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Abstract

In this paper, we formulate the continuous netwaekign problem as a mathematical program
with complementarity constraints (MPCC) and prese@auss-Seidel decomposition scheme for
the solution of the MPCC model. The model has apeupevel as a nonlinear programming
problem and the lower level a nonlinear complenmiigtaproblem. By applying the
complementarity slackness condition of the lowgelgroblem, the original bilevel formulation
can be converted into a single level nonlinear @ogning problem. In order to solve the single
level problem, a decomposition scheme is developddch can resolve the possible
dimensionality problem (i.e., a very large numbérdefining variables). The decomposition
scheme is tested and promising results are shommdib-known test problems.
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1. INTRODUCTION AND MOTIVATION

The continuous network design problem (CNDP) aimsdéetermine the optimal capacity
enhancement for a set of selected links in a ghatwvork by minimizing both the total system
cost and each driver's travel cost).(CNDP has for long been formulated as a bilevel
programming problem with the upper level a nonlmg@aogramming (NLP) problem to
minimize the system cost and the lower level a esgiilibrium (UE) problem to account for
driver’'s route choice behavior. It was first propdsby Morlok et al. ) and subsequently
studied by, Tan3), Marcotte 4), Suwansirikul et al.5), Friesz et al.g), and YangT), to name
but a few. Most of these works on CNDP were foagigin heuristic approaches for solving the
bilevel model. For more detailed reviews on CNDi@mpto year 2001, we refer to Yang and Bell

(8).

It has been proven over the years that a bilevetdtation has broad applications not only in the
transportation area but also in other engineerind science fields9j. Particularly, in the
mathematical programming literature, the bilevebgsamming problem is also termed as
mathematical programs with equilibrium constraiiM®EC) which has been extensively studied
(20). However, solving such a problem is normally idifft due to the non-convex and non-
smooth characteristics of MPEC. Therefore, howeformulate rigorously and solve efficiently

a general bilevel problem still remains an actesearch topic in both transportation area and the
mathematical programming community.

By exploring the special structure of CNDP, Men@leil1) converted the bi-level problem to a
single level yet smooth one via introducing a patar gap function for the lower level UE
problem. Although still a non-convex model, theutdsg single level problem can be solved
using existing NLP solution algorithms. Neverthelddeng’s model was based on the symmetry
assumption on the lower-level problem, i.e., thisr@o interaction among flows on different
links. A general UE problem can not be formulatesl @an NLP; instead, a nonlinear
complementarity problem (NCP) or variational indgydVI1) formulation needs to be adopted.
Marcotte (2) investigated such a general bi-level model, aa.NLP for the upper-level and a
VI for the lower-level. By defining certain gap fttions, he transferred the bi-level problem to a
single level one and solved using the penalty ntetMore recently, Patriksson and Rockafellar
(13) presented a new reformulation technique to carai@MPEC into a constrained and locally
Lipschitz minimization problem which can be furtlsmived using a decent algorithm proposed
in the same paper. However, both Marcoit@) (and Patriksson and Rockafellar (13) didn’t
further test their models using well-known CNDP rapédes in transportation field.

By formulating the asymmetric user equilibrium (AlJ&S a link-node based NCP, Ban et ) (
modeled CNDP with AUE as a mathematical programhwibmplementarity constraints
(MPCC). As a special case of MPEC, MPCC has maasible properties which make it easier
to solve. In particular, a variety of methods canapplied to convert an MPCC to a single level
NLP and then solve the NLP using existing solutiechniques. Therefore, MPCC has been
extensively studied recentht%-21). In particular, Ferris et al2R-23 implemented a solver of
nonlinear program with equilibrium constraints (\E®), as a sub-system of GAMS (general
algebraic modeling system&4). The MPCC model proposed in Ban et a¥)(was solved by
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NLPEC directly. That is, the MPCC model was firgheerted to an equivalent single level NLP
by applying the complementarity slackness conditibm solve the single level NLP, the strict
complementarity condition is relaxed by a relaxatiparameter. Then this parameter is
progressively reduced, with the resulting relaxedPolved using existing NLP solvers. Ralph
and Wright 25) proposed certain conditions under which the @iax scheme can guarantee to
solve the original MPCC successfully. Ban et &) has demonstrated using well-known CNDP
test problems that such a direct solution appraachgenerate promising results compared with
existing solution techniques for CNDP.

