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Abstract. We considerthe problemof identificationof airborneobjectsfrom high-range-
resolutionradardata. We use high-frequeng asymptoticsto shawv that certain featuresof
the objectcorrespondo identifiablefeaturesof the radardata. We studythe casesf single
scatteringandmultiple scatteringrom two point-like scatteringcenters.

This work suggests methodfor targetidentificationthat circumwventsthe needto create
an intermediateradarimagefrom which the object’s characteristicareto be extracted. As
such,this schememaybeapplicableto efficient machine-baserhdaridentificationprograms.

PACSnumbers41.20.Jb42.30.Wb

1. Introduction

Currentmethodsof identifying objectsfrom radardatagenerallyinvolve first forming an
image,and then attemptingto identify featuresof the image. Here we proposea different
approachnamelyto carry out the identificationdirectly from examinationof the raw radar
data.

Thisapproachrequiresdeterminingwhich featuresof theradardatacorrespondo which
featuresof the object. Our approach[7] relatesthe singular structure(such as edges)of
the target to the singularstructureof the dataset. Restrictingour attentionto the singular
structure—specificallyto a certainsetin phasespacecalledthe wavefont set—allows usto
usethe tools of microlocalanalysis[10, 14, 33]. This stratgly wasfirst appliedto imaging
problemsin [1]; its usesin seismicprospecting2, 6, 11], X-ray tomography{12, 17], and
Synthetic-AperturdRadar[24] are actve areasof research.An approachsimilar to the one
we pursuehere,in which we usemicrolocalanalysisnot to do imagingbut insteadto study
the connectionbetweenfeaturesof the target and the data, was consideredor the X-ray
tomographyproblemby Quinto[26].

We beggin in section2 by examining the generalpropertiesof radar scatteringand
developing mathematicalmodelsfor the measureddata. Thesemodelsinvolve Fourier
Integral Operatorswith kernelsthatareoscillatoryintegrals;it is this thatmakesit possibleto
studythesemodelswith thetechnique®f microlocalanalysis.Next we presenanoverview of
themicrolocalconceptandtheoremghatarerelevantto ourinvestigation(section3.1). These
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two sectionssere to introduceour notation,assumptionsandterminology In particular we
assumethoughoutthat the target’s rotationalacceleratioris negligible. Section3 contains
our mainresults:the calculationof the wavefrontsetsfor the single-scatteringndmultiple-
scatteringcases.

2. Radar data

High-range-resolutiofHRR) radarsystemgransmittheequvalentof ashortelectromagnetic
pulseandmeasurehetime delayof thecorrespondingvaveformreflectedrom atarget. This
providesan estimateof the target’'s range,and,moregenerally the rangeto individual target
substructures.

To obtain different views of the target, radar systemscan use multiple pulsesthat
interrogatehetargetasit rotatesandsequentiallypresentslifferentaspectgo theradar Such
systemsareknown asinversesynthetic-apertureadar or ISAR, systems.

Ultimately, the behaior of radardatais determinedby scattered-fieldsolutionsto the
wave equation. Sinceradarsystemdransmitandreceve radio waves, we shouldgenerally
examine the electromagnetiqvector) wave equation. For simplicity, however, we will
examinethe scalarwave equationand assumethat the componentf the electromagnetic
field eachsatisfy

(V2 —c? 6,52) u(t,y) =0 (1)

in theregionexteriorto thescatteringobject(). We write thetotalfield asasumof theincident
andscatteredieldsu = g+u®, wherethe Greensfunctiong representthefield dueto a point
sourceat x, the positionof theradar Specifically g is givenby [32]

Si—lv-slj) _ f iett=ly—el/0)
—m) = — 2
andsatisfies
(V2 — ¢ 208) glt,y — @) = —8(t)3(y — ). @3)

Thedependencef g onthe sourcepositionz inducesa similar dependence «*, which we
write asu®(t, y, x).

In section2.1, we develop a mathematicamodelfor HRR radardataand explain the
fundamentakole playedby the single scatteringapproximation. We examinethe multiple-
scatteringcasan section2.2, wherewe constructainexactscatteringsolutionfor two isotropic
point scatterers.

