
Office hours:  Wednesdays 11 AM- 12 PM (this class preference), Mondays 2 PM - 3 PM 
(free-for-all),
Wednesdays 3 PM - 4 PM (DE class preference)

Readings: Karlin and Taylor Secs. 1.1-1.3:  concise summary of probability techniques 
useful for stochastic processes

For a more systematic (but brief) development of probability theory from a measure-
theoeretic perspective: 
Kloeden and Platen, Secs. 1.1.-1.3

Shreve, Stochastic Calculus for Finance Volume II, Chapters 1-2

The rigorous foundations of probability theory are based on measure theory which 
was developed by Kolmogorov in the 1930s.  

For a really thorough development of measure theory for probability in its own right:
Billingsley, Probability and Measure
Sinai, Lectures on Probability Theory

Sample space 1.

The rigorous formulation of probability theory is based 
on the construction of a probability space which involves 
three objects:

This is an abstract set of all possible underlying outcomes 
that are relevant to the uncertainty to be modeled.

Example:  Credit portfolio of 1000 loans each of which, over the time 
horizon of interest, could be in good, delinquent or default status.
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Sample space 

Each element of the sample space is called an 
elementary outcome or a realization of the random 
variable. 

Probability measure P2.

A probability measure is an association of a real number from [0,1] to suitably 
nice subsets of the sample space.

Sigma-algebra 3.

This is a collection of subsets of the sample space which 
are declared to be "nice" enough to assign probabilities 
to.  There are some natural restrictions, such as this 
collection of sets being closed under finite and countable 
unions, intersections, and complements.  

For the purposes of applied mathematics, Sigma-algebras 
are introduced for two reasons:  1) handle technicalities 
of continuous sample spaces, 2) keep track of partial 
information (i.e. filtrations).  We don't need either for 
this class, though.

For discrete sample spaces, it is generally adequate to 
define the sigma-algebra to be 
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For discrete sample spaces, it is generally adequate to 
define the sigma-algebra to be 

Which is the power set of 
Meaning the collection of all its subsets.

So for any set 

We want 

To represent the probability that the elementary outcome that actually 
occurs falls in the set A.

We call any set in the sigma-algebra an event.

The probability measure must satisfy certain consistency conditions:

   For any disjoint, finite or countable, collection of events 

A probability space is described by the triplet 

Which is supposed to contain all modeling assumptions.

Some elementary consequences of the above axioms:
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Independence:  (definition)

A collection of sets 

Is said to be independent provided that for any finite subcollection 

In particular, A1 and A2 are independent by definition 
when 

The intuition behind independence of events is that they 
are unrelated, not only causally but also have no 
common factors.  But one doesn't directly need to 
connect this intuition to the mathematical notion of 
independence.

Conditional probability (definition):
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Conditional probability (definition):

Note that if events A and B are independent, then:

Bayes' law:

Random Variables

In practice, one tends to deal with uncertainty in terms of random variables, 
which intuitively are partial, compressed representations of the uncertainty.  

Abstractly, a random variable is a measurable function on the sample space:
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"Measurable function" just means that if 

To characterize the random variable, we can push 
forward the probability measure on sample space to a 
probability distribution for the random variable on state 
space.

   Stochastic11 Page 6    


