) and (6.17), we find

[ — @nll?, ) = (&, & — @n) — (@n, & — @p)

(618) = ah('& - il,h, ,%) - (’l(jl,h, (I — Q)(’fb — ’lol,h))
+> /(v x %)[n x @] ds.
e€€y €
We will estimate the three terms on the right-hand side of (6.18) sep-
arately.

We can write the first term as
(619) ah('& — ﬁh, ,%) = ah('& — ’l(:l,h, z— Hh%) + ah('il — ’&h, Hh%),

and from (3.10) and Lemma 6.1 (applied to 2z) we immediately have
the following estimate:

(6.20) ah('&—'&h,%—ﬂhé) S C||ﬁ—ﬁh||h||2—ﬂh2”h

< Ch' || — up|n]| — Gn |y (0)-
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From (6.7) we can rewrite the second term on the right-hand side of
(6.19) as

(6.21) ap(tt—1t, 1T,2) = (QF — £,2)+ > [ (V x@t)[n x 2] ds.

e€p €

Since 2 € H(div";Q), we have Q2% = % and, by Lemma 5.1 (applied
to 2),
(QF — f,1x2) = (f, Qllxz — 1;,2)
(6.22) = (f,Q(Ix2 — 2) — (2 — %))
SN Fllza@ Mk Z = £[| Ly
< N Fllza(@) (Ceh®<Nli — tun | oo -

We can rewrite the second term on the right-hand side of (6.21) using
the notation introduced in (5.26):

Z/(v x @)n x Mzlds = [ (Vxa—(Vxa)y,)[nxz]ds

ecly e€&y €

=) [ (Vxa—(Vxa)g,)[nx (Mz - 2)]ds,

eely €

since m X II2 is continuous at the midpoint of any edge e € &; and
vanishes at the midpoint of any edge e € £?, and [n x 2] = 0. It then
follows from the Cauchy-Schwarz inequality, (1.6), Lemma 5.2 (applied
to z) and Lemma 5.3 that

> [(V xa)[n x Ty2] ds

ec&p v €
< [ llle @ 29 - (T g )
(6.23) " [Z [¢7£T)] 1,5 %]]”%2(6)]1/2

eely
< Ce(hV x |gey) (B[ % — | £,(e))
< || f || ooyl — Bl
Combining (6.19)—(6.23) we find

(6.24) ap(d—bp, 2) < Co(h*~°|| fll o) +h' | a—tn|n) |&—Bn| o 0)-
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Next we estimate the second term on the right-hand side of (6.18)
by Lemma 5.4:

(6.25)  —(tn, (I — Q)(w —un)) = (& — s, (I — Q)(© — up))
< Ol — | o) (Pl|% — ),

where we have used the fact that (I — Q)u = 0.

Finally we estimate the third term on the right-hand side of (6.18).
Since n X y, is continuous at the midpoints of the interior edges and
vanishes at the midpoints of the boundary edges, and [n x u] = 0, we
can write, following the notation in (5.26),

Z/sz[[nxuh]]ds

e€&y

— (Vxz—(Vx2))[nxdn]ds
= (Vx2—(Vx2))[nx(4,—a)]ds.

Using the Cauchy-Schwarz inequality, (3.8), (6.15) and Lemma 5.3 (ap-
plied to 2), we obtain

Z/sz[[nxuh]]

e€e&y

< [Z lel[@u(e)] 2V x & — (V x %)Telligoe)]l/2

e€lp
(6.26) <[3 Bt ey g — a )

< Ch|V x z|H1(Q)||Uh - U”h

< Chl|t — || y() | % — |-
The estimate (6.12) follows from (6.18) and (6.24)—(6.26). O
We are now ready to prove the main result of this paper.

Theorem 6.6. There exists a positive number h, such that the discrete
problem (3.4) is uniquely solvable for all h < h,, in which case the
following discretization error estimates are valid:

(6.27) i = iwnlln < Ch | Flra@  for any >0,
(628) |l — whllpaie) < Ch* (| flliaiey  for any > 0.
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Proof. Assuming u,, satisfies (3.4), it follows from (3.12) and Lem-
mas 6.1, 6.2 and 6.5 that

(6.29) ||@ — plln < Ch' (|| fllzo@) + ||& — @nl|n) for any € > 0.

By choosing an €, > 0, we deduce from (6.29) that, for h < h, =
1/(2C, )"0,

[ — @unln < Ce, b7 (
S Ce*hl_e*

|l o) + [l — @nl|n)
FllLa@) + Ce by ™

. 1
< Co (| fllLage) + §||u — Un||n,

U — Upl|n

and hence

(6.30) i — dualln < 2 B | ]l age-

Therefore, any solution 2z, € V}, of the homogeneous discrete problem
(6.31) ap(2p,v) =0 Vv eV,

which corresponds to the special case where f = 0 = 2, will satisfy the
following special case of (6.30):

|Znlln < 0.

Hence the only solution of (6.31) is the trivial solution and the discrete
problem (3.4) is uniquely solvable for h < h,.