2.1. Kirchhof approximation

The Kirchhoff approximationis a geometricoptics approximation. We useit to obtainan
expressionfor the scatteredield asfollows. First we multiply (1) by ¢(t — ¢, — y) and
(3) by u(t, y), subtractthe resulting equations,and apply Greens theoremto the region
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exterior to the scatteringobject(2, andusethe outgoingradiationconditionsto eliminatethe
contributionsto theintegral from infinity. Theresultis

u'(t,z, z) = / (g(t —t',z,y)0u’(t', y, x)—
o0
u’(t',y,x)0,g(t — t' x, y)) dt'ds, 4)

It is ontheright sideof (4) thatwe usethe geometricabpticsapproximatiorto the scattered
field. In particular the geometricaloptics approximationassumeghat, on the illuminated

surface,the phaseof the scatteredield is determinedy the high-frequeng law of reflection
(i.e., the angle of incidenceis equalto the angle of reflection), and the amplitudeof the

scatteredield is proportionalto thatof theincidentfield. This constaniof proportionalityis

calledthereflectioncoeficient we denoteit by V' (y). Strictly speakingjt dependsalsoon

theanglebetweerthedirectionof incidenceandthedirectionof scatterbut for typical ISAR

applicationstheseanglesvary so little that we canneglect this dependenceFor a rotating

taget, the illuminated surfacealso varieswith angle; but againwe assumehat the angles
vary solittle thatthis effect canbe neglected.Consequentlyon theright sideof (4), we use

us(t,y,az) %V(y)d(t_ |y—cc|/c)

Ar|y — |
e
=V - 4
(y)/ sr’ly —a|

—iw(t—|y—|/c)

o't — |y —z|/c)
oui(t,y,z) =~ V(y)o,|ly — =
(b, 2) ~ V)aly -2l = =
—V(y)a, e~ lw(t—ly—=|/c) 4 .
( |y aU|/WW w (5)

wherein differentiatingwe have retainedonly theleadingordertermfor largew. Usingthese
expressionsn (4) andsimplifying resultsin

—1wt 2|ly—z|/c)
(t,x, x) w———--V(y)20,|y — x| dwdS. (6)
= o] e P el

wherenow 92 denotegheilluminatedportionof thetargetsurface.

The value of the Kirchhoff approximationis that it removes the nonlinearityin the
inverseproblem: it replaceshe productof two unknovns (V' andu) by a single unknovn
(V) multiplied by known quantities. This approximationis, however, a single-scattering
approximationandanimportantcontributionto radarscatteringcomesrom multiple bounces
associatedvith corners. Cornerscatteringhasthe propertythatit canbe seenfrom mary
directions;in this respectsuchscatteringcentersbehae like “point” scatterers.To model
cornerswe simply interpretl asaneffective reflectioncoeficientfor thecorner

The model (6) appliesto a stationarytarmget and a single incident wave that startsat
positionz attime¢. We now assumehattheincidentfield is a seriesof pulsesbeginningat
timest =6,,n =1,2,..., sothat

)= [ 5w

—iw'(t' =0 —|z—y|/c)

dow’ 7
sy 0 ™
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where
1 -
Sinel) = F(sinc} (@) = 5 [ smelt) " dt ®
™
is the Fourier transformof the signalusedto establishthe interrogatingfield transmittedto
thetarget. We alsoassumehatthetargetis translatingwith velocity v androtating,sothatat
timet, we have V(t,y) = Qx(O~'(t)(y — vt)), whereO(t) denotesa rotationoperator(an
orthogonamatrix).
We denoteby u°(t, ) the scatteredield at the radardueto the nth transmittedpulse

This field inducesa systemsignal whoseKirchhoff-approximatedvalue we denoteby

Ssc(x, n, t):
efiw(tanfQ\a:fyUc)

Ssc(@, n, 1) :/(2iw) iz — g’

Herewe have madethe start-stopapproximationj.e., thetargetis moving sufficiently slowly
thatit canbe treatedas stationaryduring the time of illumination by the radarpulse. (This
depend®nthelengthof the pulse,andthe speedandsizeof thetarget.)

