
First  an addendum to generating functions.

They can also be used to compute the probability distribution for 
random sums.

Note special lecture series by Emmanuel Candes on 
compressed sensing Monday and Tuesday 4-5 PM (room 
information on rpinfo)

Formulation of Finite State Markov Chains
Friday, September 23, 2011
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Or, by the same argument, if X is a discrete random 
variable, then I could work purely with probability 
generating functions:

This is discussed in Karlin and Taylor Sec. 1.1, and Resnick 
Ch. 0 (more detail).

Back to finite state discrete time Markov chains.

We presented last time the classical definition of the 
Markov property for a stochastic process (in discrete 
time).  An interesting equivalent characterization of the 
Markov property (proof not given here):

Given the current state of the stochastic process, the 
future is conditionally independent of the past.  
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This alternative characterization shows that the Markov property is actually not 
dependent on the direction of time.

A finite state discrete time Markov chain is just a finite 
time discrete state stochastic process that has the 
Markov property.

To define a specific model for a Markov chain using this 
classical characterization of Markov chains, the 
mathematical properties suggest that we need to specify 
the following quantities:

Probability Transition Matrix1.

For time-homogenous Markov chains, we just need one 
matrix:  

Initial probability distribution2.
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These mathematical structures can be defined arbitrarily 
and give a valid finite state discrete time Markov chain 
model provided the following conditions are met:

Note the structure of the probability transition matrix:

To complete the mathematical foundations of FSDT (finite-state discrete-time) Markov 
chains, we will show that the stochastic update rule and probability transition matrix 
give equivalent characterizations of a Markov chain.  (Resnick Sec. 2.1)

We'll do this by first showing that a stochastic process 
defined by the stochastic update rule satisfies the 
Markov property (and therefore has a well-defined 
formulation in terms of probability transition matrix).

Given:  
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Markov property (and therefore has a well-defined 
formulation in terms of probability transition matrix).

Given:  

Do not throw away the condition!

Now we claim that is independent of X0,X1,X2,…,Xn.
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Provided (as we will always assume) that the initial 
conditions are independent of the random variables Zn

determining the dynamics, we see that since

X0,Z0,Z1,… are all independent random variables, 
Zn is independent of X0,…,Xn.

Now we will use the following consequence of 
independence:

To prepare for showing the converse, that every FSDT stochastic process with 
the Markov property can be encoded by a stochastic update rule, we will 
digress briefly to discuss the simulation of finite state random variables.

Typically a computational platform will at least have a algorithm that 
generates pseudorandom numbers which are independent and uniformly 
distributed on [0,1].  
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distributed on [0,1].  

To generate a random variable Y with a finite state space, 
we have to first specify its probability distribution: 

We can use this idea to simulate FSDT Markov chains by 
just using it to sample from the initial probability 
distribution to get X0 and then given Xn=I, we generate 
Xn+1 by sampling from the probability distribution given 
by the ith row of the probability transition matrix 

We also need to introduce a useful piece of notation:

Indicator function is a binary random variable:

We will use this notation and the numerical simulation 
idea to show that any Markov chain specified by an initial 
probability distribution and a probability transition 
matrix can also be encoded by a stochastic update rule.
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matrix can also be encoded by a stochastic update rule.

Given the probability transition matrix(ces) 

Let                                be a sequence of independent, identically distributed 

Random variables which are uniformly distributed on the unit interval                               

Then the stochastic update rule:

Will generate a stochastic process with the same 
statistical properties as the Markov chain defined by the 
probability transition matrix.

We have therefore shown that any FSDT Markov chain can equivalently be 
expressed in terms of a probability transition matrix or a stochastic update 
rule.  Sometimes one formulation is much more convenient than another.

Examples of Markov Chains

Readings:  Karlin and Taylor, Sections 2.1-2.3

Two-state on/off system1)

State 1:  off/free/unbound
State 2:  on/busy/bound

When the system is in off state, it has a probability p 
in each epoch to turn on.  When the system is in on 
state, it has a probability q in each epoch to turn off.
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This system is easily encoded by a probability transition 
matrix

Specify an initial probability distribution

This gives a well-defined Markov chain model based on a 
probability transition matrix.  

One could also in principle write down a stochastic 
update rule, but here it would be more cumbersome 
than the probability transition matrix.

Queueing models with maximum capacity M2)

(Karlin and Taylor, Sec. 2.2 C)

We'll consider a queueing system with a single server which can handle only 
one request/demand at a time; other requests or demands are put into the 
queue.  

One can construct a state space for the queue by simply 
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One can construct a state space for the queue by simply 
counting how many requests are being either served or 
waiting in the queue:

Equally spaced intervals of time○

Each completion of a request○

Each arrival of a request○

How should the epochs of a Markov chain model for a 
queue be defined?  Several choices with various merits:

A request arrives (with probability p)○

A service is completed (with probability q)○

Nothing changes (with probability 1-p-q)○

Let's first consider the simplest setting where the epochs 
are spaced equally in time and the time interval is so 
short that we will neglect the possibility that more than 
one change happens to the system between successive 
epochs.  During each epoch, one of the following 
happens:

Probability transition matrix:
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