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Abstract. We considerthe problemof identificationof airborneobjectsfrom high-range-
resolutionradardata. We usehigh-frequency asymptoticsto show that certainfeaturesof
the objectcorrespondto identifiablefeaturesof the radardata. We studythe casesof single
scatteringandmultiplescatteringfrom two point-likescatteringcenters.

This work suggestsa methodfor target identificationthat circumventstheneedto create
an intermediateradarimagefrom which the object’s characteristicsareto be extracted. As
such,this schememaybeapplicableto efficientmachine-basedradaridentificationprograms.

PACSnumbers:41.20.Jb,42.30.Wb

1. Introduction

Currentmethodsof identifying objectsfrom radardatagenerallyinvolve first forming an
image,and thenattemptingto identify featuresof the image. Herewe proposea different
approach,namelyto carry out the identificationdirectly from examinationof the raw radar
data.

Thisapproachrequiresdeterminingwhichfeaturesof theradardatacorrespondto which
featuresof the object. Our approach[7] relatesthe singularstructure(suchas edges)of
the target to the singularstructureof the dataset. Restrictingour attentionto the singular
structure—specifically, to a certainsetin phasespacecalledthewavefront set—allows usto
usethe tools of microlocalanalysis[10, 14, 33]. This strategy wasfirst appliedto imaging
problemsin [1]; its usesin seismicprospecting[2, 6, 11], X-ray tomography[12, 17], and
Synthetic-ApertureRadar[24] areactive areasof research.An approachsimilar to the one
we pursuehere,in which we usemicrolocalanalysisnot to do imagingbut insteadto study
the connectionbetweenfeaturesof the target and the data,was consideredfor the X-ray
tomographyproblemby Quinto[26].

We begin in section2 by examining the generalpropertiesof radar scatteringand
developing mathematicalmodels for the measureddata. Thesemodels involve Fourier
IntegralOperatorswith kernelsthatareoscillatoryintegrals;it is this thatmakesit possibleto
studythesemodelswith thetechniquesof microlocalanalysis.Next wepresentanoverview of
themicrolocalconceptsandtheoremsthatarerelevanttoourinvestigation(section3.1).These
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two sectionsserve to introduceour notation,assumptions,andterminology. In particular, we
assumethoughoutthat the target’s rotationalaccelerationis negligible. Section3 contains
our mainresults:thecalculationof thewavefrontsetsfor thesingle-scatteringandmultiple-
scatteringcases.

2. Radar data

High-range-resolution(HRR)radarsystemstransmittheequivalentof ashortelectromagnetic
pulseandmeasurethetimedelayof thecorrespondingwaveformreflectedfrom atarget.This
providesanestimateof thetarget’s range,and,moregenerally, therangeto individual target
substructures.

To obtain different views of the target, radar systemscan use multiple pulsesthat
interrogatethetargetasit rotatesandsequentiallypresentsdifferentaspectsto theradar. Such
systemsareknown asinversesynthetic-apertureradar, or ISAR, systems.

Ultimately, the behavior of radardatais determinedby scattered-fieldsolutionsto the
wave equation.Sinceradarsystemstransmitandreceive radio waves,we shouldgenerally
examine the electromagnetic(vector) wave equation. For simplicity, however, we will
examinethe scalarwave equationandassumethat the componentsof the electromagnetic
field eachsatisfy���	� 
���
 ������������������ � !#" (1)

in theregionexteriorto thescatteringobject $ . Wewrite thetotalfield asasumof theincident
andscatteredfields �%!'&�()��* , wheretheGreen’sfunction & representsthefield dueto apoint
sourceat + , thepositionof theradar. Specifically, & is givenby [32]&,�-���.� 
 + � !0/ ��� 
21 � 
 + 1435� �657 1 � 
 + 1 !28:9 
<; =<> � 
�? @A
CBC? DFEHGI 7 � 1 � 
 + 1�JCK (2)

andsatisfies � �	� 
���
 �L������ &,�-���.� 
 + � ! 
 / �-�M� / �H� 
 + ��N (3)

Thedependenceof & on thesourceposition + inducesa similar dependencein ��O , which we
write as ��OP�������Q� + � .

In section2.1, we develop a mathematicalmodel for HRR radardataandexplain the
fundamentalrole playedby the singlescatteringapproximation.We examinethe multiple-
scatteringcasein section2.2,whereweconstructanexactscatteringsolutionfor two isotropic
point scatterers.