In (9), we ngglectthe overall target velocity (setv = 0), lett — ¢ — 6,,, andmalke the
changeof variablesz = 0~1(6,,)y. This approximatiorcorverts(9) into

QK(O_I(en)(y — 00,)) Sinc(w') 0y ly — x| dwdSy9)

| emw(t=0u-2@-0(0n)z]/c)
see(®@, 1) = / (2) g o2 2 (2 S @)0]0(0)z — | dwdS.. (10)

We usethefarfield approximationz — w| = |z| — & - w + O(|z|™!) (with thehatdenoting

unit vector), the orthogonalityof @, andthe notationR = ||, R, = —O7(6,) to rewrite
(10)as

2 , ; .
Sse(@, n, 1) A R / Qx (2) (iw) Sine (w) e wlt=bn—(B+Ru-2)/cly, . B dwdS, . (11)

ISAR systemaypically usea correlationrecever. This meansthat our modelfor the
radardatamustincludethecorrelationprocessin particular we correlatethe signal(11) with
asignalof theform sy, (t' — t) = [ S(w') exp(—iw'(#' — ¢)) dw' to obtainthe outputof the
correlationrecever:

(0, 1) = / sec (@1 ) Fine (F — 1) P

2 — o >
~ (8m2R)? / Qx (2) (i) Sine (w) Sine (w") @7 IF ~On =2+ Ru-2)/d
X v - R,|e™' " dwdw'dt'dsS, , (12)

wherethe bardenotesomplex conjugation.In (12) we carry out theintegrationsoverw’ and
t' to obtain

47T . —iw[t— : Z)/c »
Nk (0n, t) = W/QK(Z) (1w)|SinC(w)|2e [t=2(R+R(6n)-2)/ ]V'RndeSz- (13)

A

We introducethenotationr, (2) = R, -z andinsertdsq in orderto corvertthe z integral
to athree-dimensionalne:
A7

me(but) = gy / (iw) | Sine(w) |* e 72/ AQy (2)5p0(2)v - Ry dwdz . (14)
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Equation(14) is our modelfor theradardatain the single-scatteringase.We notethat
thekernelof (14) involvesanoscillatoryintegral, which suggestshatit canbe analyzedwith
thetechnique®f microlocalanalysis.

2.2. Multiple scattering

Multiple scatteringloesnotfit into themodeldiscussedh section2.1. In thecasewherethere
areonly two isotropicpoint scatterersye usethe exact solutionderivedin AppendixA for
the scatteredield dueto theincidentwave (7). We considerthe caseof arotatingtarget;i.e.,
we replacez’ of (A.8) by O(6,,) 2’

2
1 , 15 Sine (W)
u(t, z) = — t—t' |z — 0(0,)2’ I
() = Yo [ ot =l — 00 )
ol [0 (0,)27 | [ . 2w Lfe i |lz—0(t)2' |fc
z— 00,2 " arL |z — 0(0,)27]
wherej’ = 1if j = 2andj’ = 2if j = 1. Equation(15) is simplified asin section2: we
usetheoscillatory-intgral representatio(2) for g; make thefarfield approximationusethe
orthogonalityof @; applythe changeof variablest” = ¢’ — 6,,; andusethe notationdefined

above (11). With thesesubstitutionave obtain
flw[tft” —On—1n(27)/c]

,U'] 1nc
t)
u(, n, 7r2R JZQ/ 1—p; ,u , e20'L/c (47 L)

i'#i

X [eiwl[tllrn(zj)/c} +,U,]l

e~ W =) qud¢’ (15)

iw'L/e
AmL

wherel = |27 — zj'\. Carryingoutthet” andw’ integrationsresultsin
1w[t—9n—rn(zj )/cl

,U'] 1nc
87T2R ]2122 / 1 — pjpg :elQQ’L/C/(47rL)
il #i

e

el [t" a2 VC} dw'dwdt” (16)

u*(x,n,t) =

—iwrn(27)/c ele/c
g [e "

—iwra (' )/C] dw, (17)

The outputof the correlationreceveris

1 145] Sine (w)|? I
. gnt — 711 iwl[tn—2rn(2?)/c]
it B ) (4wR>2j_le/ (L= ypag 2174 L)) |°
J'#i

+ M o iwltn— 270 (29)+ L+ Ry -(27 —27)] /c:| dw | (18)
4L
Expandingthe denominatorof (18), retainingonly termscubic and lower in 1;, and
simplifying, we obtain

mult (O, 1) &2 inc —iwltn—2ra(27)/d | ' —iwlta—(ra(z7 )4 (z))+L) /]
Timate (O 47TR ;/ugls [ +7°

i'#i

IU’JIMJ" —iwltn—2(rn(29)+L)/c
+We [tn=2(rn(=7) )/]]dw. (19)
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Equation(19) is our modelfor radardatain the multiple-scatteringase.Thefirsttermonthe
right sidecorrespondso singlescatteringrom the scatteremt positionz’. The seconderm
correspondso a wave travelling first to z7, thena distancel to the scattereat z7’, andthen
backto theradar Thethird termcorresponds$o awave travelling first to z7, thentravelling a
distance2L to the otherscattereandback,andthenreturningto theradar

We notethat(19) is a sumof oscillatoryintegrals,to which the technique®f microlocal
analysiscanbeapplied.

