
Reference:  Karlin and Taylor, Sec. 5.9

Homework 3 is due Tuesday, November 29 at 2 PM

Homework 4 is due Wednesday, December 14 at 5 PM 
(absolute deadline).

To the Poisson counting process (which is a continuous-time 
Markov chain) which we discussed last time, there is associated 
a Poisson point process (which is not a  Markov chain, but 
rather a stochastic process in a complicated state space.)  It's 
better thought of as a special case of a renewal process which 
we will discuss more generally in a couple of lectures.

The Poisson point process is just the sequence of times at 
which the Poisson counting process changes state.  

If the Poisson counting process has transition rate λ then 
the associated Poisson point process is said to have 
intensity (or frequency or density)  λ.

The reason for this is that from the properties of the 
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The time intervals between successive Poisson points 
are independent, identically distributed random 
variables which are exponentially distributed with 
mean 1/λ.  

•

The reason for this is that from the properties of the 
Poisson counting process, we can infer:

The number of Poisson points in an interval of length 
t is given by a Poisson distribution with mean λt.  

•

The number of Poisson points in nonoverlapping time 
intervals is independent (follows from (strong) 
Markov property plus independence of Poisson 
counting process dynamics on current state)

•

Arrivals of demand on a queue•
Arrivals of cars at an intersection•
Arrivals of input signals (action potentials) to a neuron•
Or very broadly, the arrival of any sort of entity that is 
supposed to be arriving at some mean rate, but not in 
a organized fashion (more on this later)

•

Times at which claims are filed at an insurance 
company (apart from times of collective disaster)

•

Poisson point process is widely used in modeling, for 
example:

There is a way to define the Poisson point process in a 
way that doesn't make reference to the Poisson counting 
process, and allows it to be generalized to a 
multidimensional point process.  The definition we 
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multidimensional point process.  The definition we 
develop will be seen to be consistent with the definition 
we have used above for the special case when the 
parameter domain is one dimensional.  

The generalization of the Poisson point process is defined 
in terms of Poisson random measure

Random measures can be used to define any point 
process (that need not be Poisson) but we'll just focus on 
Poisson point processes.

Whenever 1.

A Poisson random measure is specified by the following 
two properties:

A (positive) intensity λ is prescribed and the mean of 
the random measure is declared to satisfy:

2.
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Defects in a material•
Vortices in a fluid•
Baseline for distribution of stars/galaxies•

This multidimensional extension of the Poisson point 
process allows one to model randomly distributed 
objects in space, such as:

N(A) has a Poisson distribution with mean 1.

What may be mysterious is that we haven't used the 
Poisson distribution to define the Poisson random 
measure.  It turns out that the two basic definitions we 
have given actually force the probability distribution to 
be Poisson.  In particular, one can establish the following 
properties of the Poisson point process from the 
definition of the Poisson random measure:

Given N(A), the Poisson points are uniformly distributed in 
A and are located independently of each other.

2.

Note that the Poisson point process solves the desire to 
put down a "uniform distribution" on an infinite domain 
in a mathematically sensible way.
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in a mathematically sensible way.

To actually generate the Poisson points on an infinite 
domain, one has to choose finite domains on which to 
focus.  For each finite domain, generate a Poisson 
random variable for the number of points in that domain, 
and then distribute those points uniformly in that 
domain by, for example, using a rejection method based 
on a rectangle that contains the finite domain.   
Sometimes it may be advantageous to tile a domain of 
interest with rectangles and use these rectangles as the 
finite domains used for generating the specific Poisson 
points.   Note independence of Poisson points in 
different domains.

Why does the Poisson distribution appear as the natural 
probability distribution for describing the most basic 
random point process?

To see why, let us define 

As a random variable with mean 

Describing the number of random points in a given 
region.
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region.

Based on the definition of the Poisson point process, this 
random variable has to have the following property:

For any 

This relationship, which is true for arbitrary partitions 

expresses a special property of infinite divisibility of a 
random variable.   It's true of a very small set of 
probability distributions, for example Gaussian 
distribution.  How can you tell whether a probability 
distribution is infinitely divisible?

Generating functions are a good way to look at this 
because infinite divisibility involves sums of independent 
random variables, and generating functions are good at 
that.

We'll use probability generating functions (but also works 
for characteristic and moment generating functions)
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for characteristic and moment generating functions)

For all 

The theory of infinitely divisible distributions is based on 
this relationship.  

We can check that the Poisson distribution satisfies this 
property.
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So we've seen that the probability distribution governing 
the number of Poisson points in a finite domain should 
satisfy the infinite divisibility constraint, and that the  
Poisson distribution does satisfy this constraint.  Are 
there other probability distributions that are also 
infinitely divisible?  

Gaussian is infinitely divisible, but can't have continuous 
probability distribution for a point process.

But there are some other discrete, infinitely divisible 
probability distributions, the most important of which is 
the compound Poisson distribution.

This is defined as the probability distribution of a random 
variable which can be constructed as follows:
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Standard Poisson distribution is the special case where 
Zj=1.  

We can check this is an infinitely divisible random 
variable by looking at its probability generating function:

So if 
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So this gives a much broader class of probability 
distributions on the nonnegative integers that satisfies 
infinite divisibility.   What does this describe in a practical 
sense?

Suppose we took the Poisson point process previously 
defined, and to each Poisson point, we associated a 
cluster with a random number of elements with 
probability distribution given by the probability 
distribution of the Zj .  Moreover, each cluster size is 
independent of any other cluster size.  

The random measure corresponding to this 
"point/cluster process" would obey a compound Poisson 
distribution.    This would be potentially good application 
for when the incidents or arrivals happen in groups 
(number of passengers arriving on a road).  Or 
astrophysics?  

The Poisson distribution is really the only infinitely 
divisible probability distribution on nonnegative integers 
that is meaningfully associated to a normal point process.  
This is related to the Poisson limit theorem, which I'll 
mention next time.  
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