The energy error estimate (6.27) now follows from (6.29) and (6.30),
and the L error estimate (6.28) follows from Lemma 6.5 and (6.27). O

7. NUMERICAL EXPERIMENTS

In this section we report the results of several numerical experiments
that corroborate our theoretical results. Besides the Ly error ||u —
Up||L,(0) and the energy error ||@ — ||, we have also computed the
error in the | - |cyn semi-norm defined by

Vlewrt = [V X 0| Ly0)-
In the first experiment we check the convergence behavior of our

numerical scheme (3.4) on the square (0,0.5)® with uniform meshes,
where the exact solution is

(7.1) u = [y(y — 0.5) sin(ky), z(x — 0.5) cos(kx)]

for K =0, 1, 10 and 20. The results are tabulated in Table 7.1. They
agree with the estimates (6.27) and (6.28). Observe also that finer
meshes are needed for computing satisfactory approximate solutions
when the wave numbers become larger.
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TABLE 7.1. Convergence of the scheme (3.4) on the
square (0,0.5)? with uniform meshes and exact solution

23

u given by (7.1)
h W order [t = tn]n order [% — @ Jcun order
%]z (0 []n | cun
k=0
1/10 4.28e¢—02 - 2.89e—01 — 1.70e—01 —
1/20 9.68e—03 2.15 | 1.42e—01 | 1.02 8.52e—02 1.00
1/40 2.29e—03 2.08 | 7.05e—02 | 1.01 | 4.25e—02 | 1.00
1/80 5.56e—04 2.04 | 3.50e—02 | 1.00 | 2.12e—02 | 1.00
k=1
1/10 3.83e—02 — 2.70e—01 — 1.64e—01 —
1/20 8.64e—03 2.15 | 1.33e—01 | 1.02 8.14e—02 1.00
1/40 2.04e—03 2.08 | 6.60e—02 | 1.01 | 4.09e—02 | 1.00
1/80 4.95e—04 2.04 | 3.29e—02 | 1.01 2.05e—02 1.00
k=10
1/10 3.69e—01 — 8.41e—01 — 4.07e—01 —
1/20 5.30e—02 2.80 | 3.46e—01 | 1.28 | 1.98¢e—01 | 1.04
1/40 1.13e—02 2.23 | 1.67e—01 | 1.05 9.89e—02 1.00
1/80 2.68e—03 2.08 | 8.27e—02 | 1.02 | 4.93e—02 | 1.00
k=20
1/10 1.20e+02 — 1.14e+02 — 3.28e+01 —
1/20 2.59e—01 — 5.95e—01 — 3.51e—01 —
1/40 6.49e—02 1.99 | 2.59e—01 | 1.20 1.59e—01 1.14
1/80 1.85e—02 1.81 | 1.25e—01 | 1.05 | 7.60e—02 | 1.06

In the second experiment we check the behavior of the scheme (6.9)
that does not have the consistency term. The results in Table 7.2
confirm that this scheme does not converge.

TABLE 7.2. Lack of convergence of the scheme (6.9) on
the square (0, 0.5)? with uniform meshes and exact solu-

tion @ given by (7.1) with k =1

h —||u — ]| ,(0) order [t — tnleun order
”ﬁ”Lz(Q) |ﬁ|curl
1/10 3.06e+01 — 4.76e—01 —
1/20 3.07e+01 0.00 | 4.61e—01 | 0.04
1/40 3.07e+01 0.00 | 4.58e—01 | 0.01
1/80 3.07e+01 0.00 | 4.56e—01 | 0.00
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In the third experiment we test the convergence of the scheme (3.4)
with the bilinear form ay(+, ) replaced by the bilinear form ap(-,-) de-
fined in (6.10). Comparing Table 7.1 and Table 7.3 (where || - || is
defined by (6.11)), we see that this scheme converges but it does not
perform as well as the original scheme.

TABLE 7.3. Convergence of the scheme without the nor-
mal jumps on the square (0,0.5)% with uniform meshes
and exact solution u given by (7.1) with k = 1

h —||u _ Ul o) order e — anln _ Up[|n order [ — b foun _ U cur order
”u”Lz(Q) |||U|||h |u|curl
1/10 9.84e—02 3.31e—01 1.53e—01

1/20 2.37e—02 2.05 | 1.63e—01 | 1.02 | 7.65e—02 | 1.00
1/40 5.85e—03 2.02 | 8.11e—-02 | 1.01 | 3.83e—02 | 1.00
1/80 1.45e—03 2.01 | 4.05e—02 | 1.00 | 1.91e—02 | 1.00

In the fourth experiment we apply our method to a problem on
(0,0.5)% with k¥ = 1 and where the right-hand side f is given by

(0,1) x> 0.25, y>0.25
) (1,1 x <025, y>0.25

(7.2) F@y) =93 C11) z<025 y<025 °
(1,0) z>0.25, y<0.25

The convergence rates in Ly({2), computed by subtracting the numeri-
cal solutions from consecutive grids (h = 1/10, 1/20, 1/40 and 1/80),
are reported in Table 7.4. They agree with the estimate (6.28).

