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ABSTRACT

A frequency dependent model for the absolute spatial and rele¢ intensity distri-

butions of acoustic pressure in two-dimensional geometries qamsed of multiple
subdomains and with boundary conditions of the second type ideloped. This
work doubles the scale of problems solvable within nite memygrsystems, and pro-

vides a blueprint for further extension by subdomain decompdiin.

Errors for both the coupled and uncoupled solvers are measuragainst analytic so-
lutions to geometries that are trivially coupled, i.e. whes the domain is convex, in
order to provide a dichotomy between resolution resolvablerer, and error intrinsic
to the coupled solver construction. Variation of placement ahe virtual boundary
between the subdomains with respect to the expected pressure disition is de-
termined to be a critical component of praxis. Error minimizéon is explored by
implementation of an overdetermination strategy and a prahinary optimization
study is conducted to provide a cost-benet forecast. Furthermmre, the incident
pressure component of the model is improved upon by the modgiof di raction

into the dependent subdomain by solution of the complementamxterior problem.

Relative error between the coupled and uncoupled solvers isasured for a geom-
etry that is non-trivially coupled with good agreement excgt trivially at nodes of
near zero pressure, where relative measures experience sirrgula

viii



CHAPTER 1
Introduction

1.1 Background

Contemporary concert hall design makes ever more frequent uskethe con-
struction known as coupled volumes. These empty, highly revestant chambers,
which open onto the main hall, are capable of producing listeérg experiences in
which both clarity and warmth are felt. (Su, 2006) Clarity, the result of a strong
early energy distribution, correlates well with measures of spch intelligibility, and
thus is vital to the acoustic success of dramatic and operatic wa. Further, clarity
indicates the strength and/or density of information availalbe for listeners to de-
termine transient phenomena such as timbre, and is thus relevato the acoustic
success of instrumental works as well. Warmth, on the other hant the subjec-
tive correlate of a relatively strong late energy distributio, and provides listeners
a sense of envelopment. While early re ections provide clues & listener as to the
geometry of source hall and receiver, late distributed enerdyelps to provide the
listener with a sense of the overall size of the hall.

Coupled volumes, with their capability to provide both warmh and clarity
allow architects to design multipurpose halls where works asverse as classical
and popular music, opera and drama may have the acoustic qua of their per-
formances supported by simply opening or closing a few doors. Fleechambers,
however, do enlarge the footprint of the hall, placing demais upon a project's space
and budgetary resources. Thus, practicing architects and acsticians must often
justify the inclusion of coupled volumes to their prospectivelients.

While a number of acclaimed halls employ coupled spaces, theurccess is still
not adequately understood. Though discussed in theory for oveb ¥ears (Eyring,
1931), to date there exists no design tool for correctly preding the success of a
hall that employs coupled spaces. Whereas the theoretical Stdtcal energy analysis
(SEA) methods that acousticians since Sabine have relied uporegdict simultaneous

warmth and clarity globally, they fail to account for the spaial variation throughout



the hall of these two parameters. (Summers, 2003) This failingust be considered
crippling in light of scale model experiments' clear demonsttian that listener po-
sitions near the openings between the hall and coupled reverant chamber are
a ected to a much greater extent by the slower energy decay irhé reverberant
chambers, whereas listener positions away from these apertunesre closely resem-
ble positions in a similarly shaped, but uncoupled, hall. (de I€ruz Alvarez, 2007)
The obvious implication of this nding is that the supplementary warmth that a
coupled space provides is merely a local phenomenon, in othesrds, a hall em-
ploying such architecture has an e ect that may be limited to he periphery of the
audience area.

In order to determine how deeply into the audience area suchuging pen-
etrates, one must predict both the spatial dimension of the soundeld, and the
ability of a human listener to perceive the variations in engy decay associated
with coupled volumes. With respect to the former concern, togés acousticians
rely upon carefully manipulated computer models with compation based in geo-
metric acoustics.



1.2 Geometric Acoustics

Geometric acoustic (GA) models are much more speci c than SEA rdels
about hall geometry, the arrangement of absorptive and re ¢iwve surfaces and so
forth, but one must consider that they too are statistical by natue as they are both
theoretically and numerically probabilistic by design; comary to the notion of the
sound eld as continuous, they subdivide the surface of the wavenanating from a
source among a discrete number of points. To simplify the time dam description
of the wave front, certain assumptions are made regarding theathh of each point.
Each locus is piecewise linear, with changes in trajectory @aring when the wave
front element collocates with some element of the boundary. Nén such events
occur, resistance of the boundary decreases the energy corgdimy the wave front
element. The degree to which the energy is decreased is tyficaummarized by the
boundary condition known as the absorption coe cient of the lmundary material,
and is frequency dependent. If the designer of the model wishespreserve the in-
tegrity of the wave front element, a randomization process termines the outgoing
trajectory of the wave front according to an experimentallydetermined re ection
distribution. To simplify matters, if the random variable is bdow some threshold,
referred to as the scattering coe cient of the material, the atgoing trajectory is the
re ection of the ingoing trajectory across the surface normallf not, the outgoing
trajectory is randomly assigned to a path according to the disiioution probability
function. If one wishes for greater accuracy, the wave fronteenent may be subdi-
vided with energy distributed among multiple outgoing trajetories in accordance
with the empirically determined scattering distribution. As an alternative, the same
underlying computational structure may be applied to wave tint elements de ned
by a pair of endpoints, rather than a single node. Such a processneiders the
locus of each wave front element as a beam, rather than a rayithvendpoints of the
beam acting as rays in the previous description, and with pdis between following
an interpolation of an appropriate probability density fundion. (Michel, 2007)

While representing boundary based interference e ects to a gese, in the best
case scenario, i.e. in a model in which phase information is prasal through prop-

agation of pressure rather than intensity, GA models still con & surface reactance



with surface roughness, i.e. delays in the wave front that relatto both the elastic
and inelastic properties of the surface materials. This pointdars some consider-
ation, as it is a shortcoming that directly a ects GA attempts to model coupled
volumes.

As an example, let us study the modeling of a proscenium theatewhere
the stage house and audience areas represent a coupled volumeesystA standard
practice with a ray based GA model is to treat the proscenium as\artual boundary,
one with an absorption coe cient and a scattering coe cient. These parameters
are generally gross estimates based on empirical evidence athtintensity and di-
rectionality of pressure returned to the hall by the coupled smze. Intuitively, (in a
Youngian sense) one should expect the aperture to represent atoaunty condition
in pressure and velocity, with some potential edge e ects; thusgmoring the edges
for the moment, as a surface, one would posit zero resistance amlazreactance.
The paradoxical nature of the consultant practice may be bomout if one considers
the e ects that the coupled space will have on sound passing intb irstly, the inci-
dent sound will be attenuated by interactions with absorptivesurfaces, and spatial
spreading; secondly, the sound returning to the aperture willrave from multiple
re ected directions, and so will manifest a wider spatial spectm. However, since
the boundary resides at the aperture, and reactance is not septely modeled, there
can be no delay in pressure return to the audience hall. Thus, tlseattering coe -
cient is being asked, impossibly, to represent a purely inelastioundary condition,
where the geometry and boundary materials acoustic qualiseare compressed by a
spatial dimension. What such a strategy promotes is di usion andkasorption by the
coupled volume, but sacri ces temporal accuracy for somewhdubious attenuation
and directional approximations.

Such a tactic attempts to address a fundamental aw in a probabstic ap-
proach to modeling coupled spaces: while predictive accuracyproves with an
increase in the number of elements of the wave front consideyemhly a fraction
of wave front nodes emanating from the source have loci that g& through the
aperture from source room to coupled space; of this subset of loanly a fraction
will pass back through the aperture into the source/listener sg; such a chain



of contingencies renders possible a situation in which the amduand density of
information regarding pressure propagation from the couplespace to the listener
space is insu cient to render a reliable prediction. Thus, a modler must over de-
termine the number of wave front nodes in the coupled space imder to provide

ample information to the source/listener space and then reverserate the process
to provide that such a su cient number of wave front elements ae created in the
source/listener space. Of course, by tracing beams rather thaays, a GA model
designer may predict the full set of wave fronts that will reemrge from the cou-
pled space, but only with an accuracy that is on par with that ofthe interpolation

distribution function implemented.

Whether a modeler uses beam tracing or not, unless re ected geaire propaga-
tion from a boundary is distributed continuously and accuratly, GA methodologies
evidence a second fundamental aw: predictions are irrepradible. If large numbers
of wave front elements are necessary to run a reasonably acceratediction, any
randomization on the directional distribution of wave frons re ected in the conse-
qguently larger number of wave front element/boundary elenm interactions renders
reproducibility of simulation results given a well de ned set binput parameters
extremely unlikely.

To their credit, such modeling techniques promote computaihal e ciency.
Treating wave front elements as the sound equivalent of phate has allowed acous-
tical modelers to piggyback upon the breadth and depth of suesses by physicists
and computer graphics researchers working in geometricaltms; the GA approach
bene ts greatly from years of theoretical and computationbdevelopments. What
is not immediately clear is whether the processing speed and a@xcy of the GA
approach compare favorably to other numerical modeling mebdds if convergence
is required. A system based in probability can at best provide anxpected value,
decreasing variance by repeated trials alone, quite possiblgwating the time gains
made in single trial runs.

Leaving aside for a moment aws in the process of GA, obtaining salts from
such a simulation is relatively straightforward. Typically, the wave front elements'
loci are recorded up until the point where their energy has lea attenuated by



boundary collisions and spatial dispersion below some thresholdlwe; classically
60 dB attenuation from peak well represents most concert decghenomena, in-
cluding stop chords and the like; however, frequently 30 dB t®nuation results
are computed, or in the case of eld studies, measured, and the 68 desults ex-
trapolated. Given a particular source and listener position,reergy and/or pressure
incident upon the listener is recorded for frequency bands the audible range. The
frequency, trajectory and intensity/pressure information mg then feed a transfer
function representing frequency attenuation e ects of the &ad and the auditory sys-
tem to produce a binaural frequency response for the hall in ggteon. Otherwise,
pressure/intensity information is considered monaurally. Frguency amplitudes are
then transformed back into the time domain to represent the regmse of the hall to
an impulse. Integrating the intensity (or pressure squared) in k@rse with respect
to time creates the energy decay curves from which measureglairity and warmth

may be calculated. (Schroeder, 1965),(Schroeder, 1970)

In conclusion, geometric acoustics, and the principles of geetric optics in
which they are founded, treat sound according to classical mestfical models, of
which phonons are the sound analog of light's photons. A serielsapproximations is
made for the ways in which these phonons interact with obstadgin order to model
the resistive and reactive e ects of materials. These methods dwt adequately
address phase delays that are due to surface properties, rephgcreactance with
directionally based, single parameter, single distribution,an-geometrically speci c
probability functions. This creates problems for both ray ad beam implementa-
tions, especially for coupled spaces. Strategies exist for adagt GA models to
such geometries, but require compromises of spatial and tempbeccuracy. Fi-
nally, GA models probabilistic nature raises questions of prexion convergence,

which threaten to nullify their computational advantages.



1.3 Wave Theory
1.3.1 Classical Origins: Grimaldi, Huygens, Young, and Fre snel

The phenomenological nemesis of a geometric theory of wavemagation of
waves is diraction. First documented by Francesco Grimaldin 1665, the e ect
is easily seen by observing the shadow of one's own hand in strongedi sunlight.
(Grimaldi, 1665) Therein one will see not a solid shadow, but a me particular
energy distribution, a di raction pattern, of alternating | ight and dark bands about
the interior and exterior of the geometric shadow. The e ect obeing to be able to
hear around a corner speaks to the strength of this e ect in the sad domain, and
it has been demonstrated that the perceptual content of di rated sound in concert
halls is highly relevant to subjective experience of the hal(Picard, 2003) Newton
postulated that the edge of the surface obstructing the light exted a force upon
the light corpuscles. (Newton, 1704) Thomas Young demonstratea 1807 that the
corpuscular theory was incapable of explaining the di ractn phenomenon, as did
Augustin Fresnel, independently, some 9 years later. In point 1& his Memoir on
the Diraction of Light from the Annales de Chimie et de Physiqe. T. x., p. 288,
1819 he notes:

In attributing the production of fringes to the alternate expansion and contracti on
of rays which pass very near the opaque body, we are led to still another inference
which is contradicted by experiment - viz., that the centres of the dark and bright
bands ought to lie along straight lines which would be the axes of the expanded or
condensed pencils of rays. But experiment shows that in the case of exterior fringes
their trajectories are hyperbolas, of which the curvature is quite sensible Wwenever
the body which produces the shadow is su ciently distant from the luminous point.
(Crew, 1900)

Both Young and Fresnel then proposed theories for the cause og&tHi raction
patterns caused by obstacles, basing arguments in principles $atth by Christiaan
Huygens. These may best be stated in his own words, or, at least, in mM®rds
translated:

We know that though the medium of air, an invisible and impalpable body, sound

is propagated in all directions, from the point where it is produced, by means of a
motion which is communicated successively from one part of the air to another; and



since this motion travels with the same speed in all directions, it must fom spherical
surfaces which continually enlarge until they strike our ear | call these waves bcause
of their resemblance to those which are formed when one throws a pebble into water
and which represent gradual propagation in circles, although produced by a di erent
cause and con ned to a plane surface...

As to the di erent modes of transmission of sound and light, it is easy to undersand
what happens in the case of sound when one recalls that air can be compressed and
reduced to a much smaller volume than it ordinarily occupies, and that just in pro-
portion as its volume is diminished it tends to regain its original size. This property,
taken in conjunction with its penetrability, which it retains in spite of compr ession,
appears to show that it is composed of small particles which oat about, in =&apid
motion, in an ether composed of still ner particles. Sound, then, is propagated by
the e ort of these air particles to escape when at any point in the path of the wave

they are more compressed than at some other point...

Nor does this enormous number of waves, crossing one another without confusion
and without disturbing one another appear unreasonable, for it is well known that
one and the same particle of matter is able to transmit several waves comingdm

di erent, and even opposite, directions. And this is true not only in the case where the
displacements follow one another in succession, but also where they are simultaneous.
This is because the motion is propagated gradually...

...the intensity of these waves must diminish in proportion to their distance from the
origin until nally each individual wave is of itself unable to produce the sensation
of light. Our astonishment, however, diminishes when we consider that in the great
distance which separates us from the luminous body there is an in nitude of waves
which, although coming from di erent parts of the body, are practically compounded
into a single wave which thus acquires su cient intensity to a ect our senses. Thus
the in nitely great number of waves which at any one instant leave a xed star, as
large possibly as our sun, unite to form what is equivalent to one single wa¥ of
intensity su cient to a ect the eye. Not only so, but each luminous point may send
us thousands of waves in the shortest the ether at these points. The e ect of the

waves would thus be rendered more sensible.