Ourmultiple-scatteringnodel(19) differssignificantlyfrom thatof thesingle-scattering
casein that additional bookkeepingmust be performedto accountfor target substructure
positionrelative to otherscatterers.In addition, the multiple-scatteringexpressiondepends
on the overall taget orientationandinvolves multiplicative termsof the form exp(iwmL/c)
(for someintegerm).

3. Wavefront setsfor radar data

The taget featuresthat interestus are the boundaryof the scatteringobjectand localized
scatteringcenterssuch as corners. Thesetarget featureswe characterizeby the singular
structureof @@, which we describean termsof its wavefrontset.

3.1.Wavefont sets

Mathematicallythe singular structureof a function can be characterizedy its wavefont
set which involves both the location & and correspondingdirections € of singularities
[10, 14, 31,33].

Definition. Thepoint(xz,, &,) is notin thewavefrontsetWF( f) of thefunction f if thereisa
smoothcutoff function« with v (x,) # 0, for whichtheFouriertransformF( f)(\€) decays
rapidly (i.e., fasterthanary polynomialin 1/)) asA — oo for € uniformly in aneighborhood
of §,.

This definition saysthat to determinewhether(zg, §,) is in the wavefront setof f,
oneshouldl) localize aroundz, by multiplying by a smoothfunction ¢ supportedn the
neighborhoodof x,, 2) Fourier transform f1, and 3) examine the decayof the Fourier
transformin thedirection¢,,. Rapiddecayof theFouriertransformin directiong,, corresponds
to smoothnessf thefunction f in thedirectiong, [17].

Example:a pointscatteer. If Q(x) = d(x), thenWF(Q) = {(0,&) : £ # 0}.

Example: a specularflash. Supposel(x) = H(x - v), where H denoteshe Heariside
function. ThenWF(Q) = {(z,av) : ¢ - v = 0, # 0}.

Our stratayy is to work out explicitly how the wavefrontsetof () correspondsgvia (13))
to thewavefrontsetof . We denotethe wavefrontsetof @ by

WF(Q) ={(2,¢): ¢ #0} . (20)



Microlocal Structue of HRRISARData 7

For calculatingthe wavefront setof 7, the basictool is the methodof stationaryphase;the
resultswe needarethefollowing theoremg10, 14, 33].

Theorem 1 (Wavefiont setof an oscillatoryintegral) SupposeX is definedoy
K(z) = /ei‘z’(“”w)a(w, w) dw, (21)
wheee ¢ anda satisfythefollowing conditions:

(i) ¢ isreal-valued.
(i) p(Aw, ) = A\p(w, x).
(iii) Ateverypoint(w, ), atleastoneof thederivativesd,; ¢ or d,,, ¢ is nonzeo.
(iv) Theris someu and M for which, onanycompactetX, theestimate
0102 - N O -+ O a@, )| < Cx (1 + [w[)#=MmHI=ADR (22)
holds,with [n| =) " n, .
Thenthewavefontsetof K satisfies
WF(K) C {(z, Vz¢) : Vud(z) = 0}. (23)
Theorem 2 A Fourier integral opeator f(xz) = [ K(z,y)g(y) dy mapsthe wavefont set
of g to thewavefont setof f accodingto the (twisted)canonicalrelation

A ={[(z;€), (y,m)]: (z,y;§ —n) € WF(K)} (24)
In other words, WF(f) is the setof (z;&) for which [(x;&), (y,n)] is in A’ for some
(y;m) € WF(g).

3.2. Wavefontsetfor the Kirchhof model

In (14),welett, =t — 6, denotethefasttime (similarly, 4,, is the slowtime). Thenwe can
write (14) as

nK(ena t) = / KK(en: 91) ta z)[dﬂ(z)QK(‘z)uz ’ 1%(9/)] dzdf¢' ) (25)
whereR(#') = —O7 (¢') - = and
Kx(0n,0',t,2) = ( 47T1R)2 / (iw) | Sine(w) |2~ @ltn=2ra(2)/€l gi (0n=0") qyd0’ . (26)

Underthe assumption®n S;,. of Theoreml, equation(25) expresses),, in termsof
a Fourier Integral Operatorappliedto @, and thereforethe wavefront set of n, canbe
calculatedn termsof thatof @), by Theorenm?2.

