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Abstract

This paper formulates the continuous network design problem as a mathematical program with complementarity constraints
(MPCC), with the upper level a nonlinear programming problem and the lower level a nonlinear complementarity problem. Unlike
in most previous studies, the proposed framework is more general, in which both symmetric and asymmetric user equilibria can
be captured. By applying the complementarity slackness condition of the lower-level problem, the original bilevel formulation can
be converted into a single-level and smooth nonlinear programming problem. In order to solve the problem, a relaxation scheme is
applied by progressively restricting the complementarity condition, which has been proven to be a rigorous approach under certain
conditions. The model and solution algorithm are tested for well-known network design problems and promising results are shown.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction and motivation

To improve the performance of existing transportation networks and thus reduce traffic congestions, the continuous
network design problem (CNDP) has been introduced and studied for almost three decades [1]. CNDP aims to
determine the optimal capacity enhancement for a set of selected links in a given network by minimizing the total
system cost as well as considering the route choice behavior of individual users. Due to multiple objectives for
formulating CNDP, it is natural to model it as a bilevel programming problem with the upper level a nonlinear
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programming problem to minimize the system cost and the lower level a user equilibrium (UE) problem to account for
drivers’ route choice behavior. In the mathematical programming literature, the bilevel programming problem is also
frequently referred to as a mathematical program with equilibrium constraints (MPEC), which has been extensively
studied [2]. However, due to the non-convex and non-smooth characteristics of an MPEC, solving such a problem is
normally difficult. In the transportation area, CNDP was first proposed by Morlok et al. [3] and subsequently studied
by many researchers [4—8]. Most of the early works on CNDP were focusing on heuristic approaches for solving the
bilevel model. For more detailed reviews on CNDP prior to 2001, we refer to discussions in [9,10].

More recent approaches for modeling CNDP focus on reformulating the problem using a certain form of smooth
gap function for the lower-level UE problem. By exploring the special structure of CNDP, Meng et al. [10] converted
the bilevel problem to a single-level yet smooth one through introducing a particular gap function for the lower-level
UE problem which is formulated as a nonlinear programming problem (NLP). Although still a non-convex model,
the resulting single-level problem can be solved using existing solution algorithms for the NLP. Nevertheless, Meng’s
model was based on the symmetry assumption on the lower-level problem, i.e., there is no interaction among flows on
different links. A general UE problem cannot be formulated as an NLP; instead, a nonlinear complementarity problem
(NCP) or variational inequality (VI) formulation needs to be adopted. Marcotte [11] investigated such a general
bilevel model, i.e., an NLP for the upper level and a VI for the lower level. By defining certain gap functions, the
bilevel problem was transferred to a single-level one and solved using the penalty method. More recently, Patriksson
and Rockafellar [12] presented a new reformulation technique to convert an MPEC into a constrained and locally
Lipschitz minimization problem which can be further solved using a decent algorithm proposed in the same paper.
However, both Marcotte [11] and Patriksson and Rockafellar [12] did not further test their models using well-known
CNDP examples in transportation field.

In this paper, by formulating the general UE (both symmetric and asymmetric) as a link-node based NCP, we
develop a general CNDP model as a mathematical program with complementarity constraints (MPCC). As a special
case of an MPEC, MPCC has been extensively studied recently [13—19], since a variety of methods can be applied to
convert an MPCC to a single-level NLP and then solve the NLP using existing solution techniques. In this paper, we
adopt a popularly applied method, called the relaxation approach, to solve the proposed MPCC model. This approach
relaxes the strict complementarity condition by a relaxation parameter. Then this parameter is progressively reduced,
with the resulting relaxed NLP solved using existing NLP solvers. Ralph and Wright [20] further proved that under
certain conditions the relaxation scheme can guarantee to solve the original MPCC successfully. This makes the
relaxation scheme a rigorous solution approach for CNDP. Numerical examples show that such a relaxation scheme
is effective and efficient for solving CNDP, at least for tested small-scale problems.

This paper is organized as follows. An MPCC based CNDP model is presented in Section 2, based upon the link-
node NCP formulation. In Section 3, the solution approach for the proposed MPCC model is discussed, including
the conversion of the bilevel formulation to a single-level NLP and an iterative algorithm based on the relaxation
scheme. Section 4 provides numerical examples showing the effectiveness of the proposed model and algorithm.
Finally, concluding remarks and future study directions are given in Section 5.

2. An MPCC model for CNDP
2.1. A link-node NCP formulation for asymmetric user equilibrium

Following Wardrop’s first Principle [21], various models have been proposed for the static UE problem [22]. In
particular, we are focusing on the so-called asymmetric UE (AUE), a more general case of UE in which the link
interactions are considered. In particular, Ban [23] has shown that a link-node based NCP formulation exists for the
AUE problem, defined on the disaggregated link flows.