In considering the propagation of waves, we must remember that each particle otie
medium through which the wave spreads does not communicate it motion on to that
neighbor which lies in a straight line drawn from the luminous point, but shares it
with all the particles which touch it and resist its motion. Each particle is thus to be
considered as the centre of a wave. Thus IDCF is a wave whose centre and origin
is the luminous point A, a particle at B, inside the sphereDCF , will give rise to



its own individual wave, KCL , which will touch the wave DCF in the point C, at
the same instant in which the principal wave, originating at A, reaches the position
DCF. And it is clear that there will be only one point of the wave KCL which
will touch the wave DCF, viz., the point which lies in a straight line from a drawn
through B. In like manner, each of the other particles,bbbljb], etc., lying within the
sphereDCF , gives rise to its own wave. The intensity of each of these waves may,
however, be in nitesimal compared with that of DCF , which is the resultant of all
those parts of the other waves which are at a maximum distance from the centré.

Figure 1.1: A primary source is replaced by a series of secondary sources

We see, moreover, that the wave DCF is determined by the extreme limit to which
the motion has travelled from the point A within a certain interval of ti me. For
there is no motion beyond this wave, whatever may have been produced inside by
those parts of the secondary waves which do not touch the sphere DCF. Let no one
think this discussion mere hair splitting. For as the sequel will show, this princple,
so far from being an ultra re nement, is the chief element in the explanation of all
properties of light, including the phenomenon of re ection and refraction.

(Crew, 1900)

Strangely, it is exactly at this point that Huygens takes himsk o track and
proclaims that since the envelope of the secondary wave soureésiodes labeled b,
namely the spherical wave-front originating atA, and the secondary spherical fronts
only agree upon one point, and since that one point lies only i direct line from
the original source, that light can only travel in straight lines. His aim, one reads
in the following lines, has itself been di racted away from higpurpose, in order to
explain the phenomenon of rays of light. Had he allowed that sariarger portion
of the secondary source arc could produce light, he would havebatter claim to

the di raction phenomenon; and although Huygens admitted tdhe basic tenets of
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Hooke, i.e., that light was vibrative, he does not seem to havewrsidered points of
phase outside of peak amplitude, thus he had not the opporturitto augment his
theory with the concept of interference, which was one of theajor contributions
of Young and Fresnel.

In proposition VIII of his "Philosophical Transactions; On the Theory of Light
and Colors," Thomas Young described interference in 1802 thysl

When two undulations, from di erent origins, coincide eith er perfectly or very nearly
in direction, their joint e ort is a combination of the motio ns belonging to each.

Since every particle of the medium is a ected by each undulation, wherever the
directions coincide, the undulations can proceed no otherwise than by uniting their
motions, so that the joint motion may be the sum or the di erence of the separae
motions, accordingly as similar or dissimilar parts of the undulations arecoincident.

I have, on former occasion, insisted at large on the application of this princip to
harmonics; and it will appear to be of still more extensive utility in explaining the
phenomena of colors. The undulations which are now compared are those of equal
frequency. When the two series coincide exactly in point of time, it is obvious that
the united motions of the particular motions must be greatest, and, in e ect at lead,
double the separate velocities; and also it must be that the smallest, and, if the
undulations are of equal strength, totally destroyed when the time of greatest diect
motion belonging to one undulation coincides with that of the greatest retrograde
motion of the other. In intermediate states the joint undulation will be of intermediate
strength but by what laws this intermediate strength must vary cannot be determined
without further data. It is well know that a similar cause produces in sound that
e ect which is called a beat; two series of undulations of nearly equal magnitude
co-operating and destroying each other alternately, as they coincide more or less
perfectly in the times of performing their respective motions.

(Crew, 1900)

Huygens' Principle may be reformulated to include interferese thusly:

Every unobstructed point of a wavefront, at a given instant, serves as a soure of
spherical secondary wavelets (with the same frequency as that of the primary wave).
The amplitude of the optical eld at any point beyond is the superposition of all
these wavelets (considering their amplitudes and relative phases).

(Hecht, 2002)

Young postulated that diraction by an object then representel the inter-

ference of two elds, the rst caused by direct propagation fromthe source, the
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geometrical component, and the second caused by the secondanyrse at the edge
of the di racting object.

Sadly for Young, and the theory of diraction, his theory wassubsumed for
three quarters of a century by that of Augustin Fresnel. Fresned'theory, based in
surfaces of constant phase, argued against Young's formulation theoretical and
empirical grounds. From Young's own formulation he came to alerve four serious

discrepancies. These may be drawn directly from Fresnel's words:

Let R, in huy:2, be the radiant point, AA°the opaque body, andF T° either a white
screen upon which the shadow of this body falls or the focal plane of a magnifying
glass with which the fringes are observedRT and RT ®are rays tangent at the edge of
the opaque body,T and T°being the limits of the geometrical shadow. Let us indicate
by a the distance RB from the luminous point to the opaque body, by b the distance
BC of the body from the white screen, and byc its diameter, AA® which we shall
consider very small compared with the distances and b. This assumption is made in
order that we may measure the size of the fringes either in a plane perpendicular to
RT or perpendicular to the line RC, which passes through the middle of the shadow.

With these conventions we shall consider, rst, the exterior fringes. LetF be any

point on the receiving screen outside the shadow. The di erence of path traversed by
the direct ray, and by the ray re ected at the edge of the opaque body, and meeting
the direct ray at this point, is RA+ AF RF. Let us representFT by x, and express
in series the values oRF, AR, and AF . Then, if we neglect all terms involving any

power of x or of ¢ higher than the second, since they are very small compared with
distancesa and b, the terms which contain c will disappear and we shall have for the

di erence of path traversed

_ a 2.
9= Ma+rp*
whence it follows r
2db(a + b)
X= ——
a

21. If we call the length of a light-wave, that is to say, the distance between two
points in the ether where vibrations of the same kind are occurring at the same
time and in the same sense, the= 2 will be the distance between two ether particles
whose velocities of vibration are at any one instant equally but oppositelydirected.
Thus two trains of waves separated by an interval equal to are in perfect accord
as to their vibrations; but when the distance between corresponding points is= 2,
then their vibrations are directly opposed. Accordingly the above formula gives ér
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the value of x, qﬁ)rresponding to the centre of the dark band of the rst order, the
b (a+ b)
a

following value: ; while observation shows that, as a matter of fact, this is
the brightest part of the rst fringe. On the same theory, the edge of the geometricd
shadow, where the di erence of path vanishes, ought to be brighter than the rest of
the fringe, while, as a matter of fact, this is precisely the darkest region outsie the
geometrical shadow. In general, the position of the dark and bright bands deduced

from this formula is almost exactly the inverse of that determined by experiment.[*]

This is the rst diculty presented by this theory. To avoid it, we must suppose
that the rays re ected at the edge of the screen su er the loss of half a wave-length;

adding = 2 to the di erence of path, d, the general expression becomes

_r (2d+ )b(a+ b
= V=

Replacingd in this formula by =2, 3=2,5=2, 7= 2, etc., we have for the values of
x corresponding to dark bands of the rst, second, third, fourth, etc., orders:

r r r r
2b(a+th. 4b(a+rbh. 6b(a+th 8b@+b _

a a a a

C.

These formul appear to agree fairly well with observations; however, closer ga-
surements show that the ratios between the sizes of the fringes derived from these

expressions are not exactly correct, as we shall see later.[**]

22. | now pass onto the consideration of interior fringes produced in the shadow by
the meeting of two pencils of light in ected at A and A% Let M, huy2, be any point
located in the interior of the shadow; the intensity of the light at this poi nt depends
upon the amount of disagreement between the vibrations of the ray®\M and AM ,
which meet at this point, or upon the di erence of path A°  AM . | shall denote
by x the distance MC of the point M from the middle of the shadow, and byd the
di erence of paths, and hence
r r
d= b2+(}c+ X)2 ? (}c X)2:
2 2

Expanding the radicals and neglecting the higher powers ok, since this quantity

is very small compared with b, we haved = -, or x = % If in place of d in

this expression we substitute successively=2, 3=2, 5=2, 7=2, etc., we obtain the

values ofx corresponding to dark bands of the rst, second, third, fourth, etc., order,

namely,3-; 32,32 7b_: etc. and consequently, for the distance between the middle

points of two consecutive dark bands,%.



The general expression fon such intervals is, therefore,%.

23. So long as the extreme fringes are su ciently distant from the edges of the
shadow, this formula agrees fairly well with experiment; but when they approach
very near or pass beyond the edges, one detects a slight di erence between their
actual position and that deduced from the formula. In general, the calculated values
are always a little larger than observed.[***] The reason for this | will show when
we come to the true theory of diraction. It also follows from this formul a that the
size of the interior fringes ought to be entirely independent of the distancea, of the
luminous point from the opaque body; this prediction, however, is not completely
veri ed by experiment, especially when the fringes completely |l the shadow their
position then varies directly with the distance a.[****]
24. According to the formula r

2nb(a+ b

a

Which we have just derived for the exterior fringes, their position depends upona
as well as uponb. Experiment shows that, in fact, their size increases or diminishes
according as the opaque body approaches or recedes from the luminous point, and
that the ratios between the di erent sizes of one and the same fringe deduced from the
formula are precisely those given by observation. But the most remarkable irdrence
from this formula is that, when a remains constant, the distance of any bright band
from the edge of the geometrical shadow is not directly proportional tob as in the
case of the interior fringes, but varies in such a way that this band traces out, nb
a straight line, but a hyperbola of sensible curvature. This is also conrmed by

experiment, as may be seen from the observations given above.

Considering the striking agreement of these formul with experiment, it is nat ural to
suppose that they are accurate expressions of fact, and therefore natural to attioiute
any small di erences between calculated and observed values to the errors which are

unavoidable in such delicate measurements.

But a closer examination of the hypotheses from which they are derived, and the

inferences derivable from them, shows that they do not agree with the facts of nature.

25. If the fringes at the edge of a shadow are really due to the meeting of direct
rays with those re ected at the edge of the screen, their intensity ought to depend
upon the area and the curvature of its surface, and the fringes produced by the back
of a razor, for instance, ought to be much more visible than those produced by the
edge; but, using a magnifying-glass at a distance of some centimeters, one detects
practically no di erence in intensity in these two cases.[*****] This test is mo re easily
made by using a steel plate one edge of which is round throughout part of its length

13
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and sharp throughout the remainder of its length, these two edges lying in the same
straight line. One is thus easily convinced that the fringes have the same intensi
throughout their entire length.

(Crew, 1900)

The rst discrepancy, marked by * in the quote above, is one hamg to do with
matters of phase; it is a theoretical concern that may be accoted for by a simple
phase inversion. The explanation for this, however, is not praled by Fresnel; itis a
requirement of the continuity of the pressure eld for which wewill see a derivation
shortly. The middle three discrepancies (**, ***, ****) gre empirical in nature, and
given the limited number of trials reported, (incompletelyat that), and the absent
error estimation, statistically and experimentally dubious. The force of Fresnel's
argument is really that his theory better predicts the positbn and sizes of the light
and dark di raction bands. The nal discrepancy, marked by ***** is theoretical,
and deserving of a full treatment by contour integrals, which fesnel himself will
well de ne, even if the empirical results used to justify it are egued anecdotally, but
the near eld interaction study required was not to be a ordedFresnel without a
more rigorous mathematical grounding of Huygens' principleithin the di erential
calculus of uid mechanics that relied on laws set forth by Heltmoltz. Herman
von Helmholtz well established a conceptual framework for odatiory motions with
his persuasive arguments for a Law of the Conservation of ForcHis study of the
physics of a pendulum declared that "...the working power ofelocity ... is equal
to the work ... used to raise it..."(Helmholtz, 1873) By this staement he provided
a theory of dynamics for a motion until then understood only kiematically. As
importantly, he translated this understanding into a mathemaécal framework in
describing the motion of another oscillatory system:

Let x be the distance of a point in the string from one of its extremities, and| the

length of the string, so that for one extremity x = 0, and for the other x = I. Itis

su cient to investigate the case for which the motion takes place in one planepassing

through the position of rest. Let y be the distance of the pointx from its position of

rest at time t. And let be the weight of the unit of length, and T the tension of the
string. The di erential equation of motion is then

dtz — ' dx2



(Helmholtz, 1875)

15
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1.3.2 The Wave and Helmholtz Equations for Inviscid Media

In order to obtain the analog of this equation for pressure pr@wgation in a
uid, we will have to add descriptions of the mathematical redtions among pressure,
density, velocity and force. Leonard Euler's hydrodynamic quations of motion
provide the relationship among force density and velocity. Téy are derived as
follows:

If a volume element of density is moving through a Cartesian coordinate

system space, then its mass is:
m = dxdydz: (1.3.1)

Thus, its momentum time derivative in one axis may be given by Neton's

second law in the form:

dy du.
s dxdy dz a0

whereu is the single axis velocity component of the volume element.

(1.3.2)

Assuming the medium to be inviscid, an assumption we will have to resit
when considering high frequency oscillations in air in scale whels, the forces acting

on the volume element are an external force,

Fxext = X dxdydz; (1.3.3)

and an internal force arising from di erences in pressure withithe uid.
To determine the inner force, consider the volume a parallpid bounded by
facesx; y; z; x+ dx; y+ dy; z+ dz. Force ow acrossx into d ispdydz By Taylor's

Theorem, ow acrossx + dx out of d is:

p+ @@x (pdx dydz: (1.3.4)

Thus, the component of the internal force acting along one axis:

@Ry dy dz: (1.3.5)

Px = @x
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This makes the one axis equation of motion:

du @
- = + — ..
. X @x (1.3.6)
Since
du @u @u
— =+ U=+ 1.3.7
it @t "@x (1.3.7)
we can generalize abouwt, and z directions and thus write Euler's equation of motion
as
dv, @ 1
= @&’&(v0 FWo=F  =r : (1.3.8)

The continuity equation describes the relationship betweenethsity and velocity.
It is derived based upon some similar initial conditions and atgnents as Euler's
equation:

Consider again the same volume element. The law of the consergat of
matter implies that:

Z Z Y4

@  _ ey
@td = Vo dS+ d; (1.3.9)

where" is the rate of production of uid per unit volume. Consider ow, mass this
time, through the rectangular paralleliped of faces formebty x; y; z; x + dx; y +
dy; z+ dz. Flow acrossx into d is udydz. Thus, by the same argument that

produced 1.3.4, mass ow across+ dx out of d is:

u+ @@x (u)dx dydz: (1.3.10)

This means that the total ow through d in the single axial direction is given by:

_ @ _
Qx = @x (u)dxdydz: (1.3.11)

We can generalize abouy, and z directions and write
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Z Z Z

@ , _ .
ed = 1 (vod+ (1.3.12)

Di erentiating gives the general equation of continuity:

@ _
@t
which, without the source/sink term, reads:

r (vo)+"= 1 Vg Vor +74 (1.3.13)

@,
@t

Performing the written di erentiation produces the form:

rvo+ve r =0: (1.3.14)

@ @u . @ . . _q.
Gt @ tugy e (1.3.15)

And if = f(t;x;y;z) given by:

