
HW2: Finite Element Analysis

Due 10am on Feb 28, 2014

1. Application of Lax-Milgram Theorem. Consider the following variational problem: look
for u(x) ∈ H1

0 (0, 1) that satisfies

a(u, v) = (f, v) ∀v(x) ∈ H1
0 (0, 1), (1)

where

a(u, v) =

∫ 1

0
p(x)u′(x)v′(x) + r(x)u′(x)v(x) + q(x)u(x)v(x)dx. (2)

Here r(x) = 2, p(x) ≥ β0 > 0, q(x) ≥ 0, p(x), q(x) ≤ β, and f(x) ∈ L2(0, 1). Both constants
β0 and β are positive and finite.

(1.a) Based on Lax-Milgram theorem, prove the existence and uniqueness of the solution u.
You are required to carry out your analysis with the Hilbert space H1

0 (0, 1) with the H1

norm || · ||H1(0,1) (not the semi-H1 norm | · |H1(0,1)).

(1.b) Note that as long as r(x) is a constant, your analysis in (1.a) will hold. Please generalize
the assumption on r(x) so that the Lax-Milgram theorem can still be applied. For your
generalization, please particularly verify the coercivity of a(·, ·).

2. Error estimate. Consider the variational problem (1)-(2) for which all the conditions in Lax-
Milgram theorem are satisfied. With VN = {v : v =

∑N
k=1 ck sin(kπx), ck ∈ R, 1 ≤ k ≤ N}, a

numerical method can be defined as follows: look for UN (x) ∈ VN that satisfies

a(UN , v) = (f, v) ∀v(x) ∈ VN . (3)

Prove that

||u− UN ||H1(0,1) ≤
M

α
min
v∈VN

||u− v||H1(0,1),

where M and α are the positive constants in the boundedness and coercivity of a(·, ·), respec-
tively. (You do need to ensure that VN is a linear subspace of V .)

3. Weak derivative. What is the k-th order weak derivative of f(x) = exp(|x|), with k =
1, 2, · · · ? Provide some reason /argument to support your answer.

4. A variant of Friedrichs’s inequality. Let C1([a, b]) = {v : both v, v′ are continuous on [a, b]}.
Prove

||v||L2([a,b]) ≤ C
(
|v̄|+ |v|H1([a,b])

)
, ∀v ∈ C1([a, b]). (4)

Here v̄ is the average of v over [a, b], namely, v̄ = 1
b−a

∫ b
a v(y)dy. C is a finite and positive

constant, independent of v ∈ C1([a, b]), and depending on a, b.

From (4), one can further show the following, which will be used later in this course, but are not required to
prove for this homework.

• The inequality (4) holds for all v ∈ H1([a, b]).

• With the same constant C, one has

||v||L2([a,b]) ≤ C|v|H1([a,b]), ∀v ∈ V = {v ∈ H1([a, b]), v̄ = 0}. (5)