2.1.Kirchhoff approximation

The Kirchhoff approximationis a geometricopticsapproximation. We useit to obtainan
expressionfor the scatteredfield asfollows. First we multiply (1) by &,��� 
 ��RS� + 
 �T� and
(3) by ������RU�.� � , subtractthe resultingequations,and apply Green’s theoremto the region
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exterior to thescatteringobject $ , andusetheoutgoingradiationconditionsto eliminatethe
contributionsto theintegral from infinity. Theresultis� O ����� + � + � !V8XW�Y[Z\&,��� 
 � R � + �.�T� �^] � O ��� R �.�Q� + � 
� O �-� R �.�_� + � �^] &,��� 
 � R � + ��� �M`bac� R aCd @ (4)

It is on theright sideof (4) thatwe usethegeometricalopticsapproximationto thescattered
field. In particular, the geometricalopticsapproximationassumesthat, on the illuminated
surface,thephaseof thescatteredfield is determinedby thehigh-frequency law of reflection
(i.e., the angleof incidenceis equal to the angleof reflection),and the amplitudeof the
scatteredfield is proportionalto thatof the incidentfield. This constantof proportionalityis
calledthe reflectioncoefficient; we denoteit by e ��� � . Strictly speaking,it dependsalsoon
theanglebetweenthedirectionof incidenceandthedirectionof scatter, but for typical ISAR
applicationstheseanglesvary so little that we canneglect this dependence.For a rotating
target, the illuminatedsurfacealsovarieswith angle;but againwe assumethat the angles
varysolittle thatthis effect canbeneglected.Consequently, on theright sideof (4), weuse� O �������Q� + � f e ��� �A/ ��� 
g1 � 
 + 1h35� �657 1 � 
 + 1! e ��� ��8i9 
<; =<> � 
�? @5
CB<? DFEHGI 7 � 1 � 
 + 1 JjK�^] � O �����.�_� + �Tf e ��� � �^] 1 � 
 + 1 / R��-� 
21 � 
 + 1h35� �657 1 � 
 + 1! e ��� � �^] 1 � 
 + 1 80k K 9 
<; =C> � 
�? @5
CB<? DFEHGI 7 � 1 � 
 + 1 JjK (5)

wherein differentiatingwehaveretainedonly theleadingordertermfor large K . Usingthese
expressionsin (4) andsimplifying resultsin� O ����� + � + � ! 8 W�Y 8lk K 9 
<; =<> � 
 � ? @5
CB<? DFEHG� I 7 � 1 � 
 + 1 � � e ��� �Mm �^] 1 � 
 + 1 JjK aCd @ (6)

wherenow

� $ denotestheilluminatedportionof thetargetsurface.
The value of the Kirchhoff approximationis that it removes the nonlinearity in the

inverseproblem: it replacesthe productof two unknowns ( e and � ) by a singleunknown
( e ) multiplied by known quantities. This approximationis, however, a single-scattering
approximation,andanimportantcontributionto radarscatteringcomesfrommultiplebounces
associatedwith corners. Cornerscatteringhasthe propertythat it canbe seenfrom many
directions;in this respectsuchscatteringcentersbehave like “point” scatterers.To model
corners,wesimply interpret e asaneffective reflectioncoefficient for thecorner.

The model (6) appliesto a stationarytarget and a single incident wave that startsat
position + at time � . We now assumethattheincidentfield is a seriesof pulses,beginningat
times �n!po\qr�.s[!ut5��mj��N�N\N , sothat� ;4v.wq �-� R �.�T� !g8xd ;4v.w � K R ��9 
<; =Ayz> � y{
C|~}�
�? Bc
<@^? DFEHGI 7 � 1 + 
 � 1 JjK R � (7)
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where d ;4v�w � K � !'�[�A� ;4v.wL� � K � ! tm 7 8�� ;4v�w ��� R � 9 ; = � y J � R (8)

is the Fourier transformof the signalusedto establishthe interrogatingfield transmittedto
thetarget.Wealsoassumethatthetargetis translatingwith velocity � androtating,sothatat
time � , we have e ������� �Q!�������� 
�� ���M���H� 
 � �M��� , where ���-�M� denotesa rotationoperator(an
orthogonalmatrix).