_ @ @
d = @9t+ @)((jx+ (1.3.16)
is divided by dt we can write:
d _ @, @ ... _@ :
@ e "ex et ' (1349

where the partial of the density is the coordinate as opposed toaterial deriva-
tive. Subtracting 1.3.14 from 1.3.17, we have an alternat®rim for the equation of
continuity which will be of more use to us:

}% =r Vo (1.3.18)
If to Euler's hydrodynamic equations of motion, and the conhuity equation, we add
an equation of state, such as Boyle's law, the adiabatic law, @ven an arbitrary
equation of state relating pressure and density, we may derive aquation for pres-
sure propagation in a uid similar to Helmholtz's for the pluckeal string as follows:
Let us assume a background density,,. At the point of equilibrium disturbance,

assume the density may be written asq(1+ ), where is small compared to 1. If
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u; v; w represent the axial velocity components of the displaced maial, and are

small enough that we may linearize the oscillatory activity, gnoring squares and
products by their spatial derivatives, then Euler's equationof motion, without an

external force term becomes:

@y_ 1 .
ot ro: (1.3.19)

The equation of continuity (alternate form) reduces to:

1@
Vo = _@t (2.3.20)
If our equation of state may be written:
p=f()="f[od+ )l (1.3.21)
which expands by Taylor series to:
p=Ff( o)+ of Lo)+ :::; (1.3.22)
then our axial Euler equation would read:
1@p_ 1@f o(1+ )] 1 ef @ @
—— = - = — o—="f — 1.3.23
@x @x e ‘ex 9ex (13
If we set
fY o) = & (1.3.24)
consider they, and z coordinate derivatives similarly, and realize that
1@ _ @,
et @t (1.3.25)
then 1.3.19 becomes
@y = i (1.3.26)
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and 1.3.20 becomes

rvop= %t (1.3.27)
Applying r to both sides of 1.3.26 we see
Qy @ _ 2 _ .
at- @t(r Vo)= C¢r? =r cro (1.3.28)
Substituting in 1.3.27 we nd
@ _ 2.
ot cr 2 (1.3.29)
If a velocity potential exists, i.e. if
Vo= (1.3.30)
1.3.26 becomes
@ _ @ _
@t(r Y+ A = @t+ ¢ =0 (1.3.31)
Thus
@ _q-
ot Z =0: (1.3.32)

Di erentiating partially with respect to time and substitutin g in 1.3.27 and 1.3.30

for ¢ gives us the general wave equation:

% =cr 2 (1.3.33)

Argument adapted from (Menzel, 1961).
If instead represents pressure, excited by some harmonic loadinghwire-
guency! , then we may expect the uid to oscillate harmonically with fequency! ,
recommending the solution

p(x;t) = p(x)e" : (1.3.34)
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Since

%(DF 12

substituting 1.3.34 into the general wave equation leads us the conclusion that

p; (1.3.35)

r ’p+ k?p=0; (1.3.36)

wherek = IE c is the wave speed, and is known as the wave number. 1.3.36 is
known as the Helmholtz equation.

Argument adapted from (Kane, 1994).
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1.3.3 Kircho 's Justi cations for the Theories of Young, Fre snel

In 1882 Gustav Kirchho was able to justify Fresnel's formulaton for certain
di ractive geometries. His scalar di raction theory derives fom the wave equation
and Green's rst and second identities (generalized domaintiundary integral ex-
changes similar to the Gauss theorem elaborated in the derivam of 1.3.5 and 1.3.10
above), and relies upon conditions better described by hism@emporaries Sommer-
feld and Stokes. Consider the single frequency pressure disturbanp = pe " .
p satis es the wave equation, andothe as yet to be speci ed (planar, cylindrical,

arbitrary) complex spatial Helmholtz equation:

r ’p+ k?p=0:

Consider simultaneously the spatially symmetric Green's fundn: % where r

represents the radial distance to a point of interest. This furion satis es the
Helmholtz equation everywhere that it is de ned, i.e. whereg 6 0. To avoid the

singularity that may result from trying to integrate such a fundion over a domain
that includes the point of interest, we may subdivide that domen by separating
out a neighborhood about the point of interest, spherical in tis case, with radius
", so that an integral over a domain should be considered the sum (@rerence) of
integrals over the two subdomains.

Green's rst identity states:

z z
rud=  Ud; (1.3.37)

where is the manifold bounding . Thus, integrating by parts the compound
U=r (UU,) Green's rst yields:

Z Z
Uir 2U, Upr 2U; d = (Uir U, Upr Up)d ; (1.3.38)

with a cancellation of terms that proves quite convenient.flr 2U; + kU; = 0, then
substitution of k2U; for r 2U; sets the left hand side of 1.3.38 to 0. Returning to
spherically bounding manifolds, 1.3.38 becomes
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I
(Ulr U, Ur U]_) dS =0: (1339)
S

If S includes the point of interest andS° describes the spherical neighborhood of

the point of interest, then 1.3.39 reads:

eikr ikr eikr ikr
— Trp ds pr — Trp ds°=0: (1.3.40)

S r S0 r

Examining the right hand term of the left hand side of 1.3.40 weee that

gkr 1 ik ik 1
r r2 oy r o r2

r e n; (1.3.41)

wherer® is the inward-facing surface normal talS% SincedS = r2d, dS = r2d.
Thus we may substitute this and 1.3.41 into the right hand term ©1.3.40 to obtain

for the integral over S®

- @ i
+r ik —  é“d : 1.3.42
L Prroke o (13.42)

Becausep+s continuous, asr! 0,p ! pp. Thus,

| |
p+r ikp %r ed | ped | 4 py (1.3.43)

S0 S0

So 1.3.40 becomes the representation formulation known agtHelmholtz-Kirchho

Integral Equation (HKIE):
I . _
_ i e|kr e|kr
Po= 7 S P r

rp ds: (1.3.44)

If we consider an arbitrarily shaped closed Lipschitz surface = @, under the

in uence of an unobstructed point source with the spatially symnatric form:

Ps=~e = ks g ik, (1.3.45)

I's

wherers is the distance from the point source to the arbitrary surfacs, then the
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Helmholtz-Kirchho Integral Equation becomes
h

H | r .
o = A (5@ odks cos(ffy)dS
(1.3.46)
H . | r
s 2@ €L cosh ) ds:
The partial derivatives contained within expand the expresen to:
— ik o H gk (rs+r) hcos(ﬁ;r\s) cos(ﬁ;r\)i ds
0 - 4 S rer 2
| (1.3.47)
H ik (rs+r) . .
ek rs* M) (rg+r1) cos(tfs) cos(h;r) .
+4_O S rgr? 2 ds;

the right hand term of the right hand side of which represents aear eld e ect
present when the distance from the point source to the surface oo the surface
to the point of interest is small relative to the wavelength. Wien these distances
are large the near eld e ect may be subsumed by the far eld termand Fresnel's
formula determined exactly by means of a simple manipulationchoosing opposite
initial phase, multiplying the far eld expression by e *® and recognizing that the
di erential element is:

h i
dP, = %cos k(rs+r1) ket cos ¢ 1) ZCOS@’"\S)

S

dS  (1.3.48)

N

provides the phase inversion required but not explained by Fsael's own theory.
Adapted from (Hecht, 2002).
To guarantee that the surface may be made to correspond unigquetio the
unobstructed portion of a spherical wave front we consider thagurface instead to
be contained between a neighborhood of a point source, and aaldecond surface of
arbitrary shape and size. The integral ove$ may then be decomposed into integrals
over these two surface$.The arbitrary shape and size of this second surface allows

us to choose a spherical surface whose radius is extended in hittcom the point

1This requires a more detailed reformulation of the Helmholtz-Kirchho Integral Equation and
is directly germane to the explication of the Boundary Element Method and its adaptaion to
non-convex geometries and so follows in the next chapter.
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source. If we revert eq.1.3.44 to a volume integral by substitig dS = r2d for
the integrand,
Z
Py = 4i e r %ﬂ kp +p d : (1.3.49)
By extending the radius to in nity, the second half of the bra&eted term vanishes.
Thus, in order to guarantee the unobstructed portion of the sphieal wavefront is
the only contributor to the eld the rst half of the bracketed term must vanish.
This is known as the Sommefeld radiation condition, and mayebdemonstrated for
spherical oscillations from the origin by expanding the di eential on p; subsituting
from 1.3.44: p= # and noting that i and ry, are antinormal. For arbitrarily
arranged point sources in the nite domain, the argument may & replicated noting
that the obliquity rapidly approaches O as does the radial dtance di erence; i.e.,
the additional nite domain sources may be collocated as! 1
Summation of argument from (Sommerfeld, 1964).
Furthermore, because of the antinormality oh’and r, the angular dependence
term of 1.3.48 becomes:

cos +1
5

This directionality term in endebted to Sir George Stokes alysis and refashions

(1.3.50)

the half wave fronts of an outgoing spherical wave in the far ld as hypercardiods.
As we are interested in wave propagation from a source in the soarspace
into a coupled space, coupled by an aperture, we can considerideag the incident
eld in the coupled space from an integrel over the aperture. {ourse, by Green's
Theorem (Stokes dimensionality this time) the domain and irdgrand may be trans-
formed to the closed Lipschitz surface: the aperture boundargplternately, the eld
may be reformulated, not as the gradient of a potential eldbut as the curl of a
vector eld composed of homogenous and inhomogenous planeves where phase
and amplitude propogate in di erent directions. This vectorpotential formulation,
the work of Miyamoto and Wolf allows for decomposition of the ave into a geomet-

ric component passing directly through the aperture, and a dracted component
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originating at the aperture boundary. (Rubinowicz, 1965) Gch a reformulation of
the Huygens-Kircho di raction justi es Thomas Young's basic insight and provides
an attractive alternative to problems where near eld e ect by the aperture may be
relegated exclusively to the aperture boundary, i.e. when ¢hsource is located at a

large distance from the aperture relative to the acoustic phemenon's wavelength.
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1.3.4 Variational Solution to the Coupled Interior Problem

For certain geometries and boundary conditions analytic sations exist. Phillip
Morse, a doctoral student of Sommerfeld, provided such analys@ single rectan-
gular, and coupled rectangular geometries with locally reéing, but otherwise arbi-
trary boundary conditions. He notes that in general, the resp@®e to a source may

be expressed in terms of the normal modes of the enclosure. Sgady,

R (1.3.51)
nGr) mr)dv=Vv o (') mn;

wheren denotes a trio of numbers as required for a three-dimensiorsianding wave,
K, the eigenvalues! the angular frequencyy the radial spatial component,m the
cavity mode index,dV the cartesian volume element, , the eigenfunction, and n,

the Kroenecker delta function:

8
20 form6 n
mn = (1.3.52)
-1 form=n;
and

h i

@n_" Y,

= — I; 1.3.
@ | S (5rs) n (1.3.53)

on the boundary S, whereng is the inward pointing boundary normal and the
frequency dependent admittance function. It follows fromtte fact that the bound-
ary conditions are frequency dependent that the eigenfunohs and values are too,
necessitating a solution for the steady state problem frequency lrequency and
subsequent inverse Fourier transform for formulating the endare’'s transient re-
sponse. This formulation of the Helmholtz-Kirchho Integral Equation recognizes
explicitly that a decomposition into two surfaces, the rst a smadlsphere surround-
ing a point source, whose radiation is a fundamental solution dhe equation to
be solved, in this case the Helmholtz equation, and a second sugaghich is the

boundary of the enclosure, whose potential and ux terms are kmown (and in this
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case related), together with the use of a sifting function, suchsahe Dirac function,
determine a solution strictly in terms of eigenfunctions on t boundary. That these
eigenfunctions derive from the normal modes of the boundary a consequence of
examining the equation that the Green's function must satisfynamely:

r 2G, + 'E ZG! = (X X0y VYo (z 2z); (1.3.54)

where is the Dirac distribution:

h;" i (xX)" (x)dx =" (0); (1.3.55)

So that we may express the fundamental solution as an expansidmoat the normal

modes:

X aghir) n(iro),

G (rjro) = o
n Voo K2(1) <

(1.3.56)

Very close to the source we observe point source behavior, and retfar eld we
observe resonance about the room modes with some possible imagirisequency
width, i.e.

Kn( 'n in)=! (1.3.57)

Noting that the complex eigenvalues have an imaginary term #t is limited in
e ectiveness on the denominator by frequency suggests a globr@nd; as frequency
increases, the spatial distribution of pressure becomes more nif.

In a typically analytical fashion, Morse poses the Dirichlet psblem rst, which

may be stated:

RRR

8
§ rz .+ 2 ,=0within R
% 2y =V O (1.3.58)

@n — .
@n—OonS,
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and then applies variational techniques to compare surfacegarbitrary impedance.
The Green's functions must then take the form:

n(r) n(ro)

_ X
n

n

(1.3.59)

Without a source, unless the eigenvalues of this Green's fuiat are the same as
those for the room's modes, the pressure is necessarily zero evagne in the region.
Thus the Nth term in the solution for the eigenfunction of arbitrary bowndary

impedance (r) expands about the complementary solution based in 1.3.53 and
1.3.57:

7

1
n(rs) (1s) n(rs)dS= 5V R (1.3.60)

by a boundary term to form particular solution (r), so that

27
n(r)= ~()+ ik Gn(rjrs) (rs) n(rs)dS; (1.3.61)

where we must use the complementary (Dirichlet) eigenfunctis 2, in the integral
with same indexed terms omitted.

Variation can be introduced by using a weighting function, spz cally, a prod-
uct of the particular function and the impedance function ad integrating over S.
Adding to this equation 1.3.59 we get:

VA yA Z VA
V Yy A K =2ik N N KBy Gy n ik N on: (1.3.62)

Since the particular solution satis es 1.3.61, varying it chages all coe cients
to zero and thus if we choose a function that the derivative ofne right hand side
of 1.3.62 is zero, we will have found a trial function good torst and second order.
Morse suggests these be of the forA  where the coe cients A may be modi ed

to meet the variation condition. In which case, in a second ordepproximation:
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R R 1
A' 1 ik—"m _Cnv n
N N
_ R
N N T ikA Gn N (1363)
R
KZ' 3 \',k—Ar N N

Or, in a rst order approximation:

RR
KN(! ) ' N 2\/_kcr lz\l(rs)[ (rs) +i (rs)] ds

N

(1.3.64)
RR
n(Er) T N+ K Gn(rjrs)( + i) n(rs) dS;
where = i is a function of! and ofrs.

These trial functions for the determination of the eigenfurteons' coe cients
that act on the partials of the residual functions such that thg vanish minimizing
the error of the approximation functions integrated over tle set of domain values
are are part of amethod of weighted residualsvhich may be applied in a similar
line of argument for rooms of irregular shape, merely subtrdog the product of
the particular solution and the partial with respect to the nomal to the integral
formulation of equation 1.3.61.

With respect to coupled spaces, Morse's reliance on his previcasalysis and
linear variation methods promotes an interpretation of a sysim as a pair of coupled
linear oscillators, determining eigenmodes for the spaces segely, with a rigid
aperture condition imposed, and then working to discover theoatributing factors

to the paired system by recognizing their shared solution set, i.¢he aperture.

