
Homework 4 due Thursday, December 15 at 5 PM.   Hard 
deadline.  

Final exam is on Wednesday, December 14 at 3 PM.  If you want 
to take it let me know by Tuesday, December 13 at 5 PM.  

Picking up on analyzing the various lifetimes associated 
to a Poisson point process.  First a technical device.  

In renewal theory, one often works with Stieltjes 
integrals of the form:

The contribution of each rectangle is now 

This definition makes sense provided g is piecewise 
continuous and F has bounded variation.  

Why this technical form of integration?  It allows the 
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Why this technical form of integration?  It allows the 
unification of both discrete and continuous components 
to renewal processes.  Often times, one wants to take a 
Stieltjes integral against a CDF of a random variable 
associated to the renewal process, and this random 
variable could have both discrete and continuous 
components, as we discussed.  

In particular, the general formula for computing the 
mean of a one-dimensional random variable, whether it's 
continuous, discrete, hybrid is:

And for discrete random variables, one can show that the 
Stieltjes integral recovers the discrete sum formula for 
the expectation of a discrete random variable.  

Now apply this to compute the means of the residual and 
current life for the Poisson point process with intensity 

Well, for the residual life, it's just exponentially 
distributed so we know its mean is 

For the current life:  
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For the current life:  

One can actually derive a useful integration by parts 
formula for expectation from this, that is not a Stieltjes 
integral anymore:

(general purpose formula for evaluating the mean of a 
nonnegative random variable in terms of its CDF).

Applying this to the current life of the Poisson point 
process, we get:
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(slight downward bias due to the cutoff of the current life 
at t).  

But at long times, we have:

So this implies for the total life:

This gives a Poisson paradox.  On the one hand, we know 
from CTMC theory that the mean time between 
successive incidents is 

So how can the mean of the total life, which also 
measure the time between successive incidents, be 
different?  

The resolution to the paradox is that the total life is doing 
a length-biased sample of the intervals between 
incidents.  A given time t is more likely to fall in a long 
interincident interval than a short one, so taking the 
expectation of the total life will give an average with an 
upward bias from an expectation where each 
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upward bias from an expectation where each 
interincident interval is given equal weight.  This is a 
special (and most famous) case where a subtlety arises 
because the sampling process from observation may not 
correspond to the theoretical sampling that one may 
intend.  

Now we move on to more general theory for renewal 
processes. The explicit calculations we were able to do 
for Poisson point process don't work for more general 
renewal processes.  One instead applies the machinery of 
the renewal theorem to tackle more general renewal 
processes.  

Let's first cover some simpler general properties of 
renewal processes.

Central Limit Theorem for Renewal Processes

Reference:  Resnick Theorem 3.3.2, Karlin & Taylor 
Theorem 5.7.1

The counting process N(t) for an arbitrary renewal 
process with finite mean and variance for the 
interincident time T has the following behavior at long 
times.  

Law of Large Numbers for Renewal-Reward 
Processes

You can associate a random cost/reward to each 
incident:
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Actually, one can allow the cost/reward Ri to depend on 
the time interval since the last incident Ti+1.  

The Law of Large numbers for these says that if:

(Interesting application by John Fricks et al to describe 
the effective transport of a molecular motor model 
where the incidents correspond to binding events for the 
molecular motor, and the cost/reward corresponded to 
the displacement of the motor during one such step.)

Another variation on this law of large numbers is to 
associate a rate of accumulating cost or reward per unit 
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associate a rate of accumulating cost or reward per unit 
time I(t') , this rate is allowed to take different (iid) 
random values when an incident happens.

Cost/reward  

We allow the rate of reward/cost to be correlated with 
the length of time between incidents.  (not sure this 
correlation would arise practically).  

Renewal Argument

References:  Karlin and Taylor Secs 5.4, 5.5

First step analysis for renewal processes.  

Consider for example computing the average number of 
incidents that have occurred by a given time t (which 
need not be large). 
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This is just the law of total expectation, generalized to 
continuous time, partitioning on the value of the first 
incident time.  

Next examine the conditional expectation, and see if we 
can simplify it to set up a recursion.  

Substituting this into the law of total expectation, and 
changing to the M(t) notation, we get a recursive integral 
equation:

This is an example of what's called a renewal equation 
which occurs frequently in renewal process theory as 
well as other stochastic processes with recursive 
behavior that is continuous in time.  We'll discuss next 
time how to analyze them.  
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time how to analyze them.  
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