We denoteby ��* wq ����� + � the scatteredfield at the radardueto the s th transmittedpulse
. This field inducesa systemsignal whoseKirchhoff-approximatedvalue we denoteby� * w � + ��s����M� :� * w � + ��s����M� ! 8 ��mA� K � 9 
<; =<> � 
C| } 
 � ? Bc
<@^? DFEHG� I 7 � 1 + 
 � 1 � � ������� 
�� �Ho\q^���H� 
 � o\q^����d ;4v�w � K R � �^] 1 � 
 + 1 JjK�J d @ N(9)

Herewehavemadethestart-stopapproximation,i.e., thetargetis moving sufficiently slowly
that it canbe treatedasstationaryduring the time of illumination by the radarpulse. (This
dependson thelengthof thepulse,andthespeedandsizeof thetarget.)

In (9), we neglect theoverall target velocity (set � !�" ), let ��� � 
 o\q , andmake the
changeof variables� !�� 
�� �Ho\q^��� . Thisapproximationconverts(9) into� * w � + ��s����M� ! 8 ��mA� K � 9 
<; =<> � 
C| } 
 � ? Bc
j��>�| } G��A? DFE�G� I 7 � 1 + 
 ����o\qc� � 1 � � ���n� � ��d ;4v.w � K � �^] 1 ����o\qc� � 
 + 1 JjK�J d � N (10)

Weusethefar-field approximation1 + 
���1 ! 1 + 1�
 �+¢¡ � (�£	� 1 + 1 
�� � (with thehatdenoting
unit vector),theorthogonalityof � , andthenotation ¤ ! 1 + 1 , �¥ q%! 
 �§¦���o\qc� �+ to rewrite
(10)as� * w � + ��s����M� f m� I 7 � ¤ � � 8¨���n� � ���H� K ��d ;4v.w � K � 9 
<; =C© � 
C| } 
�>«ªX¬®­¯ }A° ��G±DFES²±³µ´ �¥ q JjK�J d � N (11)

ISAR systemstypically usea correlationreceiver. This meansthat our model for the
radardatamustincludethecorrelationprocess.In particular, wecorrelatethesignal(11)with
a signalof the form � ;4v.w ��� R 
 �M��!·¶)d¸� K R � 9P¹jº � 
 � K R ��� R 
 �M��� JjK R to obtaintheoutputof the
correlationreceiver:» � ��o\qj���M�n!28�� * w � + �.s���� R � � ;4v�w ��� R 
 �M� J � R! m� I 7 � ¤ � � 8 ���n� � �\��� K ��d ;4v�w � K � d ;4v.w � K R � 9 
<; =C© � y±
C| } 
 � >«ªX¬®­¯ }A° �\G{DFES²¼ ³½´ �¥ q 1 9 ; =�yz> � y{
 � G JjK�JjK R J � R J d � � (12)

wherethebardenotescomplex conjugation.In (12)wecarryout theintegrationsover K R and��R to obtain» � ��o\qj���M�n! 657� I 7 � ¤ � � 8¨�¾� � � �¿��� K � 1 d ;4v.w � K � 1 � 9 
<; =C© � 
 � >�ªj¬ ­¯ >�|~}\G ° ��G±DFES²±³¢´ �¥ q JjK�J d � N (13)

WeintroducethenotationÀ q�� � �n! �¥ q ¡�� andinsert / W�Y in orderto convert the � integral
to a three-dimensionalone:» � ��o\qj���M�n! 657� I 7 � ¤ � � 8 �H� K � 1 d ;4v�w � K � 1 � 9 
<; =j© � 
 �FÁ }�>Â�\G{DFES² ���n� � � / W�Y � � � ³µ´ �¥ q JjK�J � N (14)
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Equation(14) is our modelfor theradardatain thesingle-scatteringcase.We notethat
thekernelof (14) involvesanoscillatoryintegral,whichsuggeststhatit canbeanalyzedwith
thetechniquesof microlocalanalysis.

2.2.Multiple scattering

Multiple scatteringdoesnotfit into themodeldiscussedin section2.1. In thecasewherethere
areonly two isotropicpoint scatterers,we usetheexactsolutionderived in AppendixA for
thescatteredfield dueto theincidentwave (7). We considerthecaseof a rotatingtarget; i.e.,
we replace�rÃ of (A.8) by ����o\qc� �rÃ :� * w �-��� + � ! �Ä Ã�Å � tI 7 � 80&,��� 
 � R � 1 + 
 ����o\q^� � Ã 1 � Æ Ã d ;4v.w � K R �t 
 Æ � Æ � 9 ; � = y�Ç DFE 3 � 657�È � �¼ÊÉ 9 ; =�yU? Bc
j�¿>«|�}�G��.ËP? DFE1 + 
 ����o\qc� � Ã 1 ( Æ Ã y 9 � ; =�y Ç DFE6A7�È 9 ; =�yU? Bc
j�¿> � y«Gz��Ë y ? DFE1 + 
 ���Ho Rq � � Ã y 1UÌ 9 
<; = y > � y 
C| } G JjK R J � R � (15)