Nevertheless, due to the fact that the lower IMEE has to be defined on the so-called
disaggregated variables (i.e., link flows with respto different destinations), the direct
conversion (and solve) may bring the dimensiongitgblem (1) for large-scale CNDP. That is,
the resulting single level NLP might have a largenber of defining variables, especially for
multiple origin and multiple destination (many-tany) problems. In this paper, we observe that
the lower-level AUE problem has a very special @tice such that it can be easily separated
according to individual destinations. Furthermadhe, reformulation method we applied can still
maintain this special feature. Therefore, by expbprsuch a special structure of the MPCC
model for CNDP, we propose a decomposition schenregolve the dimensionality problem.
Numerical examples in the paper show that the ptedescheme can efficiently solve CNDP
without losing too much of the quality of the saduts.

This paper is organized as follows. The MPCC b&3&®P model is introduced in Section 2. In
Section 3, the solution approach for the proposdeCKl model is discussed, especially the
decomposition scheme for solving large-scale prableSection 4 provides numerical examples
demonstrating the effectiveness of the proposedrdposition scheme. Finally, concluding
remarks and future research directions are giveseation 5.

2. MPCC MODEL FOR CNDP

2.1 Link-Node NCP Formulation for Asymmetric User Equilibria
As shown by Ban et al14), AUE can be mathematically formulated as follows:

o<z +t, O v) -1 0v; 20,06, j)) DA sOS
sS

: (1)
0<[ Y vi= > vi-d?10m 20,Ii0N,i #s5,s0S

(i,))0A (J,)OA

Here we denote a given transportation networls@s, A), whereN is the set of nodes ardis

the set of links. We use indéX to denote nodes iN and (,j) orij to denote a link irA. Denote
R as the origin node set which is a subsetNoAnd generates origin-destination (OD) trips.
Similarly, setSis defined as the destination set which is alsalzset oN and absorbs OD trips.

Further denotesgz’ the minimum travel cost from nodeo destinatiors, d’ the travel demand
fromi to s, vj the (disaggregated) flow for linf, j) with respect to destinatios) andt; the
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link travel cost for link(i, j). Symbol “0” is the “perp” operator such thatdy = x'y= .0
Equation (1) can be rewritten in a matrix form as:

O<[-AL®+t(Q_v*)] Ov° =20
s ,sdS. 2)
O<[AyV*-d°]10m 20

Here we define vectors® = (77),oy 6, V" = (V). jyoa» d° = (d7)ion.4s fOr any given destination
nodesOS, andt =(t; ), ;1a - Also the standard node-link incidence matrixepresented aA
and /A, denotes/\ with the row corresponding to destinatismemoved which guarantees that

A is full row rank. Equation (2) is the link-node RCormulation for AUE which will be

utilized later for modeling the bilevel CNDP. Wenceasily observe that (2) has a very special
structure such that it can be naturally decompa®edrding to individual destinations. The only
place in which interactions exist for variablesatet to different destinations is the link travel
cost vectort sincet is defined on the aggregated link flows. This sgestructure has important
impacts on how to design a solution algorithm fothbthe UE problem itsel26) and the CNDP
problem constructed based upon (2), as will beudised in more detail later.

2.2 MPCC Formulation for CNDP

Firstly, additional notation is listed as follows.

v; = thetotal(aggregate) link flow onlink (i,j),v; = Zv”.S
S

v = thevectorof v; , vOORA

Yi = thecapacityenhancemaifor link (i, j) 0 A

y = thevectorof y, , yORA

t; (v, y;) = thetravelcostonlink (i, j) 0 A, definedasafunctionof theaggregatetink flow v
andthecapacityenhancemerof (i, j),i.e.,y;
g; (¥;) =thecostfunctionof capacityenhancemeror link (i, j) 0O A
g = thevectorof g, (y;),g OR"
@ =therelativeweightof totalcapacityenhancemdrmrtostandtotaltravelcostin thesystentdesign
objectivefunction.
l;,u; =thelowerboundandupperboundfor thecapacityenhancemerfor link (i, j) U A

l,u =thevectorof |, andu; , respectivly,l,ul]R"

With this notation in place, as shown in Ban et(&), we can formulate CNDP with AUE as
the following MPCC:
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i t sy Ww1+8 g, (v.), (3a)
y,vl,.,.vs'vr“g‘],lzg,mns,nxs‘ (i%A[ ! (év y” )VI]] (i%AgIJ (y”)
subject to
I, <y, <y, 06 )OA, (3b)

where (v®, 77°),0s0S is the solution to the following NCP problem (AUE)

o<[m +t, O v, y;)-m10v; 20,0, j))JAsOS,
IS (3(;)
O<[ > vi= Dvi-d’]0m =200i0N,i #ss0S.