(1.3.65)

8 RR
% il Ga(rjrj)uo(rg)dSy  forrin V, oron S,
p(r) = 3

RR
il Gp(rjrg)uo(rg)dSy forrin Vi oron'Sy

For this system a complementary solution in terms of the room mad for the rst
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space exists and its sum with the contributions of the individuaGreen's functions
on the aperture is zero.

zZ zZ
0= 2(r5+ Gan (rjro)ud, (rs) dSp + Gp(rsjro)ud (rs) dS (1.3.66)

Once the equation is solved a free vibration frequency may betdrmined from:

zZZ
| 2
Wa (R o F a (r3ud (rd) dS; (1.3.67)
and the pressure eld solved using the individual Green's funans, one per subdo-

main. As before, the integral equation may be varied by substition on the right
hand side so that:

Z Z Z Z Z
O+ ul Gaud+  uy Gpud; (1.3.68)

a a\2 !
N Va ( N) E -
The test function up = A yields best values forA and k of:

R
_ a s
A= RdS p(GaNNJr Gp) dSo
(1.3.69)

(R a dS)2
21 a\2 RN ;
ke (R v a5 6m 7on a5

which supports the coupled linear oscillator interpretation(2 springs) by similarity

of form for k.
The coupling constant:

z Z
dS (Gay + Gp) dS (1.3.70)

may be hard to nd by small order terms of the individual series & seen in a

rearrangement of 1.3.69:



32

z z x

R aqg ? R b gs 2
dS (Gan + Gy) dSy = n m

VL 92 K B[ B)? K

(1.3.71)
né N

and would be better approximated anyway, from a variation aalysis ofup = A § +

B . If a source term is added:

RR
+il Ga(rjr§)up(rs)dSy; forrin V, oronS, (1.3.72)

8 _ RRR _
g ke Ga(rjro)S: (ro) dvo
p(r) = §

RR
il Gp(rjrg)uo(rg) dS forrin V, or on S;

a similar process (separate spaces, sti aperture, etc.) yields mhsmission integral

equation in terms of room a's driving pressur® (r):
zZ
T Uo(rg)P(rg) dSo; (1.3.73)
for which we may similarly develop a variational expression:

Z Z Z
T, =2 ugP dS+ ikc Uop ds (Ga + Gb)UO dSO (1374)

Which with a trial function of ug = A providesA and T, :

R
A b pPdS
ikc dS (Ga+Gp)dSo

(1.3.75)

R 2
T ' R ( d’:ds) .
: ikc  dS (Ga+Gp)dSo"

Analysis of the resulting pressures in the rooms is dependent up@sonance between
driving frequency and the two room's modes as certain terms the series expansions
for the Green's function dominate or subside. At higher frequeeies, a statistical

energy analysis may be employed given that the spatial pressurariations about
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the mean are small, as detailed above.
Adapted from (Morse, 1968)

Such analytic solutions for more complicated geometries alod boundary con-
ditions may be exceptionally di cult to derive, and even those above require analysis
and subsequent simpli cation of series terms in order to derivehgsically meaningful
and interpretable e ects; e.g. that a driving frequency in rom a that is a resonant
frequency for roomb but not a will at small frequencies greatly increase pressure
in the coupled space requires attention to the form of the colipg constant which
may be approximated a number of ways depending on the proxitpiof room a's
and bs modes and their relative boundary conditions. In all cases,eamay wish to
forgo analytic approximations and in their stead favor trialfunctions that satisfy the
variational requirement of vanishing partials at a set of dis@te points su ciently
large that interpolating across an element of the boundary deed by these points
guarantees a user prescribed error tolerance. Using boundaryegral equations in
this manner is described as the Boundary Element Method, and bne of several
numerical implementations of classical wave theory.

To conclude, classical wave theory o ers a dynamic and kinemattheory for
the radiation and scattering of sound, one which has the capécito model geo-
metric and material complexity; classical wave theory addresseoncerns of surface
di raction accurately, decoupling geometry e ect diraction from elastic/inelastic
material diraction, and further, reactive from resistive baundary conditions. Im-
plementation in simple geometries with simple boundary contithins is possible an-
alytically, and for interior problems with sources suggests aifmulation based on
the interaction of a source and a boundary's normal modes. Inmgrhentation of the
theory for use in evaluating geometries as complex as conclealls, with or without
coupled spaces, requires a level of analysis whose useful simptians may not be

applicable. In these cases, approximate numerical methods miag preferred.
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1.4 Numerical Methods

In numerical approaches to solving systems of partial di ererdl equations,
the domain of the problem is discretized. An initial di erential equation may be
multiplied by a speci ¢ type of weighting function, in this case a generic weighted
residual, and integrated. That integration is carried out aalytically by parts one
or more times to provide an inverse statement to which boundargonditions and
constraints apply. To the simpli ed expression a weighting furtton is supplied for
the remaining residual terms to arrive at a (re)presentationdrmula. In the case
of the Finite Element Method (FEM) applied to the Laplace eqation, the weight-
ing function is u, from the principle of virtual work; in the case of the Bounday
Element Method (BEM), the weighting function is a fundamenal solution of the
partial di erential equation, a Green's function, a Dirac dstribution applying the
load at a point along the boundary? Displacements are approximated by a shape
function operating on a vector set of "nodes." Fluxes may be sitarly formulated.
The discretization process then depends upon the method. Indlcase of the Fi-
nite Element Method, the single integration by parts means tht our presentation
formula is in mixed domains, with the product of the weightingunction and poten-
tial remaining integrated over the domain, whereas the ux poduct is integrated
over the boundary. For the Boundary Element Method, the re@sentation formula
integrates a mix of potential and ux terms over the boundaryexclusively. Thus,
for FEM models, only the potential is discretized and the ux mst be determined
by di erentiating the shape function operator on the vector st Since the shape
functions are typically polynomial approximations, this dierentiation results in a
loss of polynomial order, and thus of accuracy, for the ux tens. For the BEM
the mixed formulation shapes the potential and ux terms sepately resulting in
greater accuracy of the ux terms, hence its preference for ueere. Once the poten-

tial and ux terms are determined, the problem is solved in thecase of FEM, since

2This domain may be temporal, however, in this thesis, the Finite Time Di er ence method is
eschewed for solutions of the time harmonic problem and use of the appropriate Lapte Transform.
See Appendix A.

3We take up the Laplacian at this point because the Wave operator for a speci cfrequency
may be viewed as a sum of the Laplacian and a residual, a Poisson source term thaay be
approximated by the action of a generalized source upon a node set. More on this DUReciprocity
Method follows later in this section.
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the formulation is domain specic. For BEM methods, an additimal integration
across all nodes must be performed to determine values on thddeoints from

boundary values.
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1.4.1 The Boundary Element Method

In order to create a representation formula exclusive to the lodary, it is
necessary to move the source term(s) to the boundary. The deri@an that Hecht
provided for the Green's function in free space 1.3.44 is nonlger valid since the
pressure eld included in the neighborhood around the sourcedsscontinuous across
the boundary. Instead, the value for the Dirac distribution atthese points must be
found as the result of a limiting process. In 2D, Green's functis for potential and
ux have a Inr and % spatial dependence. Both are singular for radius zero, but
only the former is integrable and continuous about the singatity. These functions,
as integrands are called weakly and strongly singular, respeely. In the case of
the weak singularity, the integral may be evaluated as nitewhereas in the strong
singularity a limiting process must be used on both sides of the singrity separately

to produce what is known as the Cauchy principal value:

0 2 1 Z. Z,

CPV@ f(r)drA = .|.ilr!n0 alf(r)dr + !izr!no . f(r)dr: (1.4.1)
a
In 3D, a similar result is observed for the! and = related Green's functions. For
simplicity, for the remainder of this analysis, we will consideonly the 2D case.
If we revisit the Helmholtz-Kirchho Integral Equation, substituting more
general terms for the potential function and Green's funatins, we may write:

Z
u( )= axu(x; ) ux)qg(x; )d; (1.4.2)

where the stars represent the appropriately dimensioned Grégifunctions. To move
to the boundary we augment the boundary by adding a small neigborhood -,

so that the modi ed boundary consists of:

Y N (1.4.3)

where . represents the intersection of the old boundary and the neighihood
about the desired boundary load point. The rst term of 1.4.2 mg be integrated
analytically over the modi ed boundary and taking the limit as the small neigh-
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borhood is reduced to radius zero. In general, this will reguh a weakly singular
integral over the bracketed portion of the modi ed boundaryand an integral over
the neighborhood to which I'Hopital's rule may be applied tanake this term vanish.
The second term of 1.4.2 generally results in a strongly singulartegral over the
bracketed portion of the modi ed boundary for which the Cauby principal value
must be substituted, and an integral over the neighborhood wHicwill not vanish.
This factor, known as thefree term coe cient represents the fraction of the neigh-
borhood which lies inside the neighborhood, and is a functiocof angle. Inserting

these results into 1.4.2 we arrive at doundary integral equation

0 Z 1 Z
u( )= c()u( )+ CPV@ u(x)qx; ) d A qx)u (x; )d : (1.4.4)
The boundary is then subdivided into elements @; :::; () each possessing one

or more nodes. Inside the element, potential and ux are intemqdated using shape

functions so that in the potential case

u®@s) = T(s)0®: (1.4.5)

wheres is a local coordinate varying from @ 1 along the element. Constant shape
functions represent elements with a single node and assign pdiahor ux a single

value along that node, thus

u@(s)= y(s) 0 = al® ! (s)=1: (1.4.6)

Linear shape functions use two nodes per element and interpt@ldinearly over the

length.

CIENC)
02 0l

© () = A(®
u (S) lul + L (e

(1.4.7)

Quadratic shape functions use three nodes per element and mtelate quadratically
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over the length.

CINCENG CRRCING
O rr — (8 30{2 +40(®) o 2009 409 +20
u®(s) = vy~ + RC) S+ NE) S

2
! 2=4 L(Se) 4|_S(e)
2
3= L;Se) +2|_Sze):
(1.4.8)
In this case,
2 (e
h i 03
u@) = 4, 3 go(ﬁé = To®: (1.4.9)
0l

Such shape functions may be thusly constructed for any naturaumber order that
numerical integration precision requires. We stop here in theedivation of shape
functions as this is the level our implementation will emphpa

Thus, the modi ed boundary integral equation may be discretied to

NG NG
o Ju( )+ Ta® qd T¢® ud=0:; (1.4.10)
e=1 (e e=1 ©
or
NG Z NG Z
o Ju( )+ 0a® " [ q]d 9" [u]d=0; (1.4.11)
e=1 e=1

(e) (e)

since the nodal values are constant. By collocating the load ipts sequentially at

the boundary nodes we reduce 1.4.11 by a variable, creatingeguence of equations
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woZ ooz
0 g (x; Wyd + i = 0 u(x; M)d ; (1.4.12)

) =1 (e

where the integral is a sum of integrals over all elements on wh the node is located.

This may be written as a vector product

Ho = Gg; (1.4.13)

for the homogenous form. Boundary conditions may be insertednd 1.4.13 rear-

ranged by unknowns and knowns into a form:

Ay = f; (1.4.14)

which may be solved directly, or iteratively? Once the boundary problem is solved,

the representation formula may be used to calculate potentiahlues in the domain

by:

x £ x <
u( )= 0eg (X; )d Gu (x; )d : (1.4.15)
e=1 () e=1 ()
Flux in the domain may be calculated as the gradient of poteral from the repre-
sentation formula. NB: the shape functions are not di erentiag¢d, just the weighting
functions, hence the ux accuracy improvement over the FEM.
In order to modify the above discussion to nd a solution to the Helroltz

equation, we will proceed by an analogy to the Poisson Equation
r2u=b in : (1.4.16)

By Green's second identity we have a reciprocal state relatiship betweenu and

u:

4This point is non-trivial and must be addressed for high-frequency/large geometryproblems.
A full discussion on Fast Multipole Methods and the like is beyond the scope othis work but a
reading list is compiled in Appendix B.
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uu r 2vuud= qu wugd (1.4.17)

Choosing to be the fundamental of the Laplacian we see that sodtéor a load point,

z z
u()= qu wugd bu d (1.4.18)

The general solution to Poisson's equation is a linear combinah of solutions to
the homogenous Laplace Equation, and a particular solutiorotthe inhomogenous
equation. For the particular solutionu?, a second reciprocity relationship may be

described by:
r2vfu r 2uuid= qu uiqd ; (1.4.19)

So that at a load point

Z Z
ul()= qu uigqd uiu d : (1.4.20)

If b may be approximated by a linear combination of source terms,

X
b(x) fax) ¢ (1.4.21)

=1
then the f 9s are solutions of Poisson's equation and a proper choice of suctree
terms leads to easy solution for the particular solution tai9.5 Poisson's Equation
thus suggests a mixed representation formula:

2 3
V4 w2

u()= qu ugd 4 uix)u d S ¢ (1.4.22)
g=1
where theu%s are known. Combining the reciprocity representation formiwe see
that:

STypically, the functions chosen are radial basis functions which may be chosen twell represent
near eld interaction. More will be said about these when the implementation usedin the thesis
is dissected.
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z w © z 3

u()= qu ugd+ 4ya() qu uiqd>s 9 (1.4.23)

g=1
known as thedual reciprocity representation formula Moving to the boundary
(with the limiting processes described above) we arrive at theudl reciprocity bound-

ary integral equation:

c(Ju() = qu d CPV ugd
(1.4.24)
w R R
+ c( )ud( )+ CPV uig d qiu d a;

g=1
Moving the complementary solution to the left hand side and thearticular
to the right, we may discretize the left hand side as we did in 1.40-
X
ut n 03 (1.4.25)

n

Using the same shape functions the right hand side is essentially detzed to

HOY G&1 . may be found by collocating at each node in turn so that
X
=" foa" 9 (1.4.26)
g=1

forming a system of equationf): F which may be solved for . The discretized
matrix representation of the dual reciprocity boundary intgral equation has the

form:

Ho Ga= HOY GO F (1.4.27)

the right hand side of which may be conceived of as a volume igtal,

v= HO0Y GO F % (1.4.28)
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mapping the source distributionf onto a nodal distribution B. Thus

Ho=Gg B (1.4.29)

may be solved for unknown potentials and uxes.