Firstwe calculatethe canonicakelationA’ for thekernel Kk:
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Thecanonicalrelation. We assumehat (iw')?|Sinc(w)|? satisfieghe hypothesiof theorem
1. Thephaseof K, is

¢ = —wlty, — 2r,(2)/c] + W' (6, — 0") (27)
andso

AN = {(Hn,t 20,7)(2,05¢,0") sty — 2r(2)/c =0, 0, =10

. . 2wOR(6y) ,
O—agn(b——— 80” cZtw
T =0 =—w,
2W ~
¢=-V.6=""R(0)
o — — Oy = w'} | (28)

A~

Thewavefontsetof [0q(2)Qk(z)v, - R(#')]. WeassumeahatQx andoS2 aresmoothover
the (typically small)dataacquisitioninterval. Thenthe only singularpartof [0 (z)Qx (z)v -

A

R(#')] is the deltafunction supportedon 0f2. Thusthe wavefront setof [0q(2)Qk(z)v, -
R(0")] is simply

WF([60(2)Qx (2)v, - R(0)]) = {(2,0;¢,0") : z € 99, ¢ arbitrary, ¢ « v, o' = 0}(29)

Thewavefontsetof nk. thewavefrontsetof n,, is containedn theset

{(Hn,t; 0,7,) t by — 2rp(2)/c=0,2z € 09, R(9,) x v,

(0,7) x (—(2/c)agn1%(9n) 2, 1) } (30)

In particular thewavefrontsetcorrespondindo asinglepointscattereat z° will bethecurve
tn, — 2rn(2°)/c = 0 whosenormalvectoris (o, 7) o ((2/c)8gnR(0n) - 29 1).

3.3. Wavefont setsfor multiple scattering

In the caseof the two isotropic point scatterghat we modeledin section2.2, the target is
simply asumof two deltafunctionsQ,.u;(2) = §(z — 2!) + §(z — 2?). Thecorresponding
wavefrontsetis
WF(Qmut) = {(2',¢) : @l ¢ #0}U{(2*,¢): all{ #0} . (31)
We seefrom (19) that multiple-scatteringlatacanbe expressedasa sumof oscillatory

integralsn,ue &~ m + 12 + n3; to eachwe cansimply apply Theoreml. The corresponding
phasesre

o1 = _w(tn - 2Tn(zj)/c) (32)
by = —w(ty — (ra(27) +7a(27) + L) /)
$3 = —w(ty — 2(rp(2?) + L)/c).
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Thewavefrontsetof ), is calculatedrom Theorem.:
WF(m) C U {0n,t;0",7") : ty —2r,(27)/c =0,

j=1,2

(0", 7") = w((2/c)By, R(0,) - 27, 1)} . (33)
Thewavefrontsetof 7, is
WE(n2) € | {(0n, 850", 7") + tn = (ra(27) +1a(27) + L) Jc = 0,

j=1,2
("7 o (/RO - (F +2)1) ). (39)
Thewavefrontsetof 73 is
WF(n3) C U {(On,t;0",7") : t, —2(rp(2?) + L) /c =0,
j=1,2
(0", 7") o ((2/c)0, R(B.) - #,1) }. (35)
Finally, the wavefront setof our three-termapproximationto 7,,,;; is the union WF(7;) U
WE (12) U WF(13).
We notethatthecritical curvesin thef,,—t,, planearesomevhatdifferentfor thesingle-,
double-,andtriple-scatteringcontributions. In particular single-scatteringurvesare

2
by = - (R—0%(0,)2 - 2), (36)
double-scatteringurvesaredescribedy
2 . z+ 2
tn=— | R+ 1L—-0"(0,)% - 5 (37)
andtriple-scatteringurvesobey
2
b = — [R+L—0"(0,)% - 2] (38)

Multiple scatteringirom pairsof scatteringcenterscanpotentiallybe recognizedn the data
by theoccurrencef collectionsof suchcurves.We notethatthe double-andtriple-scattering
curvesarethesameassingle-scatteringurvesfor scatterersotatingaboutmoredistantcenter
points,and,in the double-scatteringase the apparenpositionof the scattererelative to the

centerof rotationis midway betweerthetwo scatterersit z andz’.

