
Homework 3 due Tuesday, November 29

The derivation of the Kolmogorov backward equation from 
last time could be modified by instead starting from the 
Chapman-Kolmogorov equation and writing:

Then a similar argument would give the Kolmogorov 
forward equation:

Both the Kolmogorov forward equation and the 
Kolmogorov backward equation have the same solution 
for the probability transition function, which is formally:

Statistical Computation with Continuous-Time Markov Chains
Friday, November 18, 2011
2:02 PM

   Stochastic11 Page 1    



Exponentials of matrices are defined formally as Taylor 
series:

One should check convergence; this will certainly be true for finite 
matrices A or for infinite matrices with bounded spectrum (eigenvalues).  

So why discuss two different Kolmogorov equations?  The matrix 
exponential solution is only really useful when the matrix is finite becaues 
then there are efficient ways to actually evaluate the matrix exponential.

Normally, one does not do this with actually computing the Taylor series.
A better approach is to bring the matrix into Jordan canonical form:

For the case where the Jordan form is actually purely 

   Stochastic11 Page 2    



For the case where the Jordan form is actually purely 
diagonal, then the matrix exponential is really easy:

There are also optimized ways to compute matrix 
exponentials beyond this intuitive approach:

"Nineteen Dubious Ways to Compute the Exponential of 
a Matrix, Twenty-Five Years Later,"  Clive Moler, Charles 
van Loan, SIAM Review 45, p. 3 (2003).  

In any case, one of these techniques will give a clean representation of the 
probability transition function from the transition rate matrix provided the 
number of states is finite and not too large to handle with a computer.

But for very large systems (biochemical reaction networks) and systems with 
infinite states, this formal matrix exponential solution has limited practical 
use.  

For these cases, one tends to stick with the Kolmogorov forward or the 
Kolmogorov backward equations themselves, and try to solve them either by 
analytical means (if the equations have simple enough structure) or 
numerically.  

From a technical standpoint, the Kolmogorov backward equation is easier to 
justify rigorously than the Kolmogorov forward equation.
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More importantly, the Kolmogorov backward and forward equations have 
more specific and separate meanings when we try to compute specific 
statistics, and not just the general probability transition (matrix) function.  
We'll show this now for how different statistics computed over a finite time 
horizon should be addressed by either the Kolmogorov forward or backward 
equation (but not interchangeably).  

Probability distribution for states at future times is governed by 
the Kolmogorov forward equation
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This is also called a Kolmogorov forward equation 
because it has the same structure.

Using the Kolmogorov backward equation here does not 
work!  

Note that if we cannot get the probability transition 
(matrix) function P(t) into some explicit analytical form, 
then this Kolmogorov forward equation for 
Will be much less computationally expensive than solving 
numerically for P and then multiplying by the initial 
probability distribution when the number of states is 
large (or infinite).

(Just like when you are solving linear systems like 
Ax=b, then the most efficient ways for doing this avoid 
inverting A.  

Expected future functions of the Markov chain 
are governed by the Kolmogorov backward 
equation

Where f is some function defined on the state space, 
describing some sort of value or whatever.  

This kind of calculation comes up in stochastic 
programming, for example applications where one is 
trying to determine how to position a financial portfolio, 
or for trying to understand animal behavior in terms of 
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or for trying to understand animal behavior in terms of 
"optimal foraging" strategies.  

Also called the Kolmogorov backward equation.  And just 
as before, it's easier to solve this computationally (and 
maybe even analytically) than to solve for the full 
probability transition (matrix) function.  
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probability transition (matrix) function.  

In practice, really the statistical object that one is 
computing has the form:  

Where T is a fixed final time.  (i.e., exercise time in finance).  This is 
also solved by the same Kolmogorov backward equation.  

Fundamental Example:  Poisson counting process

The Poisson counting process can be thought of as a 
birth-death process with:

Birth rate 

Death rate 
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Let's do some of the basic analysis by starting with the 
computation of the probability that after a time t, the 
Poisson counting process is in state j.
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How do we solve these equations?  The first one is easy:

One could solve the remaining equations by recursive 
brute force solution to linear differential equations, but 
this produces ugly iterated integrals to simplify.

An alternative is to use functional transforms, which are 
well designed for equations with constant coefficients 
and recursive structures.  One could attack this with 
probability generating functions, and that would work.  
But as an alternative, we'll instead use Laplace transform 
in time.  This will turn the differential recursion into a 
simple multiplicative recursion which is easy to solve.

Applying the Laplace transform to the equation:
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Therefore the Laplace transform of 
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By solving the multiplicative recursion.

• Look up in a table.
• General formula involves a contour integral 

(Bromwich contour)
• Use tricks to relate the Laplace transform formula to 

known Laplace transform formula.

How to invert this Laplace transform?

More examples of these kinds of calculations can be found in Karlin and 
Taylor Sec. 4.1.  

• The amount of time between transitions is a random time which is 
How can we interpret these results?  Two key observations:
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• The amount of time between transitions is a random time which is 
exponentially distributed with a mean 1/λ

• The number of transitions that occur up to a fixed time t is given by a 
Poisson distribution with mean λt

The second observation follows immediately from the formula for 
Recalling that the a random variable Y is said to have a Poisson distribution 
with mean 

To see the first observation, consider first T0, the time 
until the first transition.

Assuming that T0 is an absolutely continuously 
distributed random variable (which can be checked to be 
true), we can write:
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Differentiating with respect to t:

This is precisely the formula for the PDF for an 
exponentially distributed random variable with mean 1/λ

• If one were to start from any state j at any time s>0, 
one would compute in the same way that the 
probability distribution for the amount of time until 
the first transition after state j is given by the same 
exponential distribution with mean 1/λ.  (Actually one 
should just argue this by symmetries.)

• Then one appeals to the strong Markov property of 
the CTMC to argue that the result holds when the 
time s is replaced by a Markov time, namely the 
random time at which the transition to state j
occurred.

This conclusion can be extended by the following chain of 
arguments:  

From this one concludes that all times between 
successive state transitions, T0,T1,T2,… are independently 
(by strong Markov property) and identically distributed 
exponential random variables with mean 1/λ.  
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The reason the times between transitions are 
exponentially distributed is because that probability 
distribution is the only continuous memoryless one, and 
the Markov property requires that the probability 
distribution be memoryless.

This is shown in Karlin and Taylor theorem 4.2.2

Which just amounts from defining:  
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