
I will post Homework 1 soon, probably over the weekend, due 
Friday, September 30.

No class or office hours next week.  Next class is on Tuesday, 
September 20.

Readings:  Karlin and Taylor Sec. 1.1-1.3

One can work directly with random variables without 
having to refer explicitly to the underlying sample space 
by pushing the probability measure on sample space 
forward to a probability measure (or probability 
distribution) on state space.

Random Variables
Friday, September 09, 2011
2:02 PM
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This concept allows us to define a probability measure PX

Directly on state space, and it represents the probability distribution of the 
random variable X.

In practice, one tends to do most calculations in suitable state spaces using 
probability distributions of random variables, rather than working directly 
with sample space.  But the underlying sample space provides for a consistent 
organization to unify all the random variables one may care to explore in a 
given application.

For discrete state spaces, probability distributions can be characterized more 
simply because every event (measurable subset) is a union of elementary 
outcomes.

So to calculate PX (B) for any event B, one just needs to 
specify the probability associated to each elementary 
event.

The probability distribution can be therefore specified through a 
collection of probabilities for each elementary event 

Subject to the only constraints:
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Subject to the only constraints:

Any choice consistent with these constraints gives a well-
defined probability distribution on the discrete state 
space.

While this gives a detailed representation of a random 
variable, it is often more information than one wants to 
use, and so one often uses compressed statistics of 
random variables for practical purposes.  

Mean or expected value:•

The most basic summarizing statistics for a random 
variable are:

That's the definition, and from it one derives the 
following useful formula for the expected value of a 
function of a random variable:

Variance:  simplest characterization of the uncertainty in the 
outcome of a random variable.

•
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The more intuitive statistic related to this quantity is the 
standard deviation:

The standard deviation is like the size of an error bar, and 
corresponds to a typical deviation of the random variable 
from its mean or expected value.

   Stochastic11 Page 4    



Examples of random variables on discrete state spaces:

Random variables on finite state spaces.1.

Often the state space is enumerated as 

One just has to define the probability corresponding to 
each elementary outcome:

Note that sometimes the elements of a finite state space are not 
numbered by integers but by some other convenient representation.  
For example, if one is studying the statistics of DNA sequences.  

For finite state spaces, arbitrary probability distributions 
arise frequently in practice, though of course there is the 
simplest probability distribution on a finite state space, 
which is the uniform distribution:
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On countably infinite state spaces, one typically sees:2.

A widely used probability distribution on the state space 
of nonnegative integers is the Poisson distribution

The Poisson distribution involves a single parameter that 
is supposed to be prescribed.  It actually prescribes the 
mean of the random variable:
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It arises naturally in situations where one is describing 
objects or incidents that are distributed "uniformly" 
on an infinite or indefinite region (Poisson process)

•

It is in some way a discrete state-space analog to 
Gaussian (or normal) distributions in continuous state 
spaces in the sense that Gaussians occur often in 
applications because of the Central Limit Theorem.  In 
discrete state spaces, there is an analogous Poisson 
Limit Theorem that says that Poisson distributions 
arise naturally as the limit of a sum of a large number 
of independent rare inputs.  

•

Why is the Poisson distribution special?

Even though we will work with discrete state spaces throughout this class, we will later 
work with continuous time and we will find one continuously distributed random 
variable to be very useful.  

The simple framework we've been using for discrete state spaces fails for continuous 
(or any uncountably infinite) state space:

There's no way to make sense of a formula like:  
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So one takes a different approach.  The general framework for dealing with 
continuously distributed random variables falls within the measure theory 
described before, but can be simplified if one restricts attention to random 
variables that have an absolutely continuous probability distribution, which is 
almost all continuous random variables in practice.  

An absolutely continuous probability distribution is one which has the property 
that:

   probability density function (L1) pX.

The probability density function (pdf) has the properties:

Any suitably nice (L1) function with these properties is 
the PDF for a legitimate probability distribution.

Note that a probability density is not a probability.  So in 
particular there is no restriction 
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To define a random variable that is uniformly distributed 
on the interval [a,b], one defines it through the PDF:

The other continuous probability distribution that will be 
useful frequently in this class is the exponential 
distribution:

IT has the PDF:   

It has a single parameter   

Which turns out to be the mean of the random variable:
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