where Í R !xt if Í !0m and Í R !lm if Í !Ît . Equation(15) is simplifiedasin section2: we
usetheoscillatory-integral representation(2) for & ; make thefar-field approximation;usethe
orthogonalityof � ; apply thechangeof variables��R RÏ!Ð��R 
 o\q ; andusethenotationdefined
above(11). With thesesubstitutionsweobtain� * w � + ��s����M� ! t� I 7 � ¤ � � ÄË~ÑcÒ-Ó ÔË ySÕÑ�Ë 8 Æ Ã d ;4v.w � K R�� 9 
<; =j© � 
 � y y 
C| } 
 Á } >Â� Ë G±DFE-²t 
 Æ Ã Æ Ã y 9 ; � = y Ç DFE 3 � 657¿È � �¼�Ö 9 ; = y © � y y 
 Á } >Â� Ë G{DFES² ( Æ Ã y 9 ; =�y Ç DFE6A7�È 9 ; = y © � y y 
 Á } >Â� Ë y G{DFES²«× JCK R JjK�J � R R � (16)

where
ÈÙØ 1 � Ã 
 � Ã y 1 . Carryingout the � R R and K R integrationsresultsin� * w � + ��s����M� ! t� I 7 � ¤ � � ÄË~ÑcÒ-Ó ÔË ySÕÑ�Ë 8 Æ Ã d ;4v.w � K � 9 
<; =C© � 
C|~}�
 Á }Ú>Â� Ë G{DFES²t 
 Æ Ã Æ Ã y 9 ; � = Ç DFE 3 � 657�È � �¼�Ö 9 
<; = Á }Ú>�� Ë G{DFE ( Æ Ã y 9 ; = Ç DFE657¿È 9 
<; = Á }�>Â� Ë y G±DFEF× JjK � (17)

Theoutputof thecorrelationreceiver is»AÛÝÜ.Þ ß ��o\qX���M� ! t� 657 ¤ � � ÄË�Ñ^Ò-Ó ÔË y-ÕÑPË 8 Æ Ã 1 d ;4v.w � K � 1 ��àt 
 Æ Ã Æ Ã y 9 ; � = Ç DFE 3 � 6A7�È � � � Ö 9 
<; =C© � } 
 �FÁ } >�� Ë G±DFES²( Æ Ã y657�È 9 
<; =j© � }�
á© �FÁ }Ú>Â�.ËMG{¬ Ç ¬ ­¯ } ° >Â��Ë y 
<�.ËàG�²ÂDFES² × JjK � (18)

Expandingthe denominatorof (18), retainingonly termscubic and lower in Æ Ã , and
simplifying, weobtain»AÛÝÜ.Þ ß ��o\qX���M� f t� 6A7 ¤ � � ÄË~ÑcÒ-Ó ÔË yUÕÑPË 8 Æ Ã 1 d ;4v.w � K � 1 � Ö 9 
<; =C© � } 
 �FÁ } >�� Ë G±DFES² ( Æ Ã y657�È 9 
<; =j© � } 
�> Á } >�� Ë y G{¬ Á } >Â� Ë G±¬ Ç G±DFE-²(iÆ Ã Æ Ã y� 657�È � � 9 
<; =C© � }Ú
 � > Á }Ú>�� Ë G±¬ Ç G±DFES² × JjK N (19)
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Equation(19) is ourmodelfor radardatain themultiple-scatteringcase.Thefirst termonthe
right sidecorrespondsto singlescatteringfrom thescattererat position � Ã . Thesecondterm
correspondsto a wave travelling first to �rÃ , thena distance

È
to thescattererat �XÃ y , andthen

backto theradar. Thethird termcorrespondsto awave travelling first to � Ã , thentravelling a
distancem È to theotherscattererandback,andthenreturningto theradar.

Wenotethat(19) is asumof oscillatoryintegrals,to which thetechniquesof microlocal
analysiscanbeapplied.

Ourmultiple-scatteringmodel(19)differssignificantlyfrom thatof thesingle-scattering
casein that additionalbookkeepingmust be performedto accountfor target substructure
positionrelative to otherscatterers.In addition,the multiple-scatteringexpressiondepends
on theoverall targetorientationandinvolvesmultiplicative termsof the form 9P¹jº �H� K�â È 3A� �
(for someinteger â ).

