
Continuing the calculation of the absorption 
probability for a branching process.

Homework 3 is due Tuesday, November 29.

The nontrivial situation is when:  

So the probability generating function 

Is convex (up).  

So if we graph the solution to the absorption probaiblity 
equation:  
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So we see that we always have the trivial solution  

One obtains a further nontrivial solution if and only if

When the mean number of offspring in a Galton-
Watson branching process is less than or equal to 
one, then the population is guaranteed to go extinct.

•

And with the complementary probability 1-
a, the population grows unboundedly 
(because it any case the Markov chain must 
be transient.)  

When the mean number of offspring is greater than 
one, then one can show that the probability to go 
extinct is given by the nontrivial root of the equation 

•

The conclusion from this analysis is that:

Of course unboundedly growing populations are not 
realistic; usually there is some sort of regulation that cuts 
off the growth.  In serious applications (for which 
mathematical theorems are sometimes available) in 
epidemiology and genealogy, one can rigorously model 
the spread of the disease (or genetic factor) initially as a 
branching process until the spreading process starts to 
create closed loops.  One shows (hopefully) that these 
loops form with nonnegligible probability only when the 
population is large enough that other methods 
(continuous population dynamics, law of large numbers, 
central limit theorem) can be used.  The result is typically 
a bimodal distribution of the final population size:
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See for example, Andersson and Britton, Stochastic Epidemic Models and their 
Statistical Analysis.

Continuous-time Markov Chains

References:  Lawler Ch. 3, Karlin and Taylor Ch. 4
The major difference between discrete-time and continuous-time Markov 
chains is that continuous-time Markov chains can make their transitions at any 
moment along the positive real axis, not necessarily at predefined epochs.  But 
we will continue to leave the state space as discrete (finite or countably 
infinite).  

The realizations (trajectories) of a continuous-time 
Markov chain (CTMC) are piecewise constant functions 
which are by convention taking to be right-continuous
(cadlag process).  

The values of the CTMC will be random, as well as the 
times at which the transitions happen.

Also, the CTMC will satisfy the Markov property in 
continuous time:
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Actually to be more precise, the Markov property should 
be formulated in terms of filtrations (information) 
generated by the stochastic process X(t).  But when the 
stochastic process is nice enough (cadlag/CTMC is good 
enough) then the expression in terms of finite-
dimensional distributions of the past (what was written 
above) is equivalent to the filtration form.

Just as for discrete-time Markov chains, we can 
formulate most of the powerful analytical results by 
restricting the discussion to time-homogenous CTMC.  

We'll now proceed to try to develop modeling formalism 
for CTMCs.  

But let's pause to consider why we should even bother 
with CTMCs.  After all, given a CTMC, we could always 
construct associated DTMCs through one of the following 
methods:

1)   for a fixed time step 

2)Or the embedded DTMC  defined in terms of the 
sequence of states visited after each transition (not with 
a regular time step)

And then define the embedded DTMC by:

First define the times of transition:
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To argue that this is a DTMC actually requires one to 
appeal to the notion of strong Markov property which 
says essentially that the Markov property still holds true 
if you define the current moment as a random time, 
provided that random time is a Markov time, meaning 
that it is completely determined by information prior to 
that time, without looking into the future. One can show 
that under reasonable technical conditions, a CTMC has 
the strong Markov property, and the              
Are Markov times.  

The regular time step DTMC can miss transitions, especially if they're 
brief.

•

With regard to the embedded DTMC, it misses the timing 
information.  But if one supplements the embedded DTMC with the 
sequence of transition times, then the model is exactly equivalent to 
the CTMC.  It is a useful perspective, and suggests an efficient 
simulation technique, but we'll see that the CTMC framework allows 
some formulas to be more easily developed.  

•

Simulating a CTMC can sometimes be easier, or more efficient, than 
simulating the regular time step DTMC, especially when the system is 
stiff (wide range of time scales characterizing different states).  

•

CTMCs are sometimes just convenient discretizations of continuous-
space processes

•

And, because in many physics and engineering contexts, infinitesmal 
rates of change are easier to quantify than changes over finite time 
intervals, CTMC models are often easier to formulate than DTMCs.  
(differential equations vs difference equations)  

•

What are the potential advantages to using a CTMC rather than a DTMC 
approximation:

Statistical modeling in atomic or quantum physics•
Chemical reaction networks and biomolecular reaction networks•

For these reasons, one typically sees CTMC models in the following 
applications:
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