Assume a given transportation network can be represented as G(N, A), where N is the set of nodes and A is the
set of links. We use index i, j to denote nodes in N and (i, j) or ij to denote a link in A. Denote R as the origin node
set which is a subset of N and generates origin—destination (OD) trips. Similarly, set S is defined as the destination
set which is also a subset of N and absorbs OD trips. Further denote 7} the minimum travel cost from node i to
destination s, d; the trip demand from node i to destination s, vfj the (disaggregated) flow for link (i, j) with respect

N

to destination s, x;; = Zse SV the total (aggregated) flow for link (i, j), and #;; the link travel cost for link (i, j).
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Then the AUE can be mathematically formulated as [23]:

0< |:nj+tij (Z%) —nisi| J_vfj >0, V(i,j)e A,s €S

seS

1
05[2 vi— > v,ﬁi—df:|J_niszO, VieN,i#s,s€S,

(i,j)eA (k,i))eA

where the symbol “1” is the “perp” operator such that, x | y < xTy = 0. Denote vectors 7° = ()ieN,izs, V° =
(Ufj)(i,j)eA, d’ = (dl‘?)ieN,i# for any given destination node s € S, and t = (#;;);, j)ea. Also notice that the standard
node-link incidence matrix can be represented as A. Then Eq. (1) can be rewritten in a matrix form as:

0< |:—/l;rns +t (Z vs>:| 1Lv >0 Vs e S @)

seS

0<[Av° —d*] L =*>0,

where A denotes A with the row corresponding to destination s removed which guarantees that A; is full row rank.
Eq. (2) is the link-node NCP formulation for the AUE which will be utilized later for modeling the bilevel CNDP.
Further investigations on NCP (2) can reveal that it has amenable properties under mild assumptions. Firstly, the link
travel time ¢ is a function of the aggregated link flow x = ) _¢ v* and we further impose the following assumptions
ont.

Assumption 1. The link travel time ¢ has the following properties:

(a) t is a smooth function of the aggregated link flow x = ZseS vi e, t = I(ZSES v¥).

(b) t is strictly monotone in terms of x, i.e., (x; — xz)T[t(xl) —t(x2)] > 0, Vx1 # x3.

() t(x) >0,¥Yx > 0.

(dt(x) < 0ifx < oo.

UTt(v)

vl

Then we can prove that the NCP (2) has at least one solution and the total link flow is unique, as shown in

Theorem 1. Note that the conditions in Assumption 1 are mild and easy to be satisfied. For example, the widely used

BPR (Bureau of Public Roads) function for symmetric UE satisfies all these five conditions.

(e) t is a coercive function in terms of v = (v¥)4es, i.€., limy_ oo

= Q.

Theorem 1. The following statements hold for the NCP model (2) under Assumption 1.

(a) The model has at least one solution if the problem is feasible.
(b) The model has a unique solution in terms of the aggregated link flow vector x.

For detailed proofs of Theorem 1 and other related properties of NCP (2), we refer to [23]. We can also easily
observe that (2) has a very special structure such that it can be naturally decomposed according to individual
destinations. The only place in which interactions exist for variables related to different destinations is the link travel
cost vector ¢ since ¢ is defined on the aggregated link flows. This special structure has important impacts on how to
design a solution algorithm for both the UE problem itself and the CNDP problem constructed based upon (2). Ban
et al. [24] developed a decomposition method for solving CNDP by exploring such a special structure in (2).

2.2. MPCC formulation for the CNDP

In this section, we present the MPCC model for CNDP. Firstly, additional notations are listed as follows.

yij = the capacity enhancement for link (i, j) € A
y = the vector of y;;,y € R4l

tij(x, yij) = the travel cost on link (i, j) € A, defined as a function of the aggregated link flow x
and the capacity enhancement of (i, j), i.e., y;;
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8ij(yij) = the cost function of capacity enhancement for link (7, j) € A
g = the vector of g;; (yij), g € Rl

0 = the relative weight of total capacity enhancement cost and total travel cost in the system design
objective function

lij, u;j = the lower bound and upper bound for the capacity enhancement for link (i, j) € A

I, u = the vector of /;; and u;;, respectively, [, u € RIAL

With these notations in place, the goal of CNDP is to minimize the total system travel cost and the cost for
enhancement, while the driver’s route choice behavior (the user equilibrium in this case) must be respected [1]. It
is well-known that such a problem can be formulated as a bilevel formulation; and particularly in this paper we can
formulate a general CNDP model which captures both UE and AUE as the following MPCC:

. min , E tij E v, yij |- E Ufj +6 E 8ij (Vij), (3a)
yoolowt oSl s St \ <
,J)EA ses ses (i,j)eA
subject to
l,’j = Yij = Uij, VY@, j) e A, (3b)

where (v¥, %), Vs € § is the solution to the following NCP problem:

0< [n;‘ + 1 (szv)’ij) —711.3:| Lvf; >0, Vi.j)eAseS,

seS

(30

0< [ doovi— > vzi—df:| 17f>0, VieN,i#ss€S.
(i,j)eA (k,i)eA

Obviously, the MPCC based CNDP model (3) is defined on y;;, V(i, j) € A and (v°,7*),Vs € S. Eq. (3a) is the
upper-level objective of the MPCC model which tries to minimize a weighted summation of the total system travel
cost and the enhancement cost, (3b) is bound constraints for the upper-level decision variable y;;, V(i, j) € A, and
(3c) is the lower-level AUE formulation that (v, 7¥), Vs € S must satisfy. Using matrix notations, (3) can be rewritten
as:

seS

T
min t v, V| +0eTg(y), (4a)
yool, v ISl gl as ISl |: (; y>:| (Z ) 80

subject to
I<y=u, (4b)

where e is the vector of all 1’s and {(v®, %), Vs € S} is a solution to the following NCP model:

05|:_A3”S+Z<va’y):|$vszo Vs e S (4¢c)

seS

0<[Av' —d’] Ln* >0,

Similarly to [20], the MPCC model (4) can be tackled by converting it to a single-level equivalence and then solving
the latter using a relaxation scheme. Under certain conditions, such a relaxation scheme can guarantee to generate an
optimal solution of (4). The detailed discussions of this relaxation scheme will be provided in the next section. Notice
here that (4) is a general CNDP model since the constraint (4c) can represent both symmetric and asymmetric user
equilibria.
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3. Solution algorithm
3.1. Single-level NLP formulation for the CNDP

Because the NCP formulation (4¢) can be readily replaced by its equivalent complementarity slackness condition
and additional nonnegativity constraints, the MPCC model of CNDP (4) can be straightforwardly converted into a
single-level NLP as follows.

T
min t vy, v ] +0eT , 5a
youl, v o8l s, xlSl |: <§ y)i| (Z ) ) (52)

1

seS
subject to
l<y<u, (5b)
—A;FJTS .y (Z v’ y) >0, Vses, (5¢)
seS
A0S —d* >0, Vsels, (5d)
P >0, Vses, (5e)
>0, Vses, (59)
(Av* —d¥)in} =0, VseS,ieN,i#s, 5g)
|:_A;F7TS +1 <Z v*, y>:| vf] =0, VseS, @ jJeA, (5h)
ses ij

where the lower-level NCP formulation in (4c) is replaced by its equivalent complementarity slackness conditions
in (5¢)—(5h). Evidently, under the assumption that both the link travel cost function ¢ and function g are smooth,
the single-level NLP model (5) involves only smooth functions with respect to (v, v, vl oovs, oS gl s, 7r|5|).
Hence, it is a smooth and nonlinear optimization problem. However, this NLP formulation lacks sound mathematical
properties because of the complementarity slackness constraints (5g) and (5h). Actually, because of these two
constraints, the single-level model is non-convex and most importantly, the Mangasarian Fromovitz Constraint
Qualification (MFCQ) does not hold [2]. Hence, solving the single-level NLP directly is usually difficult and a
relaxation algorithm will be adopted instead in the next section.

Note that the NLP equivalence (5) clearly involves the disaggregated variables explicitly and hence has a large
dimension for large scale problems. However, as aforementioned, all the constraints (5¢)—(5h) are defined according
to individual destinations, except for the interaction of disaggregated link flows on the link travel cost function ¢.
This feature makes it possible to employ certain decomposition techniques in order to solve the single-level NLP
model efficiently [23]. It is worth noting that many other reformulation techniques are also available to convert the
MPCC model (4) to a single-level NLP, as investigated in [27]. The one we adopted in (5) turns out to have the best
performance.

3.2. A relaxation scheme

In order to solve the non-convex single-level model (5), a relaxation scheme is proposed in this section to iteratively
tackle this NLP. The main idea of the algorithm is to introduce an auxiliary parameter u* > 0, Vs € S, which can
be used to define the relaxed complementarity slackness conditions for each destination s € §, rather than the exact
ones as shown in (5g) and (5h). In other words, in each iteration, (5g) and (5h) are replaced by the following two
conditions, respectively,

A —d¥)n} <u’, VseS,ieN,i#s, (6a)

[—Afn-* +1 <Z v, y>:| v <’ Vs €S, j) €A (6b)
ij

seS
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Then the relaxed NLP problem (5a)—(5f) and (6a) and (6b) can be solved repeatedly by constantly reducing the value
of ¥ > 0, Vs € S by some predefined factor. It is clear that although this relaxed NLP is still non-convex, the MFCQ
holds [2] which implies that existing NLP solution algorithms can be adopted to solve the relaxed NLP. The iterative
algorithm can be illustrated as follows.

Step 1  Initialization
Choose an initial auxiliary parameter 1** > 0 for each destination s € S. Set the iteration limit M, update
factor0 < A < 1,and k = 0.

Step 2 Major Iteration

Step 2.1 Solve the current relaxed single-level NLP (5a)—(5f) and (6a), (6b). Use w'* as the auxiliary
parameter for each s € S in (6a) and (6b).

Step 2.2 Update and Move. If k < M, set u"'(k“) = Mfk, Vs € S,k =k + 1 and go to