(i,))0A (J.HOA

Obviously, the MPCC based CNDP model (3) is definadthe upper level decision variable
y;»0(, j) DA and the disaggregated link flow®, 77°),0s0 S. Equation (3a) is the upper level

objective of the MPCC model which tries to minimaeveighted summation of the total system
travel cost and the enhancement cost; (3b) is tlumdb constraint for the upper level decision

variable y;,00(i, j)) 0 A; and (3c) is the lower level AUE formulation thaf, 77°),0s0S must
satisfy. Using matrix notation, (3) can be rewritses:

! TG 4a
y,vlf.‘vs,vm,lﬂvm,ﬁﬁs\ [t(év ’y)] v+ g(y)v ( )
subject to
<y<u, (4b)

wheree is the vector of all 1's anf{v®,7°),0sS s the solution to the following NCP
model:

0<[-AL +t(O v3,y)] Ov® =0
; ,0sOS- (4c)
O<[A NV -d°]O0m =20

The MPCC model (4) can be tackled by being condetdea single level equivalence and then
solved using a decomposition scheme which williseussed in next section.

3. SOLUTION ALGORITHM

3.1 Single Level NLP Formulation for the MPCC Model

Because the NCP formulation (4c) can be readilyamsa by its equivalent complementarity
slackness condition and additional nonnegativityst@ints, the MPCC model of CNDP (4) can
be straightforwardly converted into a single leMeP as follows.
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y,vl,...vs,drg\],igl,‘.ns,ﬁs\ [t(gévs’y)]TV+6eTg(y)' (5a)

subject to
l<y<u, (5b)
~AL7* +t(v,y) > 0,0s0S, (5¢)
Ay -d®=0,0s0S, (5d)
v*20,0s0S, (5e)
7°>0,0s0S (5)
(AV® -d%), 775 =0,0s0S,i ON,i £, (59)
[-AL72° +t(v, )], vo = 0,0s0 S, (i, j) DA. (5h)

Here the lower level NCP formulation in (4c) is leged by its equivalent complementarity
slackness condition in (5¢) — (5h). Evidently, unthee assumption that both the link travel cost
functiont and the functiorg are smooth, the single level NLP model (5) invelamly smooth

functions with respect ty,v,v*,---v>, v, 7.5, 7%) . Hence, it is a smooth and nonlinear

optimization problem. However, this NLP formulatidacks sound mathematical properties
because of the complementarity slackness consrébig) and (5h). Actually, because of these
two constraints, the single level model is non-enand most importantly, the Mangasarian
Fromovitz Constraint Qualification (MFCQ) does rwild (10). Therefore, solving the single
level NLP model directly is usually difficult and grogressive relaxation algorithm will be
normally adopted instead.

Ban et al. {4) solved the single level NLP (5) directly by apply a relaxation scheme,
particularly by the NLPEC solver developed by Feet al. 22). Promising results have been
reported in their study for well-known CNDP tesblplems in the literature. However, note that
the NLP equivalence (5) involves the disaggregasaihbles explicitly and hence has a large
dimension for large scale problems. Such a dimeasity problem may very likely prohibit the
application of the direct solve. Neverthelesssittiear that all the constraints (5¢) — (5h) are
defined according to individual destinations, excky the interaction of disaggregated link
flows on the link travel cost functioh This feature makes it possible to employ certain
decomposition technique in order to solve the sifg)LP model more efficiently.

3.2 Decomposition Scheme for Solving Single LevelR

For the single level NLP (5), constraint (5b) idided on the upper level decision variallenly
and those from (5c¢) — (5h) are defined accordingaoh individual destination, except for the
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interaction of the disaggregated link flow variabl€,0sO0S andy in the link travel cost
function t. Based on this observation, it is intuitive to lgppertain decomposition scheme for
solving the single level model (5). In the liten@tudecomposition schemes can be grouped into
two categories: the Gauss-Seidel (or sequentiatprdposition and the Jacobi (or parallel)
decomposition 47-28. While the Jacobi decomposition method is amenail parallel
computing, the Gauss-Seidel (GS) approach has peeved to have better convergence
performance since it can incorporate the newestadla information 29). In this paper, we will
concentrate on the GS method.

