
W.D. Henshaw Math 4820: Problem Set 7 Due: Thurs. April 5, 2018

General note: For computer exercises please provide listings of all computer programs that were
used to generate the results. Please present your results in a clear and neat manner.

1. (20 points) Nonlinear BVP. Consider the nonlinear Bratu BVP problem,

u′′ = −e1+u, 0 < x < 1,

u(0) = 0, u(1) = 0.

This is a nonlinear problem with two solutions. To determine an initial guess for Newton’s method
we can look for an approximate solution of the form v = αx(1 − x), for some constant α to be
determined.

(a) Write down the equation for the residual, r(x, α), in the BVP equations when using the ap-
proximation v = αx(1 − x).

(b) Use a collocation approximation with a single collocation point x1 = 1/2 to determine an
equation for α: f(α) = r(x1, α) = 0. Plot f(α) on the the interval 0 ≤ α ≤ 10. You should find
two roots, α1 and α2. From the plot, estimate values for α1 and α2.

(c) Given some initial guess uk(x), write down the continuous BVP that results when using Newton’s
method to solve for the correction w = w(x) (i.e. uk+1 = uk + w).

(d) Write a Matlab code to solve the Bratu BVP with a second-order accurate finite difference
scheme and Newton’s method. Using ∆x = 1/N with N = 100 and the initial guess u0(x) =
v(x) = αx(1 − x) with α = 3, solve the nonlinear problem using Newton’s method to a residual
tolerance of 10−9. Print the max-norm of the correction w and the max-norm of the residual
after each Newton iteration (show at least 2 significant figures). Confirm that Newton’s method
converges (approximately) quadratically. Plot the solution.

(e) Repeat part (d) but using the initial guess with α = 7. You should converge to a different
solution than in part (d).

2. (10 points) Weighted residuals: Consider the two-point boundary value problem

u′′ = p(x)u′ + q(x)u+ f(x), a < x < b,

u(a) = 0 u(b) = 0

with p(x) = αx, q(x) = β and f(x) = γx2. Introduce a spatial grid xi = a+i∆x, i = 0, 1, 2, . . . , N+
1 where ∆x = (b − a)/(N + 1). Approximate the solution to this problem with a Galerkin finite
element method with

v(x) =

N∑
j=1

djφj(x)

and using the piecewise linear hat functions. Determine explicit formulas for the entries kij in the
stiffness matrix K and the entries bi in the right-hand-side b in terms of α, β, γ, xi, and ∆x (i.e.
eliminate xi+1 and xi−1 from the expressions). Evaluate all integrals in the definitions of kij and
bi exactly.
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3. (20 points) Consider the initial-boundary-value problem (IBVP) for the modified heat equation,

ut = κuxx − αu, a < x < b, 0 < t ≤ tfinal,

u(a, t) = ga(t), u(b, t) = gb(t),

u(x, 0) = sin(kπx).

with a = 0, b = 1, and where k is an integer.

(a) Method-of-lines: Write down a second-order accurate spatial finite difference approximation
to the IBVP, keeping time continuous. Use a constant grid spacing ∆x = (b − a)/N . Be sure to
specify the initial conditions and boundary conditions and indicate where each equation is applied
in index space.

(b) Write down the fully discrete approximation that uses forward-Euler in time with tn = n∆t.

(c) Write down the fully discrete approximation that uses the implicit trapezodial rule in time (i.e.
the Crank-Nicolson scheme).

(d) Find the exact solution when ga(t) = 0 and gb(t) = 0 which is of the form u(x, t) = û(t) sin(kπx).

(e) Write a Matlab code to solve the approximation derived in (b) using forward-Euler in time.
Use values k = 2, κ = .1, α = 0.2 and tfinal = 1. Solve the problem for N = 10 × 2m, m = 1, 2, 3
using a time-step that satisfies κ∆t/∆x2 = 1/4. Print m, Nm, ∆tm and the max-norm errors Em

at t = 1, for each m, along with the ratios Em−1/Em. Confirm that the expected order of accuracy
is achieved.

(f) Repeat (e) but using the Crank-Nicolson approximation derived in (c) and using a time-step
∆t = .5∆x.
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