
W.D. Henshaw Math 4820: Problem Set 3 Due: Thurs. Feb. 15, 2014

General note: For computer exercises please provide listings of all computer programs
that were used to generate the results. Please present your results in a clear and neat
manner.

1. (10 pts) Consider the constant coefficient system y′ = Ay for the two cases

(i) A =

[
−4 1
2 −3

]
, (ii) A =

[
−1 5
−2 −3

]
(a) For each system, find the largest time step ∆t such that the forward-Euler method is absolutely
stable.

(b) Repeat for the the explicit mid-point rule (modified Euler). Hint: you may want to plot the
magnitude of the amplification factor as a function of ∆t, or use a rooting finding function, to
determine the approximate stability bound.

2. (10 pts) In class we derived the 2nd-order Adams-Bashforth scheme (AB2) for constant ∆t by
integrating a linear approximation to f using fn−1 and fn−2. Using a similar approach, derive
a variable time-step Adams-Bashforth scheme (AB2V) scheme that does not assume that ∆t is
constant. (i.e. the scheme should involve ∆tn = tn− tn−1 and ∆tn−1 = tn−1− tn−2 instead of ∆t).
Check that your scheme reduces to AB2 when ∆tn = ∆tn−1.

3. (20 pts) A simple example of a stiff problem, due to Gear, is

y′ = −1

ε
(y − cos(t))− sin(t), 0 ≤ t ≤ 6,

y(0) = 0.

where ε > 0 is a small positive constant.

(a) Find the exact solution.

(b) What would be the largest permissible time-step, based on absolute stability, when using forward
Euler to solve this problem?

(c) Write a matlab code to solve this IVP problem for ε = 1/100 using the

1. Backward-Euler scheme,

2. BDF2 scheme (use the Backward-Euler scheme for the first step to get started) :

yn −
4

3
yn−1 +

1

3
yn−2 = ∆t

2

3
fn,

3. Trapezoidal scheme (second-order Adams Moulton AM2) scheme,

yn = yn−1 +
1

2
∆t(fn + fn−1)

1



(i) Verify the order of accuracy of the schemes by computing the solutions and the maximum errors,
ek, for ∆tk = .005/2k, for k = 0, 1, 2, 3. For each k print ∆tk and the maximum errors along with
the ratio of the errors ek−1/ek for k = 1, 2, 3.

(ii) Plot the exact solution together with the computed solutions from each scheme on a single plot
for ∆t = .005. Make one plot for the entire time interval t ∈ [0, 6] and one plot on the zoomed time
interval t ∈ [0, 0.2].

(iii) Repeat (ii) but for ∆t = .05. Explain why the Trapezodial rule oscillates by computing the
amplification factor for the test equation y′ = −1

εy.

(iv) If we want to use ∆t = .05 for accuracy purposes would the problem be considered stiff? If
instead we want to use ∆t = .005 for accuracy purposes would the problem then be considered
stiff? Explain your answers. (Hint: use your answer from part (b)).
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