By applying GS, we can temporarily fix the interant of v°,(0s]S andy in t. Then the

(possible) large size single level NLP model candoaverted into multiple, yet smaller
dimensional, optimization problems. In our casesthsmaller dimensional problems will be

defined ony and individual(v®, 7°),0s0S, respectively. That is, the single level NLP (&nhc
be decomposed into the followiné|+1 smaller dimension NLPs.

myin [t v, IO V) + & g(y),

(7)
stl<y<u,
and
min [t( D V" +v°,y)]Tv°
v s'S,s'£s
St
=N +t( Y VT +v,y) 20,
sS,s'#£s
OsOS. (8)

AV —-d® =0,
[N +t( DV +ve,9)] v =0,
sUS,s'#s

(Av°—d*) 7 =0,
ve=>0,77 =0,

Essentially, (7) is defined on the upper level sieci variable only withv®,0sOS fixed asv®.

While for each destinatios) after temporarily fixingv®,0s0S,s'# s asv® andyasy, an NLP

can be obtained, as shown in (8). We can immegiateterve that the constraints in (8) actually
define an NCP problem for each individual destomati.e.,

O<[-AY°+t( D v*+Vv*,9)] Ov° 20,
sTiSs#s OsOS, 9)
O0<[AV*-d°]0Om =0,

Under certain monotonicity conditio2®), (9) has a unique solution in terms\of. This means
that solving the minimization problem (8) is equérd to solve the NCP problem (9) for each



Ban et al. 8

destinations(0S. Because of the smaller dimension of both (7) é)dcompared with the
original single level NLP (5), they can be solvedaim more efficiently. Note that solving these
smaller dimension problems only tackles the dec@agoversion of the original single level
NLP (5). The overall solution method is thus amatee one with the decomposed problems
solved at each iteration. Under the assumptiontti@bbtained solution from the decomposed
problems defines a descent direction to the origimagle level problem (although, verifying this
is not trivial), the optimal step size for compugtithe next iterate can be obtained by a line
search as follows.

minft(}_(V° +a(V° -v*), y+a(§ - I (v +a(¥* -v))]+ & g(y+a(§ - ) (10)

st. O0<sa<l

whereVv®, y denotes current fixed variableg,, ¥ the solution obtained from (7) and (9),
respectively, andr the step size.

To sum up, the iterative algorithm for solving ¢&n be listed as follows.

Step 1 Initialization.
Assign initial values for the defining variables?, 7%°, y
Step 2 Gauss-Seidel Decomposition Scheme.
Step 2.1Solve the decomposed problem (7) by setiifigr v*",[0s0S. Denote the obtained
solution asy".
Step 2.2For each destinatioad] S, solve the decomposed NCP (9) by settirg y*" and

v® =v°",0s0S,s'# s. Denote the obtained solution &8, OsOS.
Step 3 Line Search.
Solve the one-dimensional NLP (10) to obtain thtnag@l step size, denoted as.
Step 4 Converge Test.
If certain convergence criterion is met, stop. @thge, set v =v"+qg (0" -v™),

ysm ) =yt g (0 - vy, N=n+1, and go to Step 2.1.

S

° and set iteration count0.

Note that in Step 4 of the above algorithm, th@giiag criterion has to consider both the upper
level objective value and the lower level UE coiuait For the upper level, we can check if the
objective values remain stable over the past skwerations. While for the lower level UE
condition, we apply a criterion similar to the tela gap in Boyce et al30):

relGap= ztij (Vij , yij) qvij _VifON)/ ztij (Vij , yij) Mj . (11)
(

(i,))0A i,jJ)0A
In (11),\/”AON denotes the all-or-nothing link flow provided thiek travel time is fixed at link
flow v; and capacity enhancemeyt. Clearly, relGap=0 and if relGap=0, the lower level
UE condition will hold exactly.
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4. NUMERICAL EXAMPLES

In this section, we test the proposed decompossgabhreme on a well-known and relatively large
scale CNDP with both symmetric and asymmetric esgiilibria. In particular, we will compare
our solutions with those obtained using existingDENalgorithms. Before introducing the actual
network, however, we first provide the link travi@ine functions for both symmetric and
asymmetric cases.