Interior values for the pressure and ux may then be derived frm the dual
reciprocity representation formula with the load point plaed in the interior in a
manner similar to that described for equation 1.4.15. For a sdion to the general
wave equation we compare a solution to that for Poisson's equati by modifying

the residual (non-Laplacian) term of the wave operator to

= éu+ b: (1.4.30)

The new source term is approximated by a series of particular stibn functions
with appropriate coe cients which now depend on nodal value of acceleration as
well as potential and ux. For steady state problems where we nyaassume that the
potentials and uxes oscillate harmonically, that the scalamwave equation becomes

the Helmholtz equation, and

ru+k’®u=b r 20+ k*="h: (1.4.31)

Thus, the source term returns tob and a volume matrix approximation must be
implemented (see 1.4.28), so that, discretized, the matrix egtion to be solved has

the form

H k% 0=Ggq B (1.4.32)
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1.4.2 Numerical Integration for Weak and Strong Singularit ies

Before moving to the case of coupled systems, we should take a motrten
attend to the method of numerical integration; these are basad Gaussian quadra-
ture, which integrates polynomial approximations to curve exactly by summing
appropriately weighted integrand values at speci c integréon points. In fact, a
2n 1 degree polynomial may be integrated with as few aspoints, as an inductive
proof would show. But these integrals bear some attention, spexlly when the
load point is located on an element, as the integral is then gjnlar, or when the load
point is near the element, what may be termed quasi-singular.nithe latter case,
the polynomials used to approximate the integral must be of higorder in order to
deal with the rapidly changing function value, and so an implaenter must choose
between computation time and accuracy.

In 2D, weakly singular integrals for fundamental solutions & likely to have
integrand Inx. For this type of function, the typical weights may be replaed with
the function values at the integration points and exact polgomial solutions restored.
Strongly singular integrals for fundamental solutions arekely to have integrand%.
These require a numerical formulation of the Cauchy Princigavalue. The limits
of the shrinking integrand to either side of the singularityxs, must approach one

another, i.e., the following symmetry property must hold:

‘I.ilrrg) gxs+ ") = Illi'rrg) a(xs "): (1.4.33)

Examining the expected general form function integrals wlit strong 2D singularity
about O:

R _ R
f(x)Ldx:= lim (x)Ldx+ f(0)In"
o 1o .
(1.4.34)
R _ R
f(x)Ldx:= lim_ f(x)fdx f(@)In" ;
: a

a
we see that their sum contains only the nite parts, and that the ®V may be
determined from this sum so long as scale at which they approadtet singularity is
the same. To do this we transform the half interval of integratin to a generalized
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singularity to a unit length by

X=Xst(b Xq); (1.4.35)

and adjust our Gaussian integration points and weights.
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1.4.3 Coupled System Adaptation

To adapt the boundary element method to coupled systems we magke sev-
eral approaches. As per Morse's suggestion, we may divide the damimto sub-
domains. The appropriate matrix equations may be written foreach subdomain,
with the proviso that source terms operate only within the subdmain in which they
are contained. The matrix equations may parsed for shared bodaries. Thus in

subdomaini, sharing a boundary with subdomain :

2

h

3

io0l, ih i h

fHi  k?V'g Hi k| g é: G| G 4 o
Oi

[
B Bl ;

(1.4.36)
where individual subscripts indicate the exclusive boundaise mixed subscripts the

shared boundaries, and superscripts the subdomains. Similarlg, subdomainj :

2 3
h . . .iga‘é h ih ih |
S T
o
(1.4.37)
At the common boundary, potentials must be compatible, hence
0 =) =y (1.4.38)
Similarly for the uxes:
g = & =1: (1.4.39)

The thusly coupled system of equations may be solved in one of tways:
Method 1: Equations 1.4.36 and 1.4.37 may be rearranged to:
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2 3
q 2
h i B!
G G Hi kv B4 7= Hi KV o 5 é (1.4.40)
Bl
o
and
2 3
4 2 j3
Gj HI kv G goj 7~ H| kZVjJ 0; g Z (1.4.41)
Bl
ij

respectively. Coupling 1.4.40, 1.4.41 and introducing theoapling constraints we

observe that

2 3 2 3
q B
2 . . . 3 2 _ 32 3 _
G G Hj K2V Oé G ng: k?Vi'g 0Z ﬁmé B}
0 G, H k2] G gy 0 H kv o QB
q B8]
(1.4.42)
Method 2: 1.4.32 may be premultiplied byG ? to yield:
1 2 — 1R .
IG H{Z kv}o_m E{gﬁ. (1.4.43)
T

Applying this to each subdomain we see



a7

| 32 3 2 3 2
T T 0; q i
5 1=% 1§ & (1.4.40
iy Ti ) 4 éiij
and
j j 32 j _ j 3
T Ty 5.0 q ¢

3 2
é+§ é: (1.4.45)

j j j | j
T Ty O 7 ¢

Coupling and restraining 1.4.44 and 1.4.45 we see:

2 | | 32 3 23 2 3
T T 0 0; q ¢
Ti i Ty + Ti} i Ti} i 0jz=g07% éiij + Cijj : (1.4.46)
o Ty T u q ¢

Method 2 constructs smaller matrices than Method 1, but requéis preprocess-

ing by determination of G %, and postprocessing by determination odj;”"
Adapted from (Gaul, 2003).

In the speci c application which we wish to model, the coupled sfem has
source term asymmetry. The two room system comprises a smaller roanth a
source, or source distribution representing the main hall and rsical performers
and attending ampli cation system, and a second room whose acoigstesponse
is dependent upon energy transmitted from the main hall. The etermination of
incident pressure therefore requires attention and is discussedChapter 2, Section
4,

To conclude, numerical methods o er an opportunity to emply classical wave
theory in problems where analytic solutions are impossible okeessively laborious.
These methods transform the Helmholtz-Kirchho Integral Equadion into represen-

tation formul by performing integration by parts upon a weidnted-residual multi-
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plied HKIE. Of the time-invariant methods, the Boundary Element Method is to
be preferred for its accuracy in calculation of ux terms. Thé method relies upon
fundamental solutions to the Helmholtz equation applied to aidcretized boundary
representation. A variety of tools, arbitrary order shaping factions, source volume
representations, subdomain formulations, allow implementersxibility in the ap-
plication of the method. The issues attending singular integta are well de ned and

addressed in both the continuous and discrete cases.



CHAPTER 2
Model for Room-Acoustic Prediction

For this thesis, the implementation of the Boundary Element M#hod used is a
modi cation to one based in the doctoral thesis of Vicente Cutatia Susana Quiros y
Alpera. (Susana Quiros y Alpera, 2001+) The code package runstinn the Matlab
software environment. Both the code environment and the progmming language
environment warrant some investigation prior to a descriptiorof their modi cation
for use in coupled BEM simulations. The strengths and limitatioa of both must
be noted in order to understand the reliability, conveniencand applicability of the

particular implementation.

49



50

2.1 Open BEM Implementation

For analysis, we will consider the case of modeling the fourth »al mode
of a rectangular enclosure of dimension 4 meters by 1/3 of a meté&’he choice of
such dimensions relates to concerns of isolating a single axiabae, and to easy
comparison for the coupled BEM implementation to follow in tke next section.

Below is an overview of the structure of this script:



Figure 2.1: Structure of the Uncoupled BEM Code

Below follows a detailing of each subroutine.

preprocessing
1 declare ambient conditions

As mentioned in the derivation of the wave equation, we requer an
equation of state. In this case we consider a compressible uid, ag

mixture, following an adiabatic law. The equation of state geeralized

51



in equation 1.3.21 now depends on the adiabatic constant fohd gas

mixture of air. The mixture contains water vapor, and thus the adiabatic

constant is a function not only of temperature and static pressure, but
also of relative humidity; thus, these must be declared by the user

We will assume room temperature, dry air at standard atmosphereg.
25 C, 101325 Pa, and 0% humidity.

calculate ambient constants

The most important constant to result from a calculation of ambent
conditions is the wave speedg. However, we should also make such
calculations as test our assumption that the uid is inviscid. Ths may
best be summarized by an attenuation coe cient for the air in gestion.

The required calculations are described in (Rasmussen, 1997).

Our ambient conditions, passed to the functiommb2prop , predict ¢y
3463 107 . Further, the air attenuation coe cient is small,
1:911 10 “

de ne geometry

The geometry of the enclosure must be de ned. In theory, the gewetry
may be projective. In the 2D Open BEM environment implement only
segments and radial arcs are permissible. Thus, a series of endisoi
is determined with radius of curvature chosen for arcs. These liMbe
arranged into the array segments. The segments must be consecaitiv
for a single body (set of walls, or inclusion) and are generally tened

in a clockwise direction. The columns that comprise segments this
point are: the x and y coordinates of the starting point, thex and y
coordinates of the end point, the radius of curvature. The sigof the
radius indicates whether it bends outwards (+) or inwards (- If the

radius is 0, a straight segment is used.

To facilitate later comparison with the coupled case, in our emple,

segments may take the slightly convoluted form:

52
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Table 2.1: Segments De ning a Rectangular Enclosure

X1 Y1 X2 Y2 r

0 -0.167 -2 -0.167
2 -0.167 -2 0.167
2 0167 0 0.167
0 0.167 2 0.167
2 0167 2 -0.167
2 -0.167 O -0.167

OO O0OO0OOoOo

4 declare frequency of interest

As described in the derivation of the time-harmonic form of thgeneral
wave equation, the Helmholtz Equation is frequency dependenThus,

the user must describe the frequency for which to analyze the geetry

by the boundary element method. The rami cations for the frgquency
choice extend beyond the equation to include considerationtboundary
impedance, mesh density, computation time, etc. For our purpes, the
fourth axial mode of a 4m room has a wavelength of 1m. The assdeih
frequency may be calculated from

_ .

f (2.1.1)

Using the zero frequency speed of sound calculateddnand the wave-
length we have determined, we should chooke 1:731 1(*Hz.% Since
the wave equation is actually phrased in terms of the wave nureb we
should calculate this from

k= —: (2.1.2)

In our case, we calculatd&k 3:142.

5 declare surface impedances

6We should note that the speed of sound is actually frequency dependent. We will assume tha
the variation from the zero frequency speed of sound under our ambient conditions is smalFor
the validity of this assumption we refer again to (Rasmussen, 1997).
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To create the most exible model for a user, Open BEM allows dis-
tribution of arbitrary impedance boundary conditions. Thesemay be
determined for each segment of the boundary by the user. Thisgres
a frequency dependent dataset of complex valued impedanceditions.’
For simplicity, in this and future simulations, we will assume a Nemnann
boundary condition by positing that the walls are sound hard,.e. have

impedance s = 1 for our desired frequency.
calculate surface admittances

From chosen impedance boundary conditions, admittance bousuy con-
ditions must be calculated. Cutanda provides the formula fanormalized

admittance as

1
1+9:08 1000~ +11:9 1000~

In the limiting case we have chosen, this fraction tends tos = O for all

non-zero frequencies.

These values are computed or assigned conveniently in the limg cases

by the called function betag .

Our array segments will now be augmented to include the admittances

of the surfaces thusly:

"Acquiring such a dataset is nontrivial and represents an area ripe for investation.



Table 2.2: Segments De ning a Rectangular Enclosure and their Respective A dmit-

7

tances

X1 Y1 X2 Y2 r s
0O -0.167 -2 -0.167 0O O
-2 -0.167 -2 0167 O O
-2 0167 0 0.167 O O
O 0167 2 0167 0 O
2 0167 2 -0167 O O
2 -0167 0 -0.167 0 O

determine number of elements

In order to discretize the boundary, Cutanda chooses a minimumesh
density based on a minimum number of elements per wavelengthhis

is a standard practice based in Shannon's Sampling Theorem:

In order to extract the frequency components of a sampled, tiea (or
space-) discrete signal correctly, the sampling frequency muse ht least

twice the frequency of the highest component of the unsampledsal.

Although 2 elements per wavelength would be theoretically sicient,
accurate mode shape prediction may require an additional tac of 3 to
5. (Schmiechen, 1997)

Thus, the typical number of elements per wavelength variesdm 6 to 10
with increasing density leading to increasing accuracy. (Matng, 2008)

Here we see a direct impact of the choice of frequency of intereghe
greater the frequency, the greater the wavenumber, the giteathe mesh
density, and thus the greater the number of nodes at which to aluate

pressure.

We will examine the case of 6 elements per wavelength for eastem-
parison to a coupled case to follow. Given this density, our geetny
array segments must be augmented to include the number of elements

per segment thusly:
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Table 2.3: Segments De ning a Rectangular Enclosure and the Respective Num ber
of Elements Per Segment

X1 Y1 X2 Y2 r S #e

0 -0.167 -2 -0.167
2 -0.167 -2 0.167
-2 0167 0 0.167
0 0.167 2 0.167
2 0167 2 -0.167
2 -0.167 O

OO OO OoOoOo
OO OO oOoOo
DL OO kO

-0.167

8 mesh boundary

For each segment we should produce nodes of a linear density dezd.
This matrix should include the coordinates of each node, andhé¢ body
to which it belongs. In this example, we have only one body; hewer,
this bit of the code is preserved for the purpose of specifying awterior

topology, as will be illustrated below. Using the subroutine nagben, the

node arraynode xyb (at right below) appears approximately as:

Graphically, this arrangement appears:

Figure 2.2: A rectangular uncoupled space boundary mesh.
From this mesh description, it should be clear that adjacent eteents
share a node. Such a nodal arrangement is calledntinuous
9 de ne topology

A global node numbering system is implemented here to help céig

which nodes belong to which elements. Since we have chosen gatc



Table 2.4: Node Matrix for the Boundary Dicretization

node X y body

1 0 -0.167 1

2 -0.167 -0.167 1
3 -0.333 -0.167 1
4 -0.5 -0.167 1
5 -0.667 -0.167 1
6 -0.833 -0.167 1
7 -1 -0.167 1

12 -1.833 -0.167 1
13 -2 -0.167 1
14 -2 0 1

15 -2 0.167 1
16 -1.833 0.167 1
27 0 0.167 1
28 0 0.167 1
38 1.833 0.167 1
39 2 0.167 1
40 2 0 1

41 2 -0.167 1
42 1.833 -0.167 1
51 0.333 -0.167 1
52 0.167 -0.167 1

shaping functions, we will require 3 nodes per element, one aoch end-
point, and one located between. For simplicity, we will choodbe central
node to occur at the midpoint of the segment. Folding this actity into
the subroutine nodegen for the sake of e ciency, the element array
topology (at right below) appears: For the geometry we have speci-
ed, we must make sure that we are looking to solve the interior -
lem. Thus surface normal should point inward. This is accomgled by

de ning a negative body number innode xyb and topology . Thus,
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Table 2.5: Topology for the Arrangement of Nodes into Elements

element
body

P WR NP PR

node _xyb and topology would be changed to:

node node node

49

51

50

52

51

Matrices with Inte-

rior Topology]Node and Topology Body Numbers Re ecting the Interior Problem

Condition
X y body
0 -0.167 -1

-0.167 -0.167 -1
-0.333 -0.167 -1

10 de ne source position

nodeg node nodeg "body"

.. etc.

3 -1
-1
7 -1 ... etc.

