
HW1: Finite Element Analysis

Due 10am on Feb 7, 2014

1. Consider the following two-point boundary value problem:

(D)

{
−(p(x)u′(x))′ + q(x)u(x) = f(x) x ∈ (0, 1)
u(0) = u(1) = 0

where f(x), p(x), q(x) are given smooth functions and p(x) > 0, q(x) ≥ 0. Suppose we know
(D) has a unique solution which is smooth.

(a) Show that the solution u(x) to (D) satisfies the following variational/weak formulation:
look for u(x) ∈W such that

(V) a(u, v) = (f, v) ∀v(x) ∈W.

Here W = {v(x) : v(x) is continuous on (0, 1), and v′(x)

is piecewise continuous and bounded, v(0) = v(1) = 0},

a(u, v) =

∫ 1

0
p(x)u′(x)v′(x)dx+

∫ 1

0
q(x)u(x)v(x)dx,

and

(f, v) =

∫ 1

0
f(x)v(x)dx.

(b) Now we want to formulate a FEM for (V). Given a partition of (0, 1): 0 = x0 < x1 <
· · · < xj−1 < xj < · · · < xN < xN+1 = 1, and let Ij = [xj−1, xj ], hj = xj − xj−1 and
h = maxj hj . We further define a finite element approximation space as

Wh = {v(x) ∈W : v(x)|Ij is linear, ∀j}.

A FEM for solving (V) can then be formulated as follows: look for Uh(x) ∈ Wh, such
that

a(Uh, V ) = (f, V ) ∀V (x) ∈Wh. (1)

If Uh(x) =
∑N

j=1 cjφj(x) with the piecewise linear hat function φj(x) as the basis func-
tion, then the FEM formulation can be rewritten into the following algebraic system:

Ac = F, (2)

with A = (aij) ∈ RN×N , c = [c1, · · · , cN ]T ∈ RN and F = [(f, φ1), · · · , (f, φN )]T ∈ RN .

• Write down the formula for aij in terms of p(x), q(x) and {φj(x)}Nj=1.

• Show that A is symmetric positive definite.

• If both U1
h , U

2
h ∈ Wh are finite element solutions to (1), show that U1

h = U2
h . This

implies that the finite element solution Uh ∈ Wh of (1) does not depend on the
choice of the basis for Wh.

Note: when you work on the proof, keep in mind that the coefficient function q(x) may
be zero.
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2. Write a computer code to compute the FEM approximation Uh(x) for u(x) as defined in 1.
In the computation, we use

• Parameters and the exact solution: p(x) = 3, q(x) = 2, and the exact solution is

u(x) = x(x− 1)(sin(5x) + 3ex).

You would need to derive the formula for the load function f(x).

• Mesh: nonuniform but structured meshes

hj =

{
0.9∆x, for odd j
1.1∆x, for even j,

with ∆x = 1
N+1 . We compute for N + 1 = 10, 20, 40, 80, 160, 320.

• Precision: double precision computation

• How to compute the errors and convergence orders:
(I) Let eh(x) = Uh(x)− u(x), then the error in L2 norm ||eh(·)||L2(0,1) can be computed
as

||eh(·)||L2([0,1]) :=

(∫ 1

0

(eh(x))2dx

)1/2

=

N+1∑
j=1

||eh(·)||2L2(Ij)

1/2

≈

N+1∑
j=1

M∑
m=1

(
eh(xj−1 +

hj
M
m)

)2
hj
M

1/2

,

the error in L∞ norm can be computed as

||eh(·)||L∞([0,1]) := max
x∈[0,1]

|eh(x)| = max
1≤j≤N+1

||eh(·)||L∞(Ij)

≈ max
1≤j≤N+1

[
max

1≤m≤M
|eh(xj−1 +

hj
M
m)|
]
,

and the error in the energy norm is defined as:

||eh(·)||h = ||e′h(·)||L2(0,1).

you can use M = 3 in your computation.

(II) the convergence order in L2 norm can be computed as

log
(
||eh(·)||L2([0,1])/||eh

2
(·)||L2([0,1])

)
log(2)

.

Similarly, you can compute the convergence order in L∞ norm and in the energy norm.

Notation: if Uh(x) is the numerical solution with ∆x = 1
N+1 , then Uh

2
(x) is the numerical

solution with ∆x = 1
2(N+1) .

Based on what you get from your computer code:

(a) Within one graph, plot the error function eh(x) for N = 10, 20, 40. In a separate graph,
present the semi-log plots of |eh(x)| for N = 10, 20, 40.

Note: The semi-log is in |eh(x)|, not in x. Moreover, eh(x) is defined everywhere in
(0, 1), you should sample several points per mesh element when plotting the error func-
tion.
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(b) Report the errors in L2 norm, L∞ norm, and the energy norm, as well as the respective
convergence orders for N + 1 = 10, 20, 40, 80, 160, 320. Please organize your data into a
table as illustrated in Table 1, and your data should be presented in the same format
as in Table 1. In addition, please report which linear solver you have used to solve the
linear system (2) (you are not required to write your own solver);

Note: the actual data in Table 1 is only for illustration and it is not related to our
problem here.

Table 1: Errors and convergence orders when p = · · · , q = · · · and u = · · ·

N + 1 ||eh(·)||L2([0,1]) Order ||eh(·)||L∞([0,1]) Order ||eh(·)||h Order

10 2.74E-01 -
20 9.04E-02 1.60
40 2.11E-02 2.10
80 4.99E-03 2.08
160 · · · · · ·
320 · · · · · ·

(c) Now suppose we are considering (D) with general boundary condition which includes
non-homogeneous boundary condition

u(0) = α, u(1) = β.

State what change need to make to

(c.1) the variational/weak formulation (V),

(c.2) to the FEM formulation,

(c.3) to the representation for Uh(x) in terms of {φj(x)}Nj=1, α, β, and

(c.4) to the matrix A and F in equation (2).

Modify your code to handle the case with general boundary condition. And test your
code when the exact solution u(x) = 4, x − 2, x2 − 3 respectively. For these three test
cases, report the errors in the energy norm, L2 norm, L∞ norm and the convergence
orders as in Table 1.

(d) (From the course syllabus) The report for a programming assignment should consist of

• Brief description of the problem

• Results such as data, graphs etc. Try to avoid attaching large set of data unless it is
really necessary.

• Discussion, comments, explanation and conclusion on your numerical observations. This
part is equally important as your computer codes and the data you collect, and it helps
with understanding concepts, algorithms, or other relevant issues not discussed during
lectures.

• Computer codes printouts, attached to the very end of your entire report. Program text
is expected to be well structured so others (at least from the same class) can read it
without much difficulty. Add extra comments if needed.
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