
W.D. Henshaw Math 4820: Problem Set 6 Due: Thurs. March 29, 2018

General note: For computer exercises please provide listings of all computer programs that were used to
generate the results. Please present your results in a clear and neat manner.

1. (10 points) Consider the two-point boundary value problem (BVP)

u′′ + f(x, u) = 0, a < x < b,

u(a) = ga, u(b) = gb,

where f is a smooth function of x and u (but f does not depend on u′).

(a) Consider the finite difference approximation

D+D−Ui + f(xi, Ui) = 0, i = 1, 2, . . . , N − 1,

U0 = ga, UN = gb.

Find the first two non-zero terms in the equation truncation error τi.

(b) A fourth-order accurate finite difference approximation is

D+D−Ui +
f(xi+1, Ui+1) + 10f(xi, Ui) + f(xi−1, Ui−1)

12
= 0, i = 1, 2, . . . , N − 1,

U0 = ga, UN = gb.

Determine the leading term in the equation truncation error τi. Hint: Let F (x) ≡ f(x, u(x)), and expand
F (x± ∆x) in Taylor series instead of f(x± ∆x, u(x± ∆x)).

2. (20 points) Consider the two-point boundary value problem (BVP)

u′′ = p(x)u′ + q(x)u+ f(x), a < x < b,

u(a) = ga, u(b) + βu′(b) = gb,

(a) Manufactured solutions: Determine the forms of f(x), ga and gb so that u = ex is the exact solution.

(b) Write down a second-order accurate difference approximation to solve this problem on a uniform grid
with grid spacing ∆x = (b− a)/N using the difference operators D+D− and D0. Use 1 ghost point on the
right and none on the left. Use the interior equation on the boundary at x = b as a numerical boundary
condition. Write out the scheme including boundary conditions. Be sure to specify the points where each
equation applies.

(c) Write a Matlab code to implement your scheme from (b) using f , ga and gb from (a). Use parameters
a = 0, b = 1, β = 1, q(x) = 1 + x2, p(x) = x. Solve the problem for N = 5 × 2k, k = 1, 2, 3, 4. Print the
maximum norm error, Ek for each k and the ratio of the errors Ek−1/Ek. Do not include the ghost points
in the computation of the error. Confirm that the scheme is second-order accurate.

(d) Write down a fourth-order accurate difference scheme to solve the BVP following the approach discussed
in class. Use one ghost point on the left and two on the right. Use the interior equation on the boundary
at x = b as a numerical boundary condition. Use fifth-order extrapolation to define the values at two of
the ghost points: D5

+U−1 = 0 and D5
−UN+2 = 0.

(e) Write a Matlab code to implement your scheme from (d) using f , ga and gb from (a). Use the same
parameters as in (c). Solve the problem for N = 5 × 2k, k = 1, 2, 3, 4. Print the maximum norm error, Ek

for each k and the ratio of the errors Ek−1/Ek. Do not include the ghost points in the computation of the
error. Confirm that the scheme is fourth-order accurate.
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