In the nal stage of preprocessing, the source must be speci ed. lhis

case we will take an ideal 2D spherical source. In order to isolaesingle

axial mode, we will place the source on the center of the oppogiaxis,

and close to the axial boundary.



h i
We will choose a position of 1:99 0.

calculations

11

calculate boundary incident pressure

In general, the incident pressure would be calculated as

[
pincident = E (udirect + ure ected ) : (2-1-4)

The direct and re ected pressures must be calculated in the eldis-
ing the appropriate Green's functions. Unlike the case discussadthe
background chapter, we are here considering a 2D geometry. i3 may
be viewed as a special of the former, one where the geometry @odrce
are axisymmetric. The source is thus a line source, and the apprate
Green's function, in the absence of independent ux terms, is Bessel
function of the third kind, a Hankel function, of 0" order for the poten-
tial terms and 1% for the ux terms. The normed distance argument for
the Hankel function in the direct propagation is the wave numeér times

the spatial distance from source to node. Thus we evaluate:

Udirect = Hc()l)(krsn)
(2.1.5)

Ghirect = HE” (Krn):
In general, the re ected eld presents certain complicatios, as it is a
function of the impedances of the re ecting surfaces, i.e. thealls of
the enclosure. We may proceed by examining the free eld exsluely,

where

Ure ected = 0
(2.1.6)

Geected = 0

The sound pressure incident on the nodes then may be given by
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iH O (kr
Pincident = #; (2-1-7)

where the Hankel functionHél) is de ned in terms of the Bessel and

Y functions by the relation:

H® (kren) = Jo(Kren) + iYo(Krsn): (2.1.8)

This forms our estimation for the boundary collocated sourceetm B in
1.4.29.

Passing the source location and node locations onto the funatigreen-
def2DFF produces the following values for the pressures at the nodes:
Presented graphically, these appear as:

Figure 2.3: Free eld incident pressure (magnitude) upon the boundary node s is
calculated from the appropriate Hankel function.
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These are assembled into the arrapic _pressure .
calculate boundary coe cient matrix

For each node, we must calculate its e ect on each element. Theop
is contained in the function bem2d2DFF . The actual integration is
carried out in the subroutine intF12DFF . In order perform such cal-
culations, we must rst consider whether the node is a member of ¢h
element. Given the continuous modeling of the geometry, inence nodes
and element nodes are either collocated, or they are not. EBhis a prin-

cipal advantage of the scheme.

In the case that the node of inuence is not an element node, the
our numerical integration scheme can be based on standard Gaussia
guadrature. Cutanda chooses an order of = 10, allowing for exact
integration up to 2n 1 = 19" order polynomials. The base points
for integration are found from the sorted eigenvalues of the-diagonal

n 1 order matrix

2
u; O u-
0 . . 0 (2.1.9)

where

Ui = pﬁ (2110)

In the case ofn = 10, the base points, as determined by the subroutine

gaussrule are

One notes that from such a routine, the generalized coordires are
parameterized from -1 to 1. The associated weighting functisrare twice

the squared values of the rst components of the sorted eigenuais:
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Table 2.8: Order 19 Gaussian Quadrature Points

-0.9739
-0.8651
-0.6794
-0.4334
-0.1489
0.1489
0.4334
0.6794
0.8651
0.9739

Table 2.9: Order 19 Gaussian Quadrature Weighting Coe cients

0.0667
0.1495
0.2191
0.2693
0.2955
0.2955
0.2693
0.2191
0.1495
0.0667

If the node of in uence is an element node, then the base pointsust
be expanded about the singularity. This is carried out in the daroutine
nsingrule . Consider the case where the node of in uence is the rst
node of the element. The normalized element is subdivided Wwiever
ner half-intervals toward the singularity until some threshdd minimal
normalized distance is achieved. Cutanda uses a threshold oO@.
Sets ofn 2 standard Gaussian integration points are arranged about
successive midpoints of these intervals, scaled by the subdivisiengths.
Thus, each interval is integrated exactly to a polynomial of eigree 2

5. This equals or exceeds the precision of standard elements angl



asn 5. Cutanda choosesr = 8, guaranteeing 11 subdivisions for
a parameterized singular element, with each subdivision aceate for

polynomials up to 13" order.
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Thus, the base points are approximately:

Table 2.10: Order 15 Singular Quadrature Points

-0.999961220562986
-0.999801432106849
-0.999536652744059
-0.999202572893062
-0.998844302106938
-0.998510222255941
-0.998245442893151
-0.998085654437014
-0.998008095562986
-0.997848307106849
-0.997583527744059
-0.997249447893062
-0.996891177106938
-0.996557097255941
-0.996292317893151
-0.996132529437014

-0.504963767937808
-0.490072464124384
-0.449166619353407
-0.381383102479082
-0.295858660623913
-0.204141339376087
-0.118616897520918
-0.0508333806465933
-0.00992753587561598
0.0198550717512319
0.101666761293187
0.237233795041836
0.408282678752175
0.591717321247825
0.762766204958164
0.898333238706814
0.980144928248768



with the associated weightings the Gauss weighing points scalleg the

length of the interval:

Table 2.11: Order 15 Singular Quadrature Weights

0.000098855992471071
0.000217168978958374
0.000306354146365124
0.000354183382205432
0.000354183382205432
0.000306354146365124
0.000217168978958374
0.000098855992471071
0.000098855992471071
0.000217168978958374
0.000306354146365124
0.000354183382205432
0.000354183382205432
0.000306354146365124
0.000217168978958374
0.000098855992471071

0.0253071340725941
0.0555952586133436
0.0784266614694718
0.0906709458445905
0.0906709458445906
0.0784266614694718
0.0555952586133436
0.0253071340725941
0.0506142681451882
0.111190517226687
0.156853322938944
0.181341891689181
0.181341891689181
0.156853322938944
0.111190517226687
0.0506142681451883
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It is worth noting that such a parametricization scheme allow$or deter-
mination of Cauchy Principal Values even when the singulagitoccurs

at the quadratic element's central node.

The parameterized integration points, 10 for standard integis, 88 for
the singular integrals of the type described above, grpoints in general,
are passed back tintF12DFF and sent along with an element in order
to be shaped by the subroutinelemshape. The shaping functions must
di er from those of 1.4.8 because of the shift in parametricizain. In

this case we will have to consider the shaping function:

(e) - 03 01 03 202+%3 o2
ut®(s) =, + 7 s+ Lo S

(2.1.11)
Thus each integration point is assigned global coordinates time element
by the matrix product of the shaping function and the element ades.
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Since the contribution of the node of in uence on each node tife ele-

ment is strictly normal, as given by:

8 O e@u @

[}
CEN-
I NORKRRIAXRRIRRAAK O

) (2
a
= % wd s w@) : ; (2.1.12)
G 1) @u (D
a ‘@n
(i) @u | '
a @n

whereu is not to be confused withu®, the former representing the
appropriate Green's function, and the latter a generalizeélement de-

scription. Thus we must compute%] from the chain rule product

@u () _ du () ar @)
‘@n - Tdr dn
(2.1.13)
_ i) ar ().
= (@ &

The rst part of the product may be calculated from the approprate
Hankel function as per 2.1.7 and is accomplished in the subroo
greendef2DFF . The second part of the product must be calculated
from

ﬂ () _ (ra) P (n) + (ry)(ny))
dn r) ’

where the normal components for each integration point, wit a sign

(2.1.14)

adjustment for interior facing normals, result from calculatbns within

the subroutine elemshape.

However, since the normal components are calculated from therd/a-

tives of the shape functions, they are approximated by linearichanging
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values. This approximation can result in numerical error. Cogider the
interaction of node 1 and element 9. This regular quadraturat global

coordinatesxy; Yq results in normal componentsy; ny: The cumulative

Table 2.12: Error in the Determination of the Normal Direction by Taking Deriv a-
tives of Shaping Functions

Xq Ya Nx

Ny

-1.6623 0.1667 0.138810 ** -0.1667
-1.6442 0.1667 0.208210 ¢ -0.1667
-1.6132 0.1667 0.208210 ¢ -0.1667
-1.5722 0.1667 0.000QL0 ** -0.1667
-1.5248 0.1667 -0.0694 10 ¢ -0.1667
-1.4752 0.1667 0.138810 ** -0.1667
-1.4278 0.1667 -0.2776L0 ** -0.1667
-1.3868 0.1667 0.277610 ** -0.1667
-1.3558 0.1667 0.277610 ** -0.1667
-1.3377 0.1667 0.55510 % -0.1667.

e ect of all nodes on all elements is a simple sum of the e ect oheh
node on an element, and is collected in the square mati, of size equal
to the number of boundary nodes.

It is worth noting that Matlab 2008a will not allow arrays of type double
larger than 402653183 elements. Thus, the program restrictsneputer
memory places a restriction on the size of matrid to 20066 elements.
This means that our node count cannot exceed 20066. For ourrpeular
geometry, the frequency limit involved is approximately 016 10* Hz.

However, memory restrictions may bring this practical limit bwer.
13 solve boundary system

The relative phase and amplitudes of the boundary nodes' presssr
are determined by solving the systemA*ps = -inc _pressure. The
negative sign is required for the vectoral nature of the vardes. With

respect to the theoretical development in the preceding chtgs, this
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posits A asH k2V, and -inc _pressure as B, with G omitted for
lack of any independent ux terms. The system is solved numeridgl
using the Matlab commandA n-inc _pressure. This involves general
triangular factorization computed by Gaussian elimination wth partial
pivoting, resulting in A = L*U , wherelL is a permutation of a lower
triangular matrix and U is an upper triangular matrix. Then ps is
computed by solving two permuted triangular systemsps = U n(L n-
inc _pressure) . SinceA is generally not sparse, and comprises complex
double type variables, computations are performed using theAPACK
routines ZLANGE , ZGESV and ZGECON , adapted from previous

Fortran implementations.
mesh eld

The eld must be discretized in order to assess interior pressure val
ues. The choice of eld spacing should be frequency dependentpss
Shannon's Sampling Theorem, and Schmiechen's calculatio@utanda
chooses to increase linear density by a factor of 4, i.e. a 2D sjaiin-
crease in resolution of a factor of 2 in each dimension, and theresh
uniformly. For graphical representation purposes, the mesh intleer
direction should be increased in density to provide an integrahulti-
ple of spacings otherwise the picture of the eld point pressuresill be
truncated.

calculate eld coe cient matrix

The eld coe cient matrix, denoted Ap, is calculated as the boundary
coe cient matrix in 12, proposing the inverse formulation as if the eld

point were the node of in uence.
calculate eld incident pressure

The eld incident pressure, denotedpl eld is calculated exactly as the
boundary incident pressure was il 1, replacing the nodes with the eld

points.



17 solve eld pressure system

The pressure at all eld points is assessed by the matrix equatigneld
= Ap * ps + pleld . The fact that the vectoral nature of Ap is
reversed is accounted for by the use @fs, rather than -ps.

postprocessing

18 plot boundary pressures

The magnitude of the time harmonic pressures at the boundary des
is plotted, taking the absolute value of the complex pressure hees of

inc _pressure . For our example, a normalized plot takes the form:

Figure 2.4: Boundary node pressures (magnitude) are found by solving the matr
system.

The above plot reveals super cial consistency of the numericahodel
with the theoretical model: the peaks at left edge nodes 1% &nd 39-41
suggest a plane wave, and the three regularly spaced nodes antirnades

on each long edge suggest that we are observing a fourth fundarma&n
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plot eld pressures

The eld pressure array is aligned with the spatial mesh and ploéd as

a surface.

Figure 2.5: Field pressure (magnitude) may be found by direct multiplication o

the solution to the matrix system and the eld coe cient matrix.

Clearly the values on the mesh are interpreted from the loweeft hand
corner of each mesh unit. The above plot shows super cial consisty
with the theoretical model; however, there exists what is desbed as a
boundary layer e ect; this appears to be symmetric with respédo the

enclosure's major and minor axis. This boundary layer may be deased
in size by increasing the number of elements per wavelength.cteasing
the number of elements per wavelength two-fold increases supal

agreement with the theoretical answer by decreasing the ovéraize of
the boundary layer. That the boundary layer is simply a funcin of the
resolution of the simulation indicates that it is in fact numeical rather

than theoretical. The boundary layer may be e ectively elinnated by
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Figure 2.6: Field pressure (magnitude) shape may be enhanced and the boundar
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y

layer size decreased by an iuncrease in the number of boundary nodes.

doubling the calculated eld pressure values in the rst and lastrows

and columns of the matrixp eld .
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2.2 Coupled BEM Implementation

According to Gaul 1.4.36-1.4.46, and consistent with the langge of Cutanda’s
code, to describe the set of equations necessary to solve a couglstem, we must
rst parse our domain into two subdomains. Further, we must parse th boundary of
each subdomain into wall and aperture. We may accomplish thigaugmenting our
geometry matrix segments to a structure called geometry , whose layers include
segments matrices for each subsection of the boundary, as well ashame eld
for identifying subsection, and asubdomain eld for identifying the subdomain to
which the subsection belongs.

Let us denote the subdomains asand j, with the apertures denotedij, and
ji, respectively. Then in subdomaini, the previous equation systemA*ps = -
inc _pressure should be parsed as:

2 , _ 32 3 2 3
A Aj P Pinc

= —1; (2.2.1)

Al Aj £ Pinc

where coe cient matrix superscripts indicate the in uencer, subscripts the

in uenced. Using Method 2 described by Gaulps may then be solved for from the
equation resulting from the top half of the coe cient and incident pressure matrices:

Aipi+ Ajpl = ple; (2.2.2)

as

pls= A pznc A:j g ; (2-2-3)

and substituted back into the equation resulting from the botton half of the coe -

cient and incident pressure matrices:
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as

1

AlCAL T b AGRL FATPL = Pl (2.2.5)
which may be rewritten:
h i
ALAL AL TAL L= AT A T (2.2.6)
and may summarized as
Tipl = Ci: (2.2.7)

A similar equation may be found for subdomairj, but some care must rst
be given to the incident pressure term. Whereas in the rst subdoain, there
is a simple, single source, in the second subdomain, no independsich source
exists; rather, incident pressure at all other nodes in subdomajnderives from a
superposition of these aperture node source terfisThis distributed source will
create the di raction phenomenon discussed at length in the pvéous chapter on
Classical Wave Theory. In the language we have established, theeident pressure

on nodes in the second subdomain may, in theory, be computed as:

pgnc = A}i ;inc; (2'2'8)

however, doing so in certain geometries, including the one inigstion, ignores near-
eld radiation e ects. A new term must be introduced. Given tha the incident
pressure values are in this case known from the uncoupled moaggcussion of such
a modi cation may be left until the next section.

Proceeding, the coupling posits that:

L=l (2.2.9)

8Towards greater generality, one must consider those nodes of the wall that containghe aper-
ture. Unlike the routine that calculates the coe cient matrix, where integrals of a partial to the
normal are computed, the direct pressure routine does not recognize that one may be askirig
render shear waves, whose existence here is undesired.
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thus, the analog to equation 1.4.43,

TPl =C; (2.2.10)
can be rewritten:
Tpl = G (2.2.11)

making the coupled system to be solved:

2 3 2 3
Ti Ci
§ Z lo= § Z ; (2.2.12)
Ti G
which we may solve by asking that
3 2 3
Ci Ti
R = Z ng é ; (2.2.13)
Ci Tj

Since the coupled system requires the solution along the ape®uin order to
guarantee discrete pressure consistency, we should guaranted tha nodes of the
aperture of the coupled subdomains are spatially consistent. Ehis accomplished
by de ning the aperture as a separate segment; if the linear meslensity is uniform,
aperture nodes will necessarily collocate.