4.1 Link Travel Time Function

For the symmetric user equilibrium, the link tratigle function is separable, implying the travel
time on a particular link is only dependent onoiten traffic flow. In the transportation field, the
most popularly used function form for the symmetase is the BPR (Bureau of Public Roads)
function:

(v ) = A + B (v /(K +y; ), (12)

where A, B, andk, are constants for any lir(kj) .

J' )
On the other hand, for the asymmetric case, noogpiate function form has been suggested in
the literature. In this study, we simply adopt thkowing link travel time function:

t; (Vij ) yij) = Aj + Blj [( Zloij ,ijkj)/(Kij Y )]47 (13)

(k. 1)OA

where0< p, , <1 denotes the “impact factor” of the flow on lirfk, j) to the travel cost of link
(,j) . Apparently, we have p; =10 j)0A and further if p,, =0
OpON, @, ))OA(k, j))OAT £k, equation (13) will reduce to the standard BPR:fiom in (12).
We should point out here that equation (13) is gustntuitive way to achieve (asymmetric) link
interactions among adjacent links to demonstratepooposed model and algorithm for CNDP

with AUE. How to design a practically reasonablgnasetric link cost function for a given
network is beyond the scope of this paper.

4.2 Test Networks

The Test network in this study is the Sioux-Faltwork which was firstly constructed and
studied by LeBlance3(). It contains 24 nodes and 76 links, as shownI®URE 1. All 24
nodes can be either origin or destination noddyotin. The data of the network can be found in

Suwansirikul et al.®), including the parameters , B, , andk; in the link travel time function

(12) or (13). In particular, only ten links areesstked for capacity enhancement, namely, link 16,
17, 19, 20, 25, 26, 29, 39, 48 and 74 in FIGUREHE upper bound of the enhancement for each
link is set to 25, i.e.0<y, <250(, J)UA. Furthermore, the cost function for capacity
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enhancement for each link ¢ (y,) = 0.001y?,0, j) O A. In other words, the upper level objection
function of CNDP is

Z(v,y) = Z [tij (sz, Yi )Vij + O-OO]Hij yijz] ) (14)

(i.j)0A S

Finally, the impact factors in equation (13) foe thsymmetric case are listed in TABLE 1. Note
that TABLE 1 only shows the impact factors for,,0jON,(, j)OA(k, j)OAi zk and those

p;; =10G, j)OA are not listed explicitly in the table.

4.3 Result Analysis

To ensure the convergence, we set the stoppiregiontasrelGaps 1.0e—6 and the fluctuation of

the objective values for the last five iteratiomsd than 1.0e-5. First, the solution for the
symmetric case is shown in TABLE 2. This table dIsts the solutions obtained by existing
solution techniques. In particular, the simulateshemling (SA) method6] obtained the best
solution found so far. From this table, it is olmsahat our decomposition scheme can generate a
solution whose objective value is very close td thaSA. Furthermore, only 36 UE solves were
performed in our scheme which is significantly leesan most of other algorithms. This
demonstrates that our proposed method can be maoh time efficient than other approaches.
Note that by applying the direct solution methodBan et al. 14), we can also solve the
symmetric problem with an even lower objective @a(80.5157); however, the direct solution
method tends to be more time consuming and cabenapplied to large scale CNDPs due to the
so-called dimensionality problem. So the direcusoh method is not listed and compared in
this paper.

FIGURE 2 further illustrates the convergence of tiigective value. For each iteration of the
algorithm, we mainly solve one run of UE. We cae $®m this figure the objective value
converges very quickly. However, due to the nonveaity of the problem, the objective value
may not decrease monotonically. Normally, the dibjecvalue decreases dramatically at the first
several iterations. It then starts to fluctuata irelatively small range. Finally, it becomes stabl
rapidly. This is more evident in FIGURE 4 for theymmmetric case. Meanwhile, the convergence
of the lower level UE is depicted in FIGURE 3. Apgatly, the UE condition also converges
very fast. Combining FIGURE 2 and FIGURE3, we candaude that if only an approximate
solution is required, the proposed decompositidres®e can solve CNDP very efficiently by
only several iterations. FIGURE 3 also shows thatrelative gap is always nonnegative which
has been discussed previously.