3. Wavefront sets for radar data

The target featuresthat interestus are the boundaryof the scatteringobject and localized
scatteringcenterssuchas corners. Thesetarget featureswe characterizeby the singular
structureof � , which wedescribein termsof its wavefrontset.

3.1.Wavefront sets

Mathematicallythe singularstructureof a function can be characterizedby its wavefront
set, which involves both the location + and correspondingdirections ã of singularities
[10, 14, 31,33].

Definition. Thepoint � + ä � ã ä � is not in thewavefrontsetåpæ �~çÏ� of thefunction ç if thereis a
smoothcutoff function è with è � + ä �êé!#" , for whichtheFouriertransform�ë�~ç è �\��ì ã � decays
rapidly (i.e., fasterthanany polynomialin t 3 ì ) as ì�� í for ã uniformly in aneighborhood
of ã ä .

This definition saysthat to determinewhether � +nä � ã ä � is in the wavefront set of ç ,
oneshould1) localizearound + ä by multiplying by a smoothfunction è supportedin the
neighborhoodof + ä , 2) Fourier transform ç è , and 3) examine the decayof the Fourier
transformin thedirectionã ä . Rapiddecayof theFouriertransformin directionã ä corresponds
to smoothnessof thefunction ç in thedirection ã ä [17].

Example:a point scatterer. If �)� + �n! / � + � , then åpæ ���§�n!��j��î¿� ã �ðï ã é!#î � .
Example: a specularflash. Suppose�b� + �)!òñó� +ô¡ ³ � , where ñ denotesthe Heaviside
function.Then åpæ ���§�n!Ð�j� + �Lõ ³ �Qï +�¡ ³ !g"j�Lõöé!g" � .

Our strategy is to work out explicitly how thewavefrontsetof � corresponds(via (13))
to thewavefrontsetof » . We denotethewavefrontsetof � byåpæ ���§� !Ð�j� � �.÷,�Qï<÷óé!pî � N (20)
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For calculatingthe wavefront setof » , the basictool is the methodof stationaryphase;the
resultsweneedarethefollowing theorems[10, 14,33].

Theorem 1 (Wavefront setof anoscillatoryintegral) Supposeø is definedbyø � + � ! 8 9 ;hù�>ÂúÝû BAGHü � + ��ý§� J ý	� (21)

where þ and ü satisfythefollowingconditions:

(i) þ is real-valued.

(ii) þ ��ì�ý	� + � !#ì þ ��ý	� + � .
(iii) At everypoint ��ýÿ� + � , at leastoneof thederivatives

��� Ë þ or

� = Ë þ is nonzero.

(iv) There is someÆ and
�

for which, onanycompactset � , theestimate1 � q Ò� Ò � q Ô� Ô ´�´�´ � q��� � � � Ò= Ò ´�´�´ � ���= � ü � + ��ý¾� 1
	���
 û ��û � ��tQ( 1 ý 1 ��� 
�� ? �®? ¬Ý>{��
���G�? ��? (22)

holds,with 1 �®1 !��Vs Ã .

Thenthewavefront setof ø satisfiesåpæ � ø ���2�j� + � � B þ �ðï � ú þ ���Ý� !gî � N (23)

Theorem 2 A Fourier integral operator çT� + � !0¶ ø � + �.� ��&Ï��� � J � mapsthewavefront set
of & to thewavefront setof ç according to the(twisted)canonicalrelation� R !Ð���±� +���ã ���Ú�H�_� ����!�ï�� + �.� ��ã � 
 �T�#" åpæ � ø � � (24)

In other words, åpæ �~çÏ� is the set of � +���ã � for which �{� +$�Mã �P���H�Q�%� ��! is in
� R for some�H� � � ��" åpæ ��&X� .

3.2.Wavefront setfor theKirchhoff model

In (14), we let ��q Ø � 
 o\q denotethe fast time (similarly, o\q is theslowtime). Thenwe can
write (14)as » �n��o\qj���M�n! 8 ø �T��o\qX�Lo R ����� � �&� / Y � � �M���n� � � ³ � ´ �¥ �Ho R �'! J � J o R � (25)

where �¥ ��o R �n! 
 �)(_�Ho R � ´ + andø � ��o\qj�Lo R ����� � �n! t� 657 ¤ � � 8 ��� K � 1 d ;4v.w � K � 1 � 9 
<; =C© � } 
 �FÁ } >��\G±DFE-²+*-,�=�y{>�| } 
C|Fy�G JCK�JjK R N (26)

Under the assumptionson d ;4v.w of Theorem1, equation(25) expresses»/. in termsof
a Fourier Integral Operatorapplied to � . , and thereforethe wavefront set of »0. can be
calculatedin termsof thatof � . by Theorem2.