4. Conclusions and Future Work

Our discussionhas not actually beenaboutradarimaging. Instead,it hasfocusedon the
structureimposeduponmeasuredadardataby a classof imagefeaturesassociateavith the
singularsetof theradartarget. Standardadarimagingschemesttemptto estimateprecisely
this classof featureshowever, andsoour approachthas“imaging” atits heart. In particular

we have showvn that when the single-scatteringapproximationis valid, the location of the
target’s scatteringcenterscan be estimateddirectly from the datawavefront set. We have

also shown that the wavefront setfor multiple-scatteringeventscan be distinguishedfrom

single-scatteringlata.
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We leave for the future the questionof how knowledgeof the singularstructureof the
radardatacanbestbe exploitedfor targetimagingandidentification. Therearea numberof
issueshere. For imageformation, the wavefront-setanalysissuggestgshat reconstruction
methodsrelatedto local tomography[12, 17] may be useful. In particular analysisof
wavefront setscan determinewhetherbackprojectiorwill provide animagefree of certain
artifacts[23, 25]. In addition, wavefront-setanalysissuggestsan approachfor producing
artifact-free,superresoled images:remove all component®f the datasetexceptthosethat
correspondo well-understoodarget features,and form an imagefrom thosecomponents
only.

Practicalimplementatiorof the analysisin this paperrequiresthatwe be ableto extract
the wavefrontsetfrom radardataunderconditionsin which the dataare noisy, have limited
bandwidth,andarediscretelysampled.The problemof extractingwavefrontsetsundersuch
conditionsis closelyrelatedto imageprocessingroblemssuchasedgedetectionandthese
are active areasof currentresearch. We explore one possibleapproachin [5], wherewe
provide numericalexamplesof syntheticradardataandshaov how the wavefrontsetanalysis
enablesusto estimateargetparameterfrom very noisydata.
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Appendix A. Multiple Scattering

For a time-harmonidncidentwave U'"*(z), the frequeng-domainfield U scatteredrom
N “point” scatterersan be obtainedfrom the Foldy-Lax [34] equationgogetherwith the
assumptionhatthescatteredield from asingle“point” scatterers proportionako theGreens
functionG [28]:

U*(z) = ) Gllz — 2 iUy (2) (A1)
j=1
U](m) = Umc(m)+ZG(‘£C_ZZD/J'ZUZ(ZZ): .7 = 152""’Na (A2)
1£]

whereG(r) = (4nr) ! exp(iwr/c). Equation(A.1) saysthatthe scatteredield is the sumof
thefields scatteredrom eachscatterermoreorver, thefield scatteredrom the jth scattereis
proportionalto thefield U; thatis incidentuponthe jth scattererEquationgA.2) saythatthe
jth'local incidentfield is the overall incidentfield plusthe field scatteredrom all the other
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scatterers.If the scatteringstrengthsu, s, . . ., uy areknown, the equationgA.2) canbe
solvedfor theU;; thenthetotal field canbefoundfrom (A.1).
In the caseof two “point” scatterersequationgA.2) are

Ui(z) = U"(2) + G|z — 2'[)ual2(2”) (A.3)
Us(@) = U™ () + Gz — 2°[)u Ui (2") (A.4)
Evaluating(A.3) at z! and(A.4) at z? givesriseto the systemof equations
1 —pu2G(L) Ui(zY) \ [ U™(2')
( ~mG(L) 1 ) ( U (2?) ) B ( Une(2?) ) ’ (A-5)

whereL = |z? — z!|. Theseequationshave the solutions
Uinc(zj) + /leG(L)Uinc(zj')

Ui(2z)) = , i=1,2, A.6
]( ) ]-_NI,UZGZ(L) J ( )
wherej’ =2if j =1 andj’ = 11if j = 2. Using(A.6) in (A.1) yields
Uim(zj) + py G(L)U™ (27"
Usc G z] J . A7
Z e 1 — ppeG*(L) (A7)

The time-domalnscatterecﬁeld dueto the incidentfield (7) can be found by taking
G(lz — 2|) = [exp(iw'(t — t)g(t — ¢, |& — 27|) dt’ andU™(27) = Sinc(w’) (87| —
27|)Lexp(iw'|z — 27|/c) exp(iw'd,) in (A.7) and Fourier transformingfrom w’ to t. The
exponentialgnvolving ¢ cancelandwe obtain

2
j N"Sinc(w’)
u(t, ) = /gt—t',a:—zj 0
(t,2) Z (=t = 2
( plw'le—z1/c 2L i @z | fc

: . | e =) qu'de A8
8n?|x — 27| T H AL 87r2|cc—z1'|>e © (A-8)
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