For the asymmetric case, since there is no solugported in the literature (except the direct
solution method which produces an objective valfui839095), TABLE 3 only shows the one

we obtained using the proposed decomposition sch&hig table also demonstrates that solving
the asymmetric case requires more iterations aadMtjective value is larger than that of the
symmetric case. FIGURE 4 and FIGURE 5 further iliaie the convergence of the objective
value and the lower level UE, respectively. We easily observe from FIGURE 4 that the

objective value becomes stable after only the fiesteral iterations. This is identical to the
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symmetric case in FIGURE 2, implying that an appr@te solution can be also efficiently
obtained for the asymmetric case.

5. CONCLUSIONS

We proposed in this paper a decomposition schemsofeing the MPCC model for continuous
network design problem with asymmetric user equiliin. Instead of directly solving the
equivalent single level NLP of the MPCC model, wplaed the Guass-Seidel decomposition
scheme to this single level problem by explorirgspecial structure. Then, the possible large
size single level NLP can be converted into mudtipet smaller dimensional problems which
can be tackled more easily. Numerical examples wcted in the paper showed that the
presented decomposition scheme can generate pngmisisults. Especially, it can solve
efficiently a well-known CNDP test problem with tlobjective value very close to the best-
known one in the literature.

For future studies, we will investigation condit®onnder which the proposed decomposition
scheme can guarantee to generate an optimal soliadioCNDP. Further, the decomposition
scheme was only tested on Sioux-Falls network is paper. Extensive testing of the proposed
model and algorithm for solving larger scale CND#&be conducted in future research.
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TABLE 1 Impact factors for the tesing network

Link

6.8

7.8

8.6

8.7

10.9

10.16

13.24

16.1

4 (2.6)

A

.05

12 (5.6)

.05

13 (5.9)

.06

16 (6.8)

0.06

17 (7.8)

0.08

22 (8.16)

0.1

24 (9.8)

0.1

25 (9.10)

0.06

0.08

25 (10.9)

0.08

54 (18.7)

0.05

55(18.16)

0.06

66 (21.24)

0.07

73 (23.24)

0.05
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TABLE 2 Comparisons of results for the symmetric case

Variable MINOS HJ EDO SA Al Decomposition
(Murtagh | Abdulaal | Suwansirikul| Friesz Meng Scheme
and and et al. et al. et al. Proposed in
Sanders| LeBlance 1987 1992 2001 this paper
1981) (1979)
Initial Value of y; 2 1 12.5 6.25 12.5 0
Yo (Link 16) 4.8 3.8 4.59 5.38 5.5728 5.269770
Y,g (Link 17) 1.2 3.6 1.52 2.26 1.6443 1.378772
Yge (Link 19) 4.8 3.8 5.45 55 5.6228 5.269853
Yg, (Link 20) 0.8 24 2.33 2.01 1.6443 1.378635
Yo10 (Link 25) 2 2.8 1.27 2.64 3.1437 2.766501
Yi0o (Link 26) 2.6 14 2.33 2.47 3.2837 2.766446
Yio6 (Link 29) 4.8 3.2 0.41 4.54 7.6519 4.669070
Yia,4 (Link 39) 4.4 4 4.59 4.45 3.8035 4.350875
Y1610 (Link 48) 4.8 4 2.71 4.21 7.382 4.668969
You13 (Link 74) 4.4 4 2.71 4.67 3.6935 4.350856
Value of Objective Function 81.25 81.77 83.47 80.87 81.752 81.102
Number of Solved UE 58 108 12 3900 2700 36
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TABLE 3 Solution for the asymmetric case

Initial y y y y y y y y y y Obj #
y Link 16 | Link 17 | Link 19 | Link 20 | Link 25 | Link 26 | Link29 | Link 39 | Link 48 | Link 74 | Value | UE
12.5 4.96983| 1.63806 5.27737 1.436P2 3.12881 28B728.25048| 4.702071 4.92401 4.1225B4.475| 56
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FIGURE 1 The test network (Sioux-Falls)
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FIGURE 2 Convergence of the objective value forgjiametric case
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Convergence of Lower Level UE
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FIGURE 3 Convergence of the lower level UE for $genmetric case
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FIGURE 4 Convergence of the objective value foraegmmetric case
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FIGURE 5 Convergence of the lower level UE for dsgmmetric case
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