
Note special talk on mathematics and music, Wednesday, October 5 at 
2 PM at EMPAC.  

To address the questions of whether the stationary distribution is 
unique and whether it serves as a limit distribution, we have to discuss 
the topology of Markov chains.

To categorize these topologies, we introduce the concept of 
communication.

Two states 

Are said to communicate provided that there exist 
positive integers m,n such that:

So two states communicating simply means that there is 
some nonzero probability, that starting from state i, one 
can reach state j, and vice versa.  

Brief notation:  

Single arrows have the intuitive meaning:

Classification of Markov chains
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Communication is an equivalence relation, and this 
implies from algebra theory that the state space can be 
decomposed into communication classes such that any 
two states in a class communicate, but any two states in 
different classes don't communicate.  

If the entire state space is a single communication class 
(such as in the last example), then we say that the 
Markov chain is irreducible.  Otherwise we say the 
Markov chain is reducible.  

(In graph theory terms communication classes are the 
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(In graph theory terms communication classes are the 
strongly connected components of a directed graph.)

Regarding the uniqueness of stationary distribution, we 
have the following result for a finite-state Markov chain:

Any irreducible FSDT Markov chain has a unique 
stationary distribution which moreover can be expressed 
by the following formula:

Where:  

Is the first epoch (after zero) at which the Markov chain 
visits state j.  It is generally called the first passage time 
though with the condition that you start in state j, it is 
better referred to as the first return time.  

The conditional expectation has the meaning:

Note that it is possible for Tj (1) = 1 meaning that the 
Markov chain remained in state j at the first epoch 
without ever leaving that state; that still counts as a first 
return.  
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Intuition for stationary distribution:  If a certain state j is 
visited a fraction                of the time, then the expected 
number of epochs between visits to state j should be 

Consider a 3 state Markov chain with 

The formula relating the stationary distribution to the 
expected first return time is a practical way to computed 
expected first return times.  This is because, as we'll 
discuss a little bit later, stationary distributions are not 
difficult to compute.

Another definition:  A closed communication class is a 
communication class which has no outgoing connections 
outside that class.

Regarding uniqueness of stationary distributions, 
irreducibility is almost a necessary condition for 
uniqueness.  Uniqueness fails if more than one closed 
communication class exists, because you can view each 
closed communication class as an irreducible Markov 
chain in its own right, which would have its own 
stationary distribution associated to it.  On the other 
hand, if one has a single closed communication class with 
some other nonclosed communication classes, then the 
Markov chain will eventually collapse into the single 
closed communication class, and therefore one does 
have a unique stationary distribution which is the same 
as the stationary distribution that one would compute 
for the closed communication class viewed as its own 
irreducible Markov chain.
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Now we'll prepare to address the third question about 
stationary distributions:  When are they guaranteed to 
be a limit distribution?

Need another property of Markov chains:

The period d(i) of  state I of a Markov chain is defined to 
be the greatest common divisor of all epochs at 
which it is possible to return to state i after starting in 
state i:

Fortunately, the period of a state is a class property , 
meaning that it is the same for all states in a 
communication class.  

A state (or class) is said to be aperiodic if it has period 1.  

Proposition:  A finite-state, discrete-time Markov chain 
which is aperiodic and irreducible  will have a unique 
stationary distribution which is moreover a limit 
distribution in the sense that no matter what probability 
distribution is used to initialize the Markov chain, we will 
have the following result:

Colloquially, the probability distribution of the state of 
the system will converge (weakly) to the stationary 
distribution from any initial probability distribution.

Another important result involving stationary 
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Another important result involving stationary 
distributions is the
Law of Large Numbers for Markov Chains

Provided that we have an irreducible (not necessarily 
aperiodic) finite-state, discrete-time Markov chain.

This is a law of large numbers in the sense that a sample 
average is converging to a deterministic limit.   The 
intuition is that the probability distribution of the Markov 
chain will eventually approach the stationary 
distribution, and the contribution from early epochs 
where the Markov chain is not near its stationary 
distribution are being divided by a large number N so this 
transient contribution will eventually become small.  

This relationship between time averages and ensemble 
averages is often called an ergodic property.  It means 
intuitively that a single trajectory (simulated or 
experimental) will sample the whole state space 
adequately if it is run for a sufficiently long time.  

For some bizarre reason some books like Resnick include 
aperiodicity in their definition of ergodicity, but I'm not 
sure why they do that.

LLN/ergodic property is useful in both directions.  In one 
direction, it allows a precise deterministic calculation of 
the expected properties of a Markov chain model 
without having to do long simulations.  This is a key area 
of emphasis in statistical mechanics.

How do you know if your complex system is really 
ergodic?  Very hard to prove.  Usually hope it is but 
hedge your bets by trying various initial conditions and 
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hedge your bets by trying various initial conditions and 
seeing if they all have similar long-time properties.  

The LLN/ergodic property is also often used in reverse, 
particularly by statisticians as well as in physics.  
Sometimes the ensemble average is difficult to compute 
because it's difficult to sample from the probability 
distribution model.  What one does is construct a 
possibly artificial Markov chain that has the desired 
probabilty distribution as the stationary distribution of 
that Markov chain.  Then one simulates the Markov 
chain, evaluates the left hand side, and uses that as a 
Monte Carlo approximation of the desired quantity.  This 
is known as MCMC (Markov Chain Monte Carlo) in 
statistics, and is implemented in physics and related 
fields through Metropolis-Hastings methodology.
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