
The fundamental object describing the dynamics 
of a CTMC (continuous-time Markov chain) is the 
probability transition (matrix) function:

(implicitly assuming time-homogeneity from here on)

But you don't model a CTMC by prescribing this whole 
function; that would be like modeling a DTMC by 
choosing all Pn.  By analogy, since the Markov property 
should allow us to propagate the evolution from a short 
time scale to multiples of that time scale, in continuous 
time, we expect to have to specify the behavior of the 
probability transition function over infinitesmally small 
time intervals t.  

To do this systematically, we start with the Chapman-
Kolmogorov equations which in continuous time read:

Now we will treat the probability transition function as a 
matrix object

Motivated by the idea that we can generate the 
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Motivated by the idea that we can generate the 
evolution over finite times by considering the evolution 
over an infinitesmally short time, we Taylor expand P(t) 
about t=0.  

P'(0) = A is called the transition rate matrix aka infinitesmal generator.  

This plays the fundamental role in defining a CTMC 
model, as we shall see.

What are the entries of the transition rate matrix:

Consider the off-diagonal terms first:

Notice that Aij describes the rate at which the Markov 
chain jumps from state I to state j.  It is not a probability!

As for the diagonal terms, we'll compute those by first 
recognizing that:
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Plug in the Taylor expansion:

For this equation to be true as 

We must have:  

So then:  

Is the total transition rate from 
state i.

Aij
-1 is the average amount of time it takes for the 

system to move from state i to state j if all other 
transitions out of state i were disabled.  

•

What do the entries of the transition rate matrix actually 
mean?  

    is the average time that the Markov chain spends in 
state i, with all possible exit channels active
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transitions out of state i were disabled.  

    is the average time that the Markov chain spends in 
state i, with all possible exit channels active

The reason for these statements about the transition 
rates will become clearer later; for now I'll just assert it 
as a quantity of modeling interest.

Define transition rates Aij for all states •
Complete the transition rate matrix by setting the 
diagonal elements as: 

•

Specify the initial probability distribution for the state 
of the CTMC 

•

As we shall also verify momentarily, to define a CTMC 
model, it suffices to:

That is, the dynamics of the CTMC are entirely encoded in the transition 
rate matrix.  There is a technical constraint on the transition rate matrix to 
have a well-defined CTMC for countable state Markov chains, and it is only 
to ensure that the Markov chain doesn't "blow up" in finite time.  (Karlin 
and Taylor Ch. 4)  

Examples:

Birth-death processes1)

          aggregate death rate

   aggregate birth rate
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Many useful models fall under this simple framework

Poisson counting processa)

What's interesting about this is the associated 
Poisson point process given by the times at 
which the Poisson counting process changes 
state.  It is the most common model used for a 
sequence of random times.

Queueing models (k servers, with no bound on the 
queue length)

b)

X(t) is the number of requests that are being actively 
serviced or awaiting service.  

Population modelsc)

Various models depending on assumptions on reproduction, 
competition, etc.

               (constant arrival rate)
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competition, etc.

Annoying side comment:  The model 

Violates the technical conditions for existence of CTMC.    
Obviously one should regularize the birth rate or increase 
the death rate at large populations to prevent possible 
finite-time explosion of population.

Atomic state transitionsa.
Conformational changes in biomolecules (Christof Schuette)b.
Climate transitionsc.

Finite-state CTMCs that don't necessarily have linear ordering2)

Biochemical and genetic regulatory networks.3)

Typically these involve a finite set of biomolecules or genetic 
factors of interest; call them abstractly I1,I2,...Ik

The state space for such a network would consist of 

Which is a set of integers describing how many of each 
type of biomolecule is in the cell (or system under 
consideration).  This is a large, but still countable state 

   Stochastic11 Page 6    



consideration).  This is a large, but still countable state 
space.  

For these systems, writing down the transition rate 
matrix directly would be onerous.  In fact the transition 
rate matrix would be very sparse; there are only a 
relatively few number of states that can be reached from 
any given state.  So what one does is to simply list all the 
processes that can cause the CTMC to change state; 
specify how that process changes state, and give its rate.  

So for the heat shock model example:  

The CTMC makes the following transition:

With rate 

And then write down a similar statement for every other 
possible reaction.  

It remains a challenge to efficiently simulate these 
systems -- see the work of David Anderson.

Finite time statistics of the CTMC

How do we compute the statistics of the CTMC over 
finite time horizons given the transition rate matrix and 
the initial probability distribution?  By the Markov 
property, it's enough to compute two-time transition 
probabilities:

Let's derive an equation for the probability transition 
function by using the Chapman-Kolmogorov equation in 
a spirit similar to what we did for the discrete-time case.
It's again trying to develop a recursive process for 
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It's again trying to develop a recursive process for 
extending the short-time evolution of the CTMC to 
longer time intervals, but now in continuous time.

We'll develop a differential equation from this recursion:

Recall from the Taylor expansion:

Rearrange the terms:

Formally, as 
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This is the Kolmogorov backward equation for CTMC.
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