Computational Optimization §

Conjugate Gradient +
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Conjugate Gradient (CG)

& Method for minimizing quadratic
function

& Low storage method
CG only stores vector information

& CG superlinear convergence for nice
problems or when properly scaled



Decompose Problem

& Consider min x2+4y?2
& Same as solving min x?+min 4y?
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Decompose Problem

& Consider min x%+y?-.5*x*y
¢ Can't decompose by x and y




Decompose Space

& Could solve in two steps if we take Iin
account Hessian Q
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How to pick directions?
e Ao - . : :
s r min 1/2x'Qx-b'x
v x\\inaf(xi+api):>Vf(Xi+api)'pi:O

= P l(Q(Xi +api)—b):0
= p;'(Qx,, —b)=0since x;,, = X, +ap,

o = p;'(Qx*—b) =0 since x* is solution
Subtract P 'Q(X,, —x*)=0
= p; Qp,;, =0

Say p; and p,,, are Q-Conjugate
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Q-Conjugate is good

& Say we know a set of n conjugate vectors,

Pi,...,.P, They are lin. indep.

Lety = Z a ., p.
i=1
f(y)=1/2y'Qy - b'y

g o) a5 e ] vz e
=123 3 aia,-pi’Qp,-—Zj @ ;b'p
:z a,?p,-'Qp,-—Zj a ;b'p
= min, f(y)= min, f(Zn: a;p;)
1

— Z [minajl/zaj?pj'ij—ajb’pj}
i
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In class exercise

Find the optimal solution of

- 2 4 '

j

The optimal solution satisfies

gl(aj):ajpj'ij_b’pj:O
SO wWe know
aA.: bp

J '
ijpj
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Conjugate Gradient

& Equivalent problem
min, f(y)=min, f(> a;p;)

= Z [minajl/zafpj'ij—ajb'pj}

j

¢ Means that can solve problem in at
most n subproblems for n dim problems!
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Conjugate Gradient
preliminary - page 108 NW
& Set r,=Qx,-b (negative grad)

P:o=-Ty, kK:=0
¢ While (||r ||>€

o P
P, "QP,
e = QXk+1 -b

X = X Ty Py

B = he 1 'ka Py = T +,Bk+1pk
“*" p.'Qp, K:=k+1
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Claims

& Properties
L'r,=0fori# |

L'p; =0fori> ]

p,'Qp; =0 fori> ]

& Therefore converges in at most n steps
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Intuition

& At each iteration, do exact linesearch
a,,, = arg mina 1/2(X, + pk)'Q(Xk +ap,)- b,(Xk +ap,)

SO

0 = pI;[Q(Xk +ak+1pk)_b]: p|l<rk+1 =0
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Intuition

& Choice of 3 enforces conjugacy
p,Qp, = [-r,+8,p,]'Qp,
= -r,Qp, + 8,p,Qp,
r, ' Qp,

= -r,Qp, + > p,Qp=0
T p.'Qpy
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Make CG more efficient 1

NEW OLD
. If-k 'rk . rk | pk
Q) =— Q) =—
P, Qp, P, Qp,

I | Py = Iy I(rk +,Bk—1 pk—l) =Ty lrk

+ Don’t need to store r just ||r|| (already computed)
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Make CG more efficient 2

NEW OLD
ﬂk+1 k+1 Irk+1 ﬂk+1 — rk+1llka
T P QP

Since QP = (N —T,1)

Py =N "‘:Bk Py1
I P =0

See NW for details
+ just need one divide
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Conjugate Gradient Algorithm
page 112 NW

& Set r,=Qx,-b (negative grad)
P:o=-Ty, kK:=0
¢ While (||r ||>€

r'r
a, =——
P, 'Qp,
M =N +Qp,

X1 = X T, Py

,6’ o N T Py = Tyt +,Bk+1pk
k+l " .
rk rk k : k ‘|‘1




Convergence Rate

& Can show

% =%, _ JJeond(Q)-1
% =x*,  Jeond(Q)+1

where |y], =3 yQy

¢ Effected by conditioning.
& Preconditioning used to make faster

& Still at most n iterations for n
dimensions but use for very large n.
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Nonlinear Conjugate Gradient

& Set x,=0, by=0 r, =vf(x,) (Qradient)

Po=0, 0,=0
& Fori=0,...,1
o If optimal [Vf(%)| <& , then stop
For i>0 -
: B = Vi) VE(%) stepsize

VI (%) 'VI (%)
P ==VI(X%)+ 5P,
use linesearch for ¢
Xisg = X o5 P
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Other Possible Updates

& Equivalent for quadratic case
& But Polak Ribiere is best in practice

VE(x)'VF(x)
VIE(X1) VI (%)

Fletcher Reeves

1Bi =

B = iy V() Polak Ribiere (Best)
VI(X4) V(%)

_ VI(x)'VI(x)
. Yia Pis
wherey., =Vf(x)-Vf(x_,)

Heslenes Stiefel




Comments

¢ Only need to store 3 to 5 vectors.

¢ Only dot products needed. Can be used for
huge problems.

¢ Easy to implement
¢ Preconditioning improves convergence
¢ Needs exact or close to exact stepsize
¢ Best Methods are

truncated Newton or

Limited memory BFGS — these would make
good projects



Termination Rules

& Computer uses finite precision floating
point arithmetic

9167 x 10-6
mantissa exponent
S0 many bits are allocated to each bit
(we have 32 or 64 bit machines)
Not possible to represent all numbers



Simple Example

& Say we can only represent
+-1 digit in mantissa and exponent can
be 107(-1), 10*(0), 10*(1)
What are all the numbers that can be
represented?
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Machine epsilon

& Bit more tricky in binary arithmetic
& Have machine specific ¢
(approx 107-16)
& Numbers smaller in absolute value
than ¢ become 0 (called underflow)

& Numbers greater than largest number
become largest number. (called
overflow)



Error Tolerances

& Function f(x)-f(x*) off by ¢

& Gradient of by square root of ¢

& So tolerances of 10e-8 are all you can
usually hope for.
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Termination Criteria

« We would like ||V (x)[ =0

& But this may never happen
& So could take

[VE (x)]| < Ve =107
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Scale independent

& Don’t want to depend on scaling
f(x) = kilometers
f(x) = meters *1000

& S0 use

M X)
14 £ (%

‘ <z or |Vf(x)| <z(l+T (X))
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Gill, Murray and Wright

& Recommend in addition

RS
1+f(x) 2

s,
1|
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Choice of parameter

& Machine precision is about 10e-16

T, =T = \/Z or %/Z
7, ~ machineaccuracy 10" -16
r, =7,<10"8
& Difference is because gradient is less
accurate than function evaluation

¢ Recommend infinity norm for very large
problems.
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Exercise

& Use your newton and steepest descent
codes to optimize the following function:

min f (X, X,) =5X; +6X; —6X +2X, X, + 5% —7X, +13

¢ How small can you make the tolerance
before you reach limits of precision of
your computer?



Scaling

& \Wise to scale variables if very different
scales.

& This can improve conditioning of
problem. See previous discussion.
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