First wecalculatethecanonicalrelation
� R for thekernel ø � :
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Thecanonicalrelation. We assumethat ��� K R«� � 1 d ;4v.w � K � 1 � satisfiesthehypothesisof theorem
1. Thephaseof ø . isþ ! 
 K � ��q 
 m À qX� � � 35� !j( K R ��o\q 
 o R � (27)

andso� R ! 1 ��o\qj���ðï32Ý�%4á��� � �Lo R � ÷¿� 2 R �ðïc��q 
 m À qr� � � 35� !g"j� o\q§!#o R
2ë! � | } þ ! 
 m K� � �¥ ��o\qc�� o\q ¡^� ( K R4%! � � þ ! 
 K �÷�! 
 �65 þ ! m K� �¥ �Ho\q<�2 R ! 
 � | y þ ! K R87 � (28)

Thewavefront setof � / Y � � �M����� � � ³ � ´ �¥ ��oÚR±��! . We assumethat ��� and

� $ aresmoothover
the(typically small)dataacquisitioninterval. Thentheonly singularpartof � / Y � � �M���n� � � ³ � ´�¥ ��o R ��! is the delta function supportedon

� $ . Thus the wavefront setof � / Y � � �à�¾�n� � � ³ � ´�¥ ��o�Rz��! is simplyåpæ �9� / Y � � �à�¾��� � � ³ � ´ �¥ �Ho R �'!-�n!Ð�j� � �Lo R � ÷¿� 2 R �ðï � " � $ �no R arbitrary�.÷;: ³ � �<2 R !#" � (29)

Thewavefront setof » � . thewavefrontsetof »0. is containedin theset1 ��o\qr�M� � 2,�%4X���Qïê��q 
 m À q�� � � 35� !g"X� � " � $ � �¥ �Ho\q^�=: ³ � ��>2Ý�%4á�=: Z 
 �~m 3A� � � |�} �¥ ��o\q^� ¡^� ��t�` 7 N (30)

In particular, thewavefrontsetcorrespondingto asinglepointscattererat � ä will bethecurve��q 
 m À q�� � ä � 35� !#" whosenormalvectoris �?2,�%4��@: Z ��m 35� � � | } �¥ ��o\q<� ¡c� ä ��t ` .

3.3.Wavefront setsfor multiplescattering

In the caseof the two isotropicpoint scattersthat we modeledin section2.2, the target is
simply a sumof two deltafunctions � Û,Ü�Þ ß � � �ð! / � � 
 � � ��( / � � 
 � � � . Thecorresponding
wavefrontsetisåpæ ��� Û,Ü.Þ ß �n!BAá� � � �.÷,�Qï all ÷Ùé!#î �#C �j� � � �L÷��ðï all ÷óé!#î�D N (31)

We seefrom (19) thatmultiple-scatteringdatacanbeexpressedasa sumof oscillatory
integrals »�Û,Ü.Þ ß f » � ( » � ( »FE ; to eachwe cansimply applyTheorem1. Thecorresponding
phasesare þ � ! 
 K �-��q 
 m À qr� � Ã � 35� � (32)þ � ! 
 K �-��q 
 � À q�� � Ã y �¿( À q�� � Ã �¿( È � 35� �þ E ! 
 K �-��q 
 mr� À qX� � Ã ��( È � 35� �,N
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Thewavefrontsetof » � is calculatedfrom Theorem1:åpæ � » � �#� GÃ�Å ��û � �j�Ho\qX��� � 2 R R �94 R R �ðï ��q 
 m À qr� � Ã � 35� !g"X��?2 R R �94 R R ��! K ���~m 35� � � | } �¥ �Ho\q^� ¡c� Ã �\tÚ� � N (33)

Thewavefrontsetof » � isåpæ � » � �#� GÃ�Å ��û � �j�Ho\qX��� � 2 R R �94 R R �ðï ��q 
 � À qr� � Ã y �¿( À qr� � Ã ��( È � 3A� !g"X��?2 R R �94 R R �H: ZC��m 35� � � | } �¥ ��o\qc� ¡ � � Ã y ( � Ã ����t ` � N (34)