It should be noted that, given the continuous mode by which ounode gener-
ation subroutine operates, the endpoints of the aperture segnie will be endpoint
nodes of the walls that form the apertures as well; this intduces the possibility
for greater discontinuity of pressure, owing to the speci c imp#ance di erence be-
tween wall and opening, than existed in the single domain caséus providing the
condition for aperture di raction.

Based on the above discussion, we can provide the following ovew of the
structure of the modi ed script: As a test case, let us consider the s& geometry

as the one described above, with the same ambient and geometgsolution pa-
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Figure 2.7: Structure of the Coupled BEM Code

rameters, except that we will insert an aperture, the height ofhe space, at a point
halfway along the space's length. The validity of the model Withen be tested
by comparing the solution to this trivial coupled system with trat previously de-
scribed. Further, this subdivision of a domain will recommendself as a practice
to be implemented when non-convex geometries are considered

Below follows a detailing of the modi ed subroutines and theeasults of calcu-

lations particular to the test case.
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preprocessing

1
2

declare ambient conditions

calculate ambient constants
These routines remain unchanged.
de ne geometry

Subdomain 1 will be the left half of the previous space, subdoma2
the right. Subsectioni will be the exlusive portion of the boundary
of subdomain 1. Thus its layer of the geometrygeometry(1) , will
be de ned by: Subsectionij will be the portion of the boundary of

Table 2.13: Subdomain 1 Subsection i Segments

name subdomain segments

i 1 X1 Y1 X2 Yo r
0 -0.167 -2 -0.167 O
-2 -0.167 -2 0.167 O
-2 0.167 O 0.167 O

subdomain 1 shared with subdomain 2, i.e. the subdomain 1 facing
portion of the aperture. Its layer of the geometrygeometry(2) , will be

de ned by: Analogously, subsection$ and ji layersgeometry(3) , and

Table 2.14: Subdomain 1 Subsection ij Segments

name subdomain segments

] 1 X1 Y1 X2 Y2 r

0 0.167 0 -0.167 O

geometry(4) will be de ned, respectively, by:
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Table 2.15: Subdomain 1 Subsections i, ij Segments

name subdomain segments

j 2 X1 Y1 X2 Y2 r
0 0.167 2 0.167 O
2 0.167 2 -0.167 O
2 -0.167 0 -0.167 O
Ji 2 0 -0.167 0 0.167 O

declare frequency of interest
This section remains unchanged.
declare surface impedances

For sound hard walls, subsectionsand j, we declare surface impedance
s = 1 . For sound soft apertures, subsectiong and ji, we should

declare surface impedances = 1 , however, to signal to the admittance

function betag not use the previously described formula, an indicator

value of NaN (not a number) is preferred.
calculate surface admittances

Surface admittances are calculated as in the prior implemition and
then appended to thesegments matrix of each layer of the structure

geometry .
determine number of elements

A number of elements may be calculated as in the previous ingohenta-
tion and appended to thesegments matrix of each layer of the structure

geometry .

mesh boundary
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node xyb matrices for each layer olgeometry may be constructed as
in the prior implementation with minor modi cation. Whereas in the
previous case, all forms were closed, necessitating that the lagtide
numbered bynodegen should not duplicate the rst node, in this case
we should specify an alternate routin@odegen2 that includes the last
node numbered. Thisnodegen2 should then be applied to each seg-

ments matrix of each layer ofgeometry .

Furthermore, should we desire to see the geometry/topology cstnucted,
we will require that the subroutine assemble the plots of eachyler into
a single graphic. For convenience, the routineodegen is thus parsed
into two subroutines,nodegen2 and plotnode . Doing so further allows

for color coding walls and apertures in the plot.
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Using the subroutinenodegen?2, the node arraysgeometry(1:4).node _xyb

(at right below) appear approximately as:

Table 2.16: Node Matrix for the Coupled Boundary Dicretization

subdomain subsection node

1

1
2
3

12
13
14
15
16

25
26
27

N -

[ERN

12
13
14
15
16

25
26

N -

0.167

1.833

-1.833

0.167

o

y

-0.167
-0.167
-0.167

-0.167
-0.167
0
0.167
0.167

0.167
0.167
0.167

-0.167
0
0.167

0.167
0.167

0.167
0.167
0

-0.167
-0.167

-0.167
-0.167

-0.167
0
0.167

body

1
1

H

N L N =

H

1

1

1
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Graphically, this arrangement appears:

Figure 2.8: A rectangular trivially coupled space boundary mesh.

where sound hard walls appear in red, sound soft apertures in gre
de ne topology

As in the previous implementation, the topology for each subdaeain may
be constructed simultaneously to the node generation. In a comgent
departure from the node generating system, the nal element shig not
contain the rst node. The element matricesgeometry(1:4).topology

should thus appear Further, at this time it is worthwhile to deselop a
coupler between the subdomains. Because of the clockwise pregi@en
of nodes, the rst node of the aperture of subdomain 1 is the last de

of the aperture of subdomain 2. Thus the coupler should have rcand
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column size the same as the number of nodes of the apertures, and

its reverse diagonal should consist entirely of ones. For the casedar
consideraté'on:

3
0 01

coupler=§o 1 02

1 00

de ne source position

As in the previous implementation, we will take an ideal 2D spheal
source placed on the center of the opposing axis as close to therary

as possible in order to isolate a single axial mode.
h [

Again we will choose a position of 1:.99 0.



Table 2.17: Topology for the Arrangement of Nodes into Elements in the Trivial
Coupled Space

subdomain subsection element noge nodes node body

1 [ 1 1 2 3 1
2 3 4 5 1
12 23 24 25 1
13 25 26 27 1
ij 1 1 2 3 1
2 j 1 1 2 3 1
2 3 4 5 1
12 23 24 25 1
13 25 26 27 1
Ji 1 1 2 3 1
calculations
11 calculate boundaries' incident pressures

For boundaries of the same subdomain as the simple source, thecaoal
lation of incident pressures proceeds as it did in the previousplemen-

tation.

For the shared aperture in the coupled subdomain, the incidepiressure
is equal to the incident pressure on the spatially consistent nosl®f the

aperture of the source domain.

The nodes that de ne the aperture itself must be given values neistent

with those given the nodes that de ne the aperture in the sourcgéomain.

In general, for all other nodes, a sum of e ects from each apertunode
must be calculated. We have denoted thi&!' in the theory. This may
be done using a modi edboem2d2DFF routine, calledbem2d2DFF2 ,

where the output matrix need not be square, or else, this matrimay be
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13

parsed from the coe cient matrix for the entire second subdomai. (See
subroutines12 and 13 below) The parsing routine numbers the subma-
trices of the subdomain coe cient matrix in ascending order aing the
diagonal, and then along the o -diagonal. Thus would be refeed to as
geometry(2).A _sub(4).A . The incident pressures would then be cal-
culated from

geometry(2).A _sub(4).A*geometry(2).subsection(2).inc _pressure.
However, this ignores the near eld radiation e ect of the apgure. Mod-
eling this additional term is avoided temporarily by substituing the
known values for the incident pressure on the second subdomaindes
as in the uncoupled implementation, and using thgreendef2DFF func-

tion to nd the pressures on the aperture nodes as well.

Observing that the implementation calculates directional sdace nor-
mals for node to node interactions, it is not necessary to modifize sign

of the incident pressure on the aperture in the coupled subdonmai

For our geometry then, the incident pressures appear approxately as:
calculate boundaries' coe cient matrices

Boundary coe cient matrices may be constructed subdomain by du
domain and then parsed to form the constituent matrices of theype
described in 2.2.1. Thus, a second row @feometry may be formed
from composites of layers of the rst row ofgeometry , with the appro-
priate modi cations made to node numberings in the node codinates
(node _xyb ) and element nodestppology ) matrices. Thebem2d2DFF
routine may then be applied twice, once each to the compositeatni-
ces formed for each subdomain. The resulting matricés_total will be
stored in a structure A, (thus A(1).A _total and A(2).A _total ).

parse subdomain coe cient matrices

Fields for describing subsections (name) and subdomain (subdama
may be appended tA . Appending the aperture nodes to the end of the
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Table 2.18: Free eld Incident Pressure upon the Boundary Nodes in the Coup

Geometry

name subdomain node iReident

i 1
Ij 1
J 2
Ji 2

exclusive boundary nodes will allow for easy separation of theusge

Al; Al and rectangularAl ;

main 2, which will be made to occupy positions withinA(1).A _sub,

and A(2)A _sub respectively. The place occupied follows the matrix

decomposition of 2.2.1 as:

1 0.363
2 0.508
27 0.363
1 0.363
2 0.372
3 0.363
1 0.363
2 0.138
27 0.363
1 0.363
2 0.372
3 0.363

=+

0.343i

0.120i

0.343i

0.343i
0.335i
0.343i

0.343i

0.460i

0.343i

0.343i
0.335i
0.343i

; Al and analogous submatrices for subdo-
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HOOCOOOD) N

PHOOCOOO) N

14

15

. 3 2
A A; E geometry(1):A _sul(1) geometry(1):A _suly(3)
Al Al geometry(1):A_sub(4) geometry(1):A_sub(2)
. 3 2
Al A E geometry(2):A _sul(1) geometry(2):A _suly(3)
Al Al geometry(2):A_sub(4) geometry(2):A_sub(2)

assemble coupled boundary system

(2.2.14)

T matrices may be assembled for each each subdomain as:

T = Asub2):A Asub4):A (Asub(1):AnA_sul(3):A): (2.2.15)

C matrices may be assembled for each subdomain as:

C=

subsectior(2):inc_pressure

solve coupled boundary system

+ A_sub(4):A (A_sul(1):A nsubsectior(1):inc_pressure):

(2.2.16)

The coupled equation may be solved with th& and C matrices formed

in section14 with one caveat. The pressures at the aperture are already

sign inverted by the normal direction vectors; it follows thatthe only

modi cation necessary is to ensure spatial consistency. Thus thestgm

is solved rather by nding:



2 32 3

geometry(1):ps.coupled=
geometry(2):T coupler geometry(2):C

(2.2.17)

and expressingps_coupledin subdomain 2 as:

geometry(2):ps_coupled= coupler geometry(1):ps_coupled: (2.2.18)

Because of the left hand side of 2.2.17 is rectangular, the systeannot
be solved by triangular factorization and Gaussian eliminatio based
in LAPACK routines ZLANGE , ZGESV and ZGECON , as in the
uncoupled case, but rather, using Householder re ections to cquite an
orthogonal-triangular factorization.

A P=Q R; (2.2.19)

where P is a permutation, Q is orthogonal andR is upper triangular.

The least squares solutiops may then computed with

X = P (Rn(Q° pinc)); usingLAPACK routinesZGEQP3 ;:ZORMQR ;ZTRTRS ;ad

16 mesh eld

The eld must be subdivided as eld solutions must be found
in a piecewise manner. In all other respects, the process is

the same as in the previous implementation.

17 calculate eld coe cient matrix

4 geometry(1):T 5n4geometry(1):C5 ;
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Field coe cient matrices are calculated for each sub eld as

they were for the full eld in the previous implementation.

calculate eld incident pressure

The eld incident pressures are calculated for each sub eld

as they were for the full eld in the previous implementation

solve eld pressure system

The pressure at all eld points in each sub eld is assessed as

they were for the full eld in the previous implementation.

postprocessing

20

plot boundary pressures

The magnitude of the time harmonic pressures at the bound-
ary nodes in the exclusive subdomains normalized with re-
spect to the uncoupled case is plotted with the coupled sub-
domain node incident pressure values appended to those of
the source subdomain. For this example the plot takes the
form: The plot of boundary pressures bears super cial resem-
blance to the uncoupled case, with the exception of the dou-
bling of nodes at the subdomain boundaries' termin . Resid-
uals from the uncoupled case take the form: These residu-
als belie error of a form previously theorized and observed.
(Wu, 2000) These pressures may therefore be demodulated
for greater predictive accuracy. Further, they demonstrate
discontinuity at the aperture boundary points. In the ge-
ometry under consideration, applying a constraining condi-

tion against this discontinuity should decrease residuafsAs

°In general, treatment of this point may require further attention.
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Figure 2.9: Boundary node pressures (magnitude) are found by solving the cou pled
matrix system.

before, accuracy may be improved by increasing the num-
ber of elements per wavelength. Lastly, that the residuals
in subdomain 2 are slightly lower than those of subdomain
two suggesting an increased likelihood of the independence

of predicting mode shape and mode intensity.



Figure 2.10: The dierence between boundary node pressures (magnitude) for
coupled and uncoupled system provide general agreement of for

21 plot eld pressure

The eld pressure arrays, normalized to the coupled case,
are aligned with the spatial meshes and plotted as surfaces

within each subdomain.

m.
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Figure 2.11: Field pressure (magnitude) shows the addition of a boundary layer
about the virtual boundary.

In general, the expected modal structure evidences itself.
However, the construction of the virtual boundary repro-
duces the numerical boundary layer e ect about the aperture

This e ect is evident in other placements of the aperture.
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At 25% of the length of the rectangle the spatial distribu-
tion of pressure as predicted by the coupled implementation

appears as:

Figure 2.12: Field pressure (magnitude) shows the modal, proximal placement
the virtual boundary preserves the soluion.
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Figure 2.13: Field pressure (magnitude) shows the amodal ( 33%), proximal place-
ment of the virtual boundary disrupts the solution.

What these plots make clear, is that the pressure distribu-
tion shape is well modeled outside of the numerical bound-
ary layer. However they also suggest that boundary place-
ment beyond introducing error based in tendency toward the
eigenfunctions of the subdomain systems may form predic-
tion of radiation into the exterior of the domain. To reduce
such error, we may introduce an adaptation of the Combined
Helmholtz Integral Equation Formulation (CHIEF) (Schenck,
1968); originally a strategy using overdetermined matrix e
tions to provide unique solutions to otherwise non-uniquely
solvable exterior problems at characteristic frequencies by
comparison to corresponding solutions to Dirichlé? prob-

10Recall that when the problem is posed as one of determining a velocity potential, andne
derives pressure potentials from it, that the Neumann problem for the pressure pantial becomes
a Dirichlet problem for the velocity potential.



lems, we will instead require that improved solutions to inte-
rior problems may be achieved by approximated solution to

exterior Dirichlet problems.
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2.3 CHIEF Point Modi cation

In order to improve the accuracy of prediction with respect toadiation
into the exterior of the enclosure, and with respect to the partular
solutions of the subdomains, the linear system may be overdeterad
by the inclusion of points in the exterior of the domain whose sysin
pressure values are known to be zero.