TABLE 7.4. L, convergence of the scheme (3.4) on
(0,0.5)% with k = 1 for the piecewise constant right-hand
side f given by (7.2)

||il/h—’£l/h/2||L2(Q) 5.4221e—04 | 1.2497e—04 | 2.9973e—05
order — 2.12 2.06

Since our numerical scheme is designed for the reduced time-harmonic
Maxwell equation (1.5), its performance should not be affected by
the addition to the right-hand side of a gradient term VG where
G € H}(Q). In the fifth experiment we add VG, where

(7.3) G(z,y) = zy(z — 0.5)(y — 0.5) sin(z + y),
to the right-hand side
(7.4) f=Vx(Vxua)—u
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of the problem in the first experiment (with k¥ = 1) and compare their
performance. The results are reported in Table 7.5, which demonstrate

that indeed the performance of our method does not change if terms
from VH}(Q) are added to the right-hand side.

TABLE 7.5. Comparison of the performance of the
scheme (3.4) on (0,0.5)? with k = 1 for the right-hand
sides f and f 4+ VG, where f is given by (7.4) and G is
given by (7.3)

h rths = f

l|l© — @n|| ()

ths = f+ VG

1/10
1/20
1/40
1/80

0.00087267620454
0.00019666340210
0.00004658328299
0.00001133188254

0.00087256448490
0.00019665421702
0.00004658320683
0.00001133212653

|t — iy

1

1/10
1/20
1/40
1/80

0.03990964283043
0.01966030958140
0.00975737119215
0.00486057731557

0.03991029627634
0.01966043731358
0.00975742801172
0.00486060921228

In the final experiment we check the convergence behavior of our
scheme on the L-shaped domain (—0.5,0.5)% \ [0,0.5]% with corners
(0.5,0), (0,0), (0,0.5), (—0.5,0.5), (—0.5,—0.5) and (0.5,—0.5). We
take k£ = 1 and the exact solution is chosen to be
(7.5) u =V X <r2/3 cos <20 — E)qﬁ(r/o 5))

' N 37 3 )

where (r,60) are the polar coordinates at the origin and the cut-off
function is given by

1 r <0.25
o(r) = —16(r — 0.75)3
x [54 15(r — 0.75) + 12(r — 0.75)%]  0.25 <r < 0.75
0 r>0.75

The meshes are graded around the re-entrant corner with the grading
parameter equal to 1/3. The results are tabulated in Table 7.6 and
they agree with the estimates (6.27) and (6.28).
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TABLE 7.6. Convergence of the scheme (3.4) with
graded meshes on the L-shaped domain (—0.5,0.5)% \
[0,0.5]? with k = 1 and exact solution @ given by (7.5)

h —||'u, _ il o) order Il — nlln _ Un|n order [ — by feun _ U cur order
”u“Lz(Q) ||u||h |u|curl
1/4 1.44e+02 — 1.88e+01 — 7.77e—00 —

1/8 3.81e+01 1.92 | 7.39e—00 | 1.35 | 4.41e—00 | 0.82
1/16 3.35e—00 3.50 | 2.24e—00 | 1.73 | 7.87e—01 | 2.49
1/32 6.88e—01 2.28 | 1.09e—00 | 1.03 | 4.34e—01 | 0.86
1/64 1.51e—01 2.18 | 5.51e—01 | 0.99 | 2.34e—01 | 0.90

8. CONCLUDING REMARKS

We have presented a nonconforming nodal finite element method
for the two-dimensional (reduced) time-harmonic Maxwell equations.
Even though we have only discussed the perfectly conducting boundary
condition, the scheme can be readily generalized to other boundary
conditions (such as the impedance boundary condition [15]). However,
the regularity of the solution and the error analysis of the scheme on
graded meshes are then more involved and will be addressed elsewhere.

This method can be adapted for time-harmonic Maxwell equations
in axisymmetric domains in three dimensions. It can also be extended
to general three-dimensional domains, where the construction of the
locally-divergence basis is more complicated (cf. Section 9.3 of [10]).

Since our scheme computes approximations to vector fields in the
space Hy(curl; Q)N H(div’; Q) that is responsible for the determination
of Maxwell eigenvalues under the perfectly conducting boundary condi-
tion, it is also suitable for the computation of Maxwell eigenvalues. We
have observed in preliminary numerical tests that the eigenvalues of the
discrete operator converge to the Maxwell eigenvalues and there are no
spurious eigenvalues. But the theoretical justification of the observed
clean convergence may require more than the analysis of the source
problem developed in this paper. One can also take advantage of the
theory of fast solvers for nodal nonconforming finite element methods
to design fast solvers for the scheme (3.4), or the theory of error es-
timators for nodal nonconforming finite elements to develop adaptive
versions of (3.4). These topics will be treated in our ongoing projects.

More importantly, our work in this paper shows that it is possible
to design convergent nonconforming nodal finite element methods for
electromagnetism. We expect that other new methods in this direction
will be discovered.
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