Thewavefrontsetof »FE isåpæ � »IE �#� GÃ�Å ��û � �j�Ho\qX��� � 2 R R �94 R R �ðï ��q 
 mr� À qr� � Ã �¿( È � 35� !#"j��?2 R R �94 R R �H: Z ��m 35� � � | } �¥ ��o\qc� ¡^� Ã ��t�` � N (35)

Finally, the wavefront setof our three-termapproximationto »AÛÝÜ.Þ ß is the union åpæ � » � � Cåpæ � » � � C åpæ � »IE � .
Wenotethatthecritical curvesin the o\q – ��q planearesomewhatdifferentfor thesingle-,

double-,andtriple-scatteringcontributions.In particular, single-scatteringcurvesare��q§! m � � ¤ 
 � ¦ ��o\q^� �+ ´ � � � (36)

double-scatteringcurvesaredescribedby��q§! m � Ö ¤ ( �� È 
 � ¦ ��o\qc� �+ ´ � ( � Rm × (37)

andtriple-scatteringcurvesobey��q§! m �KJ ¤ ( È 
 � ¦ �Ho\q^� �+ ´ �ML (38)

Multiple scatteringfrom pairsof scatteringcenterscanpotentiallyberecognizedin thedata
by theoccurrenceof collectionsof suchcurves.Wenotethatthedouble-andtriple-scattering
curvesarethesameassingle-scatteringcurvesfor scatterersrotatingaboutmoredistantcenter
points,and,in thedouble-scatteringcase,theapparentpositionof thescattererrelative to the
centerof rotationis midwaybetweenthetwo scatterersat � and � R .
4. Conclusions and Future Work

Our discussionhasnot actually beenaboutradarimaging. Instead,it hasfocusedon the
structureimposeduponmeasuredradardataby a classof imagefeaturesassociatedwith the
singularsetof theradartarget.Standardradarimagingschemesattemptto estimateprecisely
this classof features,however, andsoour approachhas“imaging” at its heart. In particular,
we have shown that when the single-scatteringapproximationis valid, the location of the
target’s scatteringcenterscanbe estimateddirectly from the datawavefront set. We have
alsoshown that the wavefront set for multiple-scatteringeventscanbe distinguishedfrom
single-scatteringdata.
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We leave for the future the questionof how knowledgeof the singularstructureof the
radardatacanbestbeexploitedfor target imagingandidentification.Therearea numberof
issueshere. For imageformation, the wavefront-setanalysissuggeststhat reconstruction
methodsrelatedto local tomography[12, 17] may be useful. In particular, analysisof
wavefront setscandeterminewhetherbackprojectionwill provide an imagefree of certain
artifacts[23, 25]. In addition, wavefront-setanalysissuggestsan approachfor producing
artifact-free,superresolved images:remove all componentsof thedatasetexceptthosethat
correspondto well-understoodtarget features,and form an imagefrom thosecomponents
only.

Practicalimplementationof theanalysisin this paperrequiresthatwe beableto extract
thewavefrontsetfrom radardataunderconditionsin which thedataarenoisy, have limited
bandwidth,andarediscretelysampled.Theproblemof extractingwavefrontsetsundersuch
conditionsis closelyrelatedto imageprocessingproblemssuchasedgedetection,andthese
are active areasof current research. We explore one possibleapproachin [5], wherewe
provide numericalexamplesof syntheticradardataandshow how thewavefrontsetanalysis
enablesusto estimatetargetparametersfrom verynoisydata.
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Appendix A. Multiple Scattering

For a time-harmonicincidentwave N ;4v�w � + � , the frequency-domainfield N * w scatteredfromO
“point” scattererscanbe obtainedfrom the Foldy-Lax [34] equationstogetherwith the

assumptionthatthescatteredfield fromasingle“point” scattereris proportionalto theGreen’s
function P [28]:N * w � + � ! QÄ Ã�Å � P � 1 + 
 � Ã 1 � Æ Ã N Ã � � Ã � (A.1)

N Ã � + �p! N ;4v.w � + �¿( Ä ,>RÅ^Ã P � 1 + 
 � ,M1 � Æ , N , � � , ��� Í !�tc��mj��N\N�N�� O � (A.2)

where P � À �_!�� 6A7 À � 
�� 9P¹jº �H� K À 3A� � . Equation(A.1) saysthatthescatteredfield is thesumof
thefieldsscatteredfrom eachscatterer;moreover, thefield scatteredfrom the Í th scattereris
proportionalto thefield N Ã thatis incidentuponthe Í th scatterer. Equations(A.2) saythattheÍ th local incidentfield is the overall incidentfield plus thefield scatteredfrom all theother



Micr
�

olocalStructureof HRRISARData 11

scatterers.If the scatteringstrengthsÆ � � Æ � ��N\N�N\� Æ Q areknown, the equations(A.2) canbe
solvedfor the N Ã ; thenthetotal field canbefoundfrom (A.1).

