
Homework 2 posted, due Tuesday, October 18

Math Colloquium on Tuesday, October 11, 4 PM, Amos Eaton 214:
"Network Analysis of Multislice Data"

Next class is Friday, October 14.

How do we compute the stationary distribution for a Markov 
chain?

One could solve for the stationary distribution by just finding the left 
eigenvector with eigenvalue 1, and then normalizing it to have sum 1.  (The 
positivity of entries is guaranteed when there is a unique stationary 
distribution by the Perron-Frobenius theorem.)

Or the power method:  

(only works if the Markov chain is irreducible and 
aperiodic, so that the stationary distribution is the limit 
distribution)

Or Resnick Sec. 2.14:  

All of these methods work fine for relatively small 
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All of these methods work fine for relatively small 
Markov chains where this linear algebra can be 
computed efficiently using MATLAB, or other software.

Try to look for a detailed balance solution:•

A few special solution techniques that also work well 
sometimes on very large systems:

If one can find a solution to this heavily overdetermined 
system of equations, then it is automatically a stationary 
distribution (when normalized to sum to 1).  But you're 
not guaranteed to actually find a solution to this set of 
equations.  Yet, especially in physics, one often can solve 
for the stationary distribution in this way.  
Also, see Haken Synergetics Sec. 4.6-4.8:  combines 
detailed balance ideas with graphical/diagrammatic 
method of Kirchoff; I've only seen this used once to 
analyze a biochemical reaction network.  

•

Finally, how do we compute the stationary distribution when we are working 
with a stochastic update rule, rather than a probability transition matrix (i.e., 
in situations where the latter is complicated to describe or work with)

Then the stationary distribution means:
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Example Application:  Inspection Protocols
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It's typically too expensive to inspect every single item, so often one resorts to an 
inspection protocol that subsamples the products, and perhaps adapts to 
whether or not it sees a defect.  That is, if a defect is found, then one inspects 
more because is one is suspicious that there may be other defects in adjacent 
products.  

Start by inspecting every product until the inspector has seen M consecutive 
good products.  

•

Once the inspector has seen M consecutive good products, it switches into a 
mode, where it only inspects every rth product.  

•

Any time the inspector finds a defective product, it reverts back to inspecting 
every single product until it sees M consecutive good products again.

•

Here is one such protocol:

Every uninspected item as well as every good inspected 
item gets shipped.

What fraction of shipped products are defective?  •
What fraction of products are inspected (which would 
be proportional to the inspection time or cost)?  

•

Trying to optimize both are conflicting objectives, so 
one usually weights them in some way.  One could 
formulate an optimization problem where one wants 
to maximize some function of quality (with a negative 
term for cost) over the set of parameters M,r.  

What are two practical questions that one might like to 
address about this inspection protocol?

Inspector is perfect, never misses a defect in a product that it 

While Markov chains can be used to analyze these kinds of protocols 
rather broadly, to keep the calculations simple, we'll make two rather 
drastic assumptions:
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Inspector is perfect, never misses a defect in a product that it 
inspects (no false positives or false negatives)

○

The defect status of each product is independent of all other 
products.  That is each, product is defective with a probability p.  

○

The second assumptions makes the inspection protocol a bit 
irrelevant since there's no correlations in the product states, but the 
technique we will use can be extended to models where the products 
do have correlated defect states (i.e., using the on-off Markov chain to 
model defect states of successive products).  And one could easily 
extend the Markov chain also to allow for the inspector to have some 
probability for making a false positive or false negative judgment on a 
product if these mistakes were independent on different products.

Let's set up a Markov chain model for this inspection protocol:

State space:  

Xn is the number of consecutive good products the 
inspector has seen up to and including the nth 
inspection.  

Each inspection is one epoch.  

(And if the inspector has seen more than M consecutive 
good products, then we still set Xn = M because the 
excess doesn't matter.  

Stochastic update rule:
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Probability Transition Matrix:

Let's analyze the topological properties of this Markov 
chain to see whether we should expect it to have a 
unique stationary distribution, and for it to be a limit 
distribution.

What are the communication classes of this Markov chain?  Every state 
communicates with every other state; this is an irreducible Markov chain.  
To get from any state i to any other state j , simply jump to zero, then 
move up one state at a time until one reaches j.  

This tells us that the stationary distribution is unique.  

What is the period of the Markov chain?   Some states clearly have period 
1 since they can come back in 1 epoch, and period is a class property, so 
the Markov chain as a whole has period 1, and so is aperiodic.

That means that the stationary distribution will also serve as a limit 
distribution.  

We will compute the stationary distribution then use it in connection with 
the Law of Large Numbers for Markov chains to answer the two questions 
about the inspection protocol.

Here the probability transition matrix is simple enough that we can solve 
for the stationary distribution analytically.  
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for the stationary distribution analytically.  

Equate components:

We also want to normalize the stationary distribution:  
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(This can also be derived from simple probabilistic 
considerations; truncated geometric distribution).

How do we compute the answers to our questions using 
the stationary distribution.  First of all, the questions 
implicitly refer to the long run.

We'll first compute the fraction of products that are 
inspected in the long run:

Where Tn is the number of products that emerge from 
the nth inspection up to but not including the n+1st 
inspection.
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Now let's turn to the question of what fraction of 
shipped products are defective, again in the long run.

Where Dn is the number of defective products shipped 
from the nth inspection up to but not include the (n+1)st 
inspection.

Sn is the number of products shipped from the nth 

   Stochastic11 Page 9    



Sn is the number of products shipped from the nth 
inspection up to but not include the (n+1)st inspection.

This is the average number of shipped products per 
inspection.  
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inspection.  

The numerator is a little more subtle to handle:

(binomial distribution with r-1 
trials and success probability p)

One can derive an extension of the law of large numbers 
to handle this case:

The way one can derive this is by defining an augmented 
Markov chain

One would in a rather simple way extend the Markov 
chain model to these variables, and derive the law of 
large numbers for this augmented Markov chain, and 
find it agrees with what we stated above.
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find it agrees with what we stated above.

It is a common trick when running into obstacles with 
applying a Markov chain model to a given application --
think about augmenting (enlarging) the state space to 
keep track of more information.  

Now we proceed to compute with the extended law of 
large numbers for Markov chains:

Therefore the fraction of shipped products that are 
defective in the long run are:
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