
W.D. Henshaw Math 4820: Problem Set 4 Due: Thurs. March 1, 2015

General note: For computer exercises please provide listings of all computer programs
that were used to generate the results. Please present your results in a clear and neat
manner.

1. (10 points)
(a) Use the order conditions

k∑
j=0

αj(−j)m+1 = (m+ 1)
k∑

j=0

βj(−j)m, m = −1, 0, 1, 2, . . . , p− 1,

to derive third-order accurate multi-step schemes of the forms

(i) yn = yn−2 + ∆t

3∑
j=1

βjfn−j ,

(ii)
3∑

j=0

αjyn−j = ∆tβ1fn−1, α0 = 1.

Hint: You can confirm your answer by checking that the resulting formulas are exact for the
functions y = tq, (y′ = f = q tq−1), q = 0, 1, 2, 3 at t = 0.

(b) Determine whether these schemes are zero-stable and if so, are they weakly or strongly stable.
Hint: for (ii) remember that one root is the principal root.

2. (20 points) Consider the IVP

t2 y′′ + t y′ + (t2 − n2) y = g(t), a ≤ t ≤ b,

y(a) = α, y′(a) = β.

When g(t) = 0 this is the Bessel equation which arises in many applications. Note that one
fundamental solution to the Bessel equation is Jn(t) which can be evaluated with the Matlab
function besselj(n,t). Also note that J ′n(t) = (n/t) Jn(t) − Jn+1(t).

(a) Manufactured solutions: How should we choose g(t), α and β so that w(t) = tq is an exact
solution to the forced Bessel equation? Give explicit formulas.

(b) Write a predictor corrector code to solve the forced Bessel equation (as a first order system)
with n = 1

2 , a = 1 and b = 10, using the PC44 scheme that is based on AB4 and AM4:

Predict: yp = yn−1 +
∆t

24

(
55fn−1 − 59fn−2 + 37fn−3 − 9fn−4

)
,

Correct: yn = yn−1 +
∆t

24

(
9fp + 19fn−1 − 5fn−2 + fn−3

)
.

Use the exact solution for starting values. Arrange your code so that you can turn on or off the
forcing function g(t).

Show that when the forcing and initial conditions are chosen so that the exact solution is
w(t) = tq, that the PC44 scheme is exact for q = 0, 1, 2, 3, 4, but not exact for q = 5. Choose the
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number of time intervals to be N = 100, so that ∆t = (b−a)/N . Print the maximum error (over all
time-steps) for each value of q = 0, 1, . . . , 5 showing at least 4 significant figures (e.g. use “%9.3e”
format).

(c) Solve the unforced Bessel equation (g(t) = 0) using the exact solution y(t) = Jn(t) for starting
values. Verify that the PC44 scheme is fourth-order accurate by computing the maximum errors in
y over all time steps for Nk = 100×2k, for k = 0, 1, 2, 3, 4. Print the maximum error Ek for each k,
as well as the ratio of the errors Ek−1/Ek, for k = 1, 2, 3, 4. Plot the numerical solution and exact
solution on the same plot for N = 50.

Note: You should use the same code that you wrote for (b) but just set the forcing function
g(t) to zero. In this way you can use the already verified code from part (b). It is always a good
idea to avoid duplicating code since this avoids having to fix errors in duplicate versions.
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