In thecaseof two “point” scatterers,equations(A.2) areN � � + ��! N ;4v.w � + �¿( P � 1 + 
 � �Ú1 � Æ � N � � � � � (A.3)N � � + ��! N ;4v.w � + �¿( P � 1 + 
 � � 1 � Æ � N � � � � � (A.4)

Evaluating(A.3) at � � and(A.4) at � � givesriseto thesystemof equationsÉ t 
 Æ � P � È �
 Æ � P � È � t Ì É N � � � � �N � � � � � Ì ! É N ;4v.w � � � �N ;4v.w � � � � Ì � (A.5)

where
È ! 1 � � 
 � � 1 . Theseequationshave thesolutionsN Ã � � Ã �n! N ;4v.w � � Ã �¿( Æ Ã y P � È � N ;4v.w � � Ã y �t 
 Æ � Æ � P � � È � � Í !Ðtc��mj� (A.6)

whereÍ RX!2m if Í !Ðt and Í RX!Ðt if Í !2m . Using(A.6) in (A.1) yieldsN * w � + � ! �Ä Ã�Å � P � 1 + 
 � Ã 1 � Æ Ã N ;4v.w � �rÃ �¿( Æ Ã y P � È � N ;4v�w � �rÃ y �t 
 Æ � Æ � P � � È � N (A.7)

The time-domainscatteredfield due to the incident field (7) can be found by takingP � 1 + 
 �XÃ 1 � ! ¶ 9P¹jº �H� K R �-� 
 � R ��&,�-� 
 � R � 1 + 
 �rÃ 1 � J � R and N ;4v.w � �XÃ �[! d ;4v.w � K R �\� I 7 � 1 + 
� Ã 1 � 
�� 9�¹jº �H� K R 1 + 
 � Ã 1h35� � 9P¹jº ��� K R�o\q^� in (A.7) andFourier transformingfrom K R to � . The
exponentialsinvolving � cancel,andweobtain� * w �-��� + � ! �Ä Ã�Å � 80&Ï�-� 
 � R � 1 + 
 � Ã 1 � Æ Ã d ;4v.w � K R �t 
 Æ � Æ � 9 ; � = y Ç 3 � 657�È � �¼ É 9 ; =�yU? B^
<��Ë�? DFEI 7 � 1 + 
 � Ã 1 ( Æ Ã y 9 ; � =�y Ç657�È 9 ; =AyU? Bc
<�.Ë y ? DFEI 7 � 1 + 
 � Ã y 1 Ì 9 
<; =Ayz> � y{
C|~}\G JjK R J � R N (A.8)
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[22] NattererF and Wübbeling F 2001 MathematicalMethodsin Image Reconstruction(Philadelphia:

SIAM)
[23] NolanC J2000Scatteringneara fold causticSIAMJ. App.Math.61 659–72
[24] NolanC JandCheney M 2002SyntheticapertureinversionInverseProblems18 221–36
[25] NolanC J andSymesW W 1997Globalsolutionof a linearizedinverseproblemfor theacousticwave

equationComm.Part. Diff. Eq.22
[26] QuintoE T 1993Singularitiesof theX-ray transformandlimited datatomographyin SUT and SUV SIAM

J. Math.Anal.24 1215–25
[27] Skolnik M I 1980Introductionto RadarSystems(New York: McGraw-Hill)
[28] SniederR K andScalesJ A 1998Time-reversedimagingasa diagnosticof wave andparticlechaos

Phys.Rev. E 58 5668–75
[29] Son J S, ThomasG and FloresB C 2001 Range-DopplerRadar Imaging ad Motion Compensation

(Boston:ArtechHouse)
[30] SullivanR J2000MicrowaveRadarImagingandAdvancedConcepts(Boston:ArtechHouse)
[31] TaylorM 1981PseudodifferentialOperators(Princeton:PrincetonUniversityPress)
[32] TrevesF 1975BasicLinearPartial DifferentialEquations(New York: Academic)
[33] TrevesF 1980Introductionto PseudodifferentialandFourier Integral Operatorsvol 1 and2 (New York:

Plenum)
[34] TsangL, KongJA andShinR T 1985Theoryof MicrowaveRemoteSensing(New York: Wiley)


