
Homework 1 due Friday, September 30 at 2 PM.

Office hours on 09/28:  Only 11 AM-12  PM (not at 3 PM)

Important side remark about exponentially distributed 
random variables T

They have a "memoryless" property:

So in terms of conditional probability densities, we have 
by differentiating this relationship:

Proof of memoryless property:

Modeling with Finite State Markov Chains
Tuesday, September 27, 2011
1:54 PM
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Back to the Queueing Model

For epochs defined by short, equally spaced intervals of 
time, last time we wrote a probability transition matrix 
for the Markov chain model.  We will now show how to 
write an equivalent stochastic update rule that is actually 
relatively compact and simple.  

Except at the boundaries:
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Except at the boundaries:

Note this is also the rule for a (possibly biased) random 
walk with buffered (reflecting?) boundary conditions at 
the endpoints.

And of course one should always specify an initial 
probability distribution, but in this case it could be fairly 
arbitrary.  

Now we'll take another approach to a Markov chain model for a queueing system, 
now with the epochs defined as the moments just after a service is completed.

Under this framework, the probability transition matrix 
would look like:
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(One could also reasonably, perhaps better, define the 
model based on the length of the queue at the moments 
just before a service is completed; then the probability 
transition matrix would be upper triangular and that 
could have some computational advantages.)

One can write a stochastic update rule for this model as 
well (with epochs taken as the moment just after a 
service is completed):

Which is just the random number of arrivals during a 
service period minus one.

3) Random Walk on a Graph (Lawler Ch. 1)
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At each epoch, the random walker is at one of the nodes, 
and with some probability stays at that node, or follows 
one of the edges to an adjacent node in the graph.

Beyond being a pure mathematical construction, it can 
be used to model statistical spatial motion of organisms 
or "persons of interest."   This can also be used to model 
transitions between biomolecular conformations 
(Christof Schuette).

Stochastic update rule awkward.

Note also that given a Markov chain model as above, one 
may find it useful to think of a related Markov chain 
model where the epochs are defined by the moments of 
time at which the original Markov chain changes state.

One can derive this related Markov chain model from the 
original one by a simple conditional probability 
calculation:
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So the probability transition matrix for this associated 
Markov chain is given by:
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Wright-Fisher Model for Genetic Drift (Karlin and Taylor, Sec. 2.2G)

Let's consider a single gene which has two alleles A and a.  
Suppose that we have a population which contains an even number M copies of 
the gene, either M haploid organisms or M/2 diploid organisms.  

We wish to keep track of the number of copies of each allele in successive 
generations of this species.

In the basic Wright-Fisher model, one assumes that each generation contains 
exactly the same number M of copies of the gene, and that each allele in the 
new generation is sampled completely at random (with replacement) from the 
gene pool in the previous generation, and each new allele is sampled 
independently of the others.

How can we describe this with a Markov chain model?

State space variable:  Xn will be defined to be the number 
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State space variable:  Xn will be defined to be the number 
of A alleles at generation n. 

What is the probability transition matrix?

Each allele in the generation n+1 will be A with 
probability 

Stochastic update rule awkward...

Let's now include a little more realism, starting with mutation.  We'll just consider 
the possibility of random mutations that change one allele to the other.

At each generation, we will assume that 

These mutation probabilities will be assumed to 
correspond to the mutation happening by the time of 
reproduction, and we will observe the genetic makeup of 
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reproduction, and we will observe the genetic makeup of 
the generations immediately after they are born.

With these assumptions, each epoch corresponds to a 
sequence of mutation events followed by the sampling of 
the genetic material to propagate to the next generation.

How does the Markov chain model change due to 
mutations?  One should consider the random number of 
As in the previous generation after the mutation events, 
which could be handled by conditioning on the mutation 
events and using law of total probability or by multiplying 
a probability transition matrix for mutations by the 
probability transition matrix for sampling.

We will cheat a bit and simply modify the binomial 
distribution by modifying the probability for sampling an 
A:
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See the text for how to model selection pressure.
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