
W.D. Henshaw Math 4820: Problem Set 2 Due: Thurs. Feb. 8, 2015

General note: For computer exercises please provide listings of all computer programs
that were used to generate the results. Please present your results in a clear and neat
manner.

1. (10 pts) Derive a third-order Taylor series scheme for the IVP,

y′ = −2y + sin(t), t ≥ 0,

y(0) = ya.

Find the leading term in the local truncation error (i.e. equation truncation error), τn.

2. (20 pts) Heun’s method is a single step method for the ODE y′ = f(t, y) and is given by
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where fn−1 = f(tn−1, yn−1).

(a) What is the time-stepping function φ(t, y,∆t) for Heun’s method? The time-stepping function
φ is determined from writing the scheme as yn = yn−1 + ∆t φ(tn−1, yn−1,∆t).

(b) Show that the local truncation error (i.e. equation truncation error) has the form τn = Cn∆tp+
. . . as ∆t→ 0. Find an expression for the coefficient Cn and the order of accuracy p.

(c) Show that the time-stepping function φ satisfies a Lipschitz condition in y assuming f(t, y)
satsifies a Lipschitz condition in y with Lipschitz constant L > 0.

(d) Write a Matlab code based on Heun’s method to solve the IVP,

y′ = −y + e−t, 0 ≤ t ≤ 4,

y(0) = 0.

Solve the IVP numerically for ∆t = 4/N with N = 20× 2k, k = 0, 1, 2, 3. Find the maximum
error over all time-steps, ek, for each k and print the ratio of the errors ek−1/ek for k = 1, 2, 3.
You could print the results using the format

fprintf(’Heun: N=%4d dt=%9.3e max-err=%9.3e ’,N,dt,err);

if ( k>0 ) fprintf(’ ratio=%4.2f\n’,errOld/err); else fprintf(’\n’); end;

Verify that the order of accuracy agrees with that found in part (b).

3. (20 pts) A predator-prey model for the population of prey, y1(t) and predator, y2(t), satisfies
the IVP,

y′1 = y1 −
1

2
y1y2, 0 ≤ t ≤ 15,
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y1(0) = 3, y2(0) = α, 0 < α < 2.
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It is known that the solutions of the two populations oscillate in time with some period T that
depends on α. Write a Matlab code to solve this IVP based on the standard fourth-order Runge-
Kutta scheme (RK4). Choose a time-step of ∆t = 15/N with N = 1500. Plot the populations,
y1(t) and y2(t) versus t for the cases α = 0.5, 1.0 and 1.5. Estimate the period T for each case. (It
is known that T ∼ 2π

√
4/3 as α→ 2).
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