In the CHIEF point case for the uncoupled space, the matrix system
takes the expanded form:

2 32 3 2 3

A AL pL Bhne

(2.3.1)

Af Ag pS P

In the CHIEF point case, the matrix system within the rst subdomain
takes the expanded form:

2 32
Al A | A ’
Ao A | A o
S S i

Prc

j
pinc

1
[10)0)0)0)0)0)0)0)0202020)0)0) 02 02 02 02 ) BN \V]

C
pinc

(2.3.2)



An analogous form exists for the second subdomain, witfs and j's
exchanged. It should be noted that CHIEF points are global, anthus
it is not necessary to distinguish betwee;nsi and pSCj . Now, sincepf is

known to be zero, this may be compacted somewhat to:

2 3 2 3
A: A:j 2 3 p:nc
i
Ps -
A A IR——1= B 2:33)
L —
A A Pinc
for which the system of equations is:
A: pls + A:j g = pgnc
N @34
ACpL + APpl = pRc

The last line of 2.3.3 then provides additional constraint(s) pon the

solution p! , namely

L= AS b pS, ACp (2.3.5)

The manner in which this improves prediction ofps is through overde-
termining the substituted variable p,, from the coupled routine. Thus we

replace 2.2.3 with
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2 3 2 3 2 3
A: A:j p=nc
g épis+§ ép‘l = g é (2.3.6)
AF A Prc
and solve forp.,
2 3:0 2 3 2 3 1
A: p=nc A:j
i=f £ B8 1§ ek e
AF Pic A}
2 31
A
Where§ é is a pseudoinverse calculated by Householder re ections
Af

(as in the solution of the coupled case implemented without CHFE
points). This then is substituted into the second line of 2.3.3,sawe saw

for the coupled case without CHIEF points, to provide the analodo
2.25

2 _3 10 2 2 3 1
pII"IC

%5 § é §+A” i = p  (238)

plnC

which may be separated by relation tg! as

0 2 3,2 31 2 3.2 3
o af L8 e wend I§L
AP AT Af P

(2.3.9)

to form the CHIEF point modi ed version of 2.2.7. This routine may be

repeated for the second subdomain and the system solved as before.

This method of coupling thus requires two matrix inversions, 1in the

non-CHIEF points case. The precision and accuracy of the soluti@are
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2 32 3

oA
thus improved only if conditioning of theg é g 2 system represent

C C

h i h i Al Al

improvement upon that of A: A}
The extent of the decrease in condition number is dependent ap the
spatial location of the CHIEF point. In the example under invesgation,
placing a single CHIEF point within 1/10000th of a meter of the enter
of the left hand wall decreasels the condition number of the fudubdo-

h
main 1 coe cient matrix A::} dramatically, fromh 2:85494 10° to
' i

8:677, but the subdomain 2 coe cient matrix Al only slightly,
from  2:85494 10° to 2:85481 21§3 More relevantly, however, the
A
condition number of the submatrixg Z actually required in the calcu-
AC

|
lations, improves only marginally from 91996 to 76925. Furthermore,

since pseudoinverses are required, despite some claims that cionl
number is a good measure of solution improvement (Wu, 2000),&lton-
ditioning of the system is dependent upon the incident pressuralues,
with those leading to larger residual values increasing sensitivto per-
turbation. (Heath, 2002) Thus, the optimal placement of CHIEF mints
is a nontrivial matter, even if exact solution values are know for these

positions.

As for the structure of the script, it remains the same as in 2.7, i

modi cation to routines outlined below:
3 de ne geometry

CHIEF points' locations must be declared.
5 declare surface impedance

While points lack surface, speci c impedances for the points

in question should in general be declared. However, given
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that the pressure solution at these points is zero, the e ect of

the element nodes upon the CHIEF points is inconsequential.
declare surface impedance

The reasoning for sectiorb is valid here.
de ne topology

For each point, a negative body number is necessary to de-

clare the problem as interior.
calculate boundaries' incident pressures

Incident pressure from the source should be calculated for
the CHIEF points using the greendef2DFF subroutine for
CHIEF points relevant to the source subdomain, and with the
di raction modeling described in sectionll of the previous
implementation for CHIEF points in the coupled domain. In
the trivial case still under consideration, for CHIEF points
of subdomain 2, we may continue to use thgreendef2DFF

subroutine.
calculate boundaries' coe cient matrices

The matrices A®" and AS' must be calculated by another
modi ed version of bem2d2DFF , bem2d2DFFchief , which
creates a rectangular matrix where one set of nodes' in uence

on a series of elements is calculated.

Once these matrices are formed, they may be appended to

AL AL

condition.

Al , and Al in order to measure the improvement in
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assemble coupled boundary system

As 2.2.12 suggests, the coupled boundary systéemand C
matrices now include rectangular components which are the
vertical concatenations of the select components of the non-
CHIEF T and C matrices that correspond to non-zero CHIEF

point Helmholtz operators and incident pressure values.

solve coupled boundary system

No modi cation is required to this routine. However, at this
time it is sensible to compute normalization factors for maxi-
mal pressure. In this way we may decouple mode shapes from
peak values, and so analyze the error, residuals, etc. for cou-
pled, uncoupled, CHIEF non-CHIEF cases for amplitude and

spatial accuracy separately.

solve eld pressure system

No modi cation is required to this routine, since the CHIEF
points, placed in the exterior of the domain, have identicall
zero operators. However, in order to compare error, it is
sensible at this time to construct an analytic solution against
which to compare spatialization results for the various cases
under consideration in order to judge improvement of the

routine's accuracy by the inclusion of CHIEF points.

The analytic solution for this trivially coupled space is the
superposition of normal modes of the enclosure with a phase
shift appropriate to the source location. Thus the general
form of these solution components follows the theoretical
derivation by Morse outlined above in 1.3.56-1.3.57. To be
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more explicit, in the case under consideration, the x-axis an-
alytic solution is the superposition of two waves, one origi-
nating at the source, and the other originating at an image
point across from the near vertical wall. This image source
wall represents the re ected wave from the wall. Since we
have supposed Neumann boundary conditions, and since the
length of the enclosure is a multiple of the wavelength, by
design, no other eigenmodes are supported. The y-axis ana-
lytic solution is a zero solution owing again to the boundary
conditions, and to the fact that the source is placed symmet-

rically relative to the horizontal walls.

In general, an algorithm for the analytic solution to the com-
plex pressure values on a rectangular domain for Neumann

boundary conditions is as follows:

Find the least common multiple of the wavelength and the
di erence in distance between half the enclosure width and
the source position's y-component; this is one more than the
number of superimposed waves that t into the "half" space.
Superimpose waves with spatial phase di erences that are
multiples of re ection distance up until the primary wavefom

is replicated.
plot eld pressure

The analytic solution eld pressures is plotted alongside the

various cases:. coupled, uncoupled, no-CHIEF, CHIEF; for
the sake of comparison, all eld pressures are normalized to
their maxima so that mode shapes may be compared to the
analytic solution. A plot is made of residuals for each of the

cases against the analytic solution. This plot is rendered not
as a 2D color map, but rather as a facet interpolated surface

for super cial visual analysis.
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As an example, the residual plot for the uncoupled case with-
out CHIEF points with source frequency and position, enclo-

sure dimensions as in the rst example considered appears as:

Figure 2.14: Field pressure (magnitude) residual v. the analytic solution reve als
the scale of the static and periodic boundary layers' e ects.

Residuals for the uncoupled CHIEF, exhibits a similar su-
per cial pattern. What is evident from this plot is that the
residuals are small except along the boundary layer. Here
residuals are axially periodic in the direction of the active
mode, with amplitude of approximately 50% of the maximal
value. Residuals in the boundary layer perpendicular to the
direction of wave propagation of the active mode, is static,
with similarly sized amplitude. Residuals are compounded
at the intersection of the perpendicular error operators but

the functional relationship does not appear to be linear.
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For super cial comparison, the residual plot for the coupled

no-CHIEF case appears as:

Figure 2.15: Field pressure (magnitude) residual v. the analytic solution reve als
the super cial similarity to the coupled solver.

The obvious super cial di erence between this plot and the
uncoupled case is the introduction of static signi cant error
at the virtual boundary, and error compunding of the type

observed at the corners of the previous plot.

To arrive at some quantitative measure of the addition of
CHIEF points in both the uncoupled and coupled cases we
may examine the residuals by orthogonal components outside
of the boundary layer. Given the mesh size for the interior
domain, the opportunity for axial data points to provide sta-
tistical measures of any meaning may only be a orded along
the center axis of the enclosure in the direction of the plane

wave propagation.
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These sectional slices for all four cases under consideration

provide the following residual plots: As before, boundary and

Figure 2.16: Field pressure (magnitude) residual v. the analytic solution alon g the
center axis reveals good general agreement for both the coupled a nd
uncoupled solvers except at boundary layer eld points.

virtual boundary layer numerical error creates large residu
als. If we remove these data points we have sets to compare
the signi cance of the addition of CHIEF points in the cou-
pled and uncoupled cases. Further, we should remove points
exterior to the boundary layer from analysis as these were
forced to zero values in the analytic solution in order to con-
form to boundary conditions.
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Removal of these points from the plots allows for a higher
resolution reveal of the axial residuals:

Figure 2.17: Wwith the boundary layer removed, center axial residual reveal ve ry
good general agreement with a periodic ne structure that decrea ses
in amplitude with distance from the source.

These residuals make clear that error from the uncoupled
analytic solution for both the uncoupled and coupled cases
are O (10 3) within typical 95% con dence intervals. Trou-
blingly though, they indicate that the CHIEF point may in
fact move decrease the accuracy and/or precision of the pre-
diction. As remarked earlier, choosing a CHIEF point, or
CHIEF points, requires some further attention. As a prelim-

inary study, to show that a CHIEF point can indeed improve
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the prediction, and to show that optimal choices exist, con-
sider the following maps of the improvement of the prediction
(again 95% con dence interval) against x and y for CHIEF
points chosen within the exterior domain at mesh points of

a consistent scale as those in the domain proper:

Figure 2.18: For geometries for which an analytic solution exists, optimization pro-
cedures for minimization of residuals by overdetermination are possi-
ble and advisable as poor choice for oversetermine spatializati on may

degrade the solution quality.

This plot reveals optimal placement for a single CHIEF point
within the exterior domain mesh to be major-axial and prox-
imal to the wall opposing the source. Further, the prediction
may be optimally disturbed by placement of a single point on

minor-axial parallels at zero pressure level curves of the in-
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terior pressure distribution. The residuals at these positions

are:

Figure 2.19: Best CHIEF Point Residuals Uncoupled

Figure 2.20: Worst CHIEF Point Residuals Uncoupled
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Correspondingly for the coupled case:

Figure 2.21: Substantial relative gains may be made by optimal positioning of a
single CHIEF point for the coupled solver. Furthermore, the solu tion
to the optimization appears to be unique up to symmetry. Iterative
solvers may be valuable.

The optimal placement of a single CHIEF point is along a
parallel just prior to the minor axis, and proximal to the
interior domain, and the optimal placement for disturbing

the solution along the major axis proximal to the source.



For these positioning the residuals take the form: Although

Figure 2.22: Best CHIEF Point Choice Residuals Coupled

Figure 2.23: Worst CHIEF Point Choice Residuals Coupled

such optimization may seem dubious in cases where the stan-
dard deviations are on the order of the means, one can in-
fer that optimization of CHIEF points has the capability to

render the coupled solver more accurate and precise than

the standard solver, at least when the domain is subdivided
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symmetrically, and excited at resonance in both full and sub-
domains. Furthermore, the observation that the residuals are
patterned indicates an opportunity for exploitation in muk
tiple dimensions, i.e. with multiple CHIEF points. This is
a subject for future study. However, before moving to deal
with the near- eld radiation term, it must be demonstrated
whether the CHIEF point method can su ciently alleviate
concerns about the strength of the particular solution, and
radiation into the exterior domain in cases where the aper-

ture is placed a non-integral wavelength from the source.
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The problem is demonstrated clearly by the typical residual
for such a case, one observed earlier, where the virtual bound-
ary is placed one-third of the length of the major axis along

the rectangular enclosure: Within the "pinched" subdomain

Figure 2.24: Field pressure (magnitude) residual v. the analytic solution for the
amodal virtual boundary placement reveals the large scale err or in
the source subdomain.

enclosing the source, the residual is pronounced, on the or-
der of the solution values. Error about the aperture is also
pronounced, relative to that observed in the symmetric case.
Outside of these two critical areas, toward the right hand side
of the gure, residuals settle into the pattern observed in the
symmetric case and appear tolerable outside of the bound-
ary layer. Intuitively, the reason for the divergence of the
coupled solution from the uncoupled and analytic is obvious.
By decreasing the distance of the boundary from the source
we are reinforcing the particular solution, or equivalentlywe

are merely anticipating the behavior of the one dimensional



Green's function.

Additionally, given the level of correction to the mean varia
tion about the solution for single CHIEF points, it is unfair to
expect acceptable improvement in the source subdomain, at
least using one level of overdetermination. An optimization
scheme may be pursued for an increasing number of CHIEF
points, with the foreknowledge that full sets of combinations
grow asn!, recommending some analysis prior to choosing a

set of points over which to optimize.

The task, in general, is to determine whether a sequence of
point combinations provides solutions that converge upon th
correct solution exists, and if existence is guaranteed, to de-
termine the rate of such convergence, and if that is deemed
acceptable, to determine a method by which to locate the se-
guence. Such a study is beyond the scope of this thesis, but
is recommended given the following preliminary optimizatin
study for one, two, three, and four CHIEF point combina-
tions for the geometry in question.
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The best case solution for a single CHIEF point is:

Figure 2.25: Best CHIEF Point Choice Coupled 33%

where the rms conservative (95% con dence) residual for the
center axis is 35600360127536506.

The best case mesh solution for two CHIEF points is:

Figure 2.26: Best Two CHIEF Point Choice Coupled 33%

where the rms residual for the center axis is#998681024648957.



Positing that optimal CHIEF point placements reside proxi-
mal to the interior domain allows for the best case mesh so-
lution for three CHIEF points of: ( - to be lled in Monday,
November 17.) Positing that optimal CHIEF point place-
ments reside proximal to the interior domain allows for the
best case mesh solution for three CHIEF points of: ( - to be

lled in Tuesday, November 18.)
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APPENDIX A

The Laplace Transform

The Laplace transform is de ned by

2
L[f (D1(s) f (e Stdt: (A.0.1)
0

This integral transform maps a time domain to a frequency donia. Its

inverse, the Bromwich integral, is given by

Fil
F(t) % e™'f (s) ds; (A.0.2)
i1
and maps frequency domain functions to the time domain. Foinear,
time-invariant systems, such as the one we have supposed ours to be,
a system response may be calculated frequency by frequency and th
Bromwich integral, or inverse Laplace integral, applied to etermine the
time domain response. To determine energy fraction measuresref
sponse therefore, we may apply the Boundary Element Method totse
of frequencies, and estimate the time response by a numerical ense
Laplace integral such as an inverse fast Fourier transform. Cldawe
increase the resolution of this estimate by increasing frequgndensity
over the domain in which we are interested. Further, we must takcare
to relate the size of our inverse fast Foureir transform to the fopiency

range of our BEM composite as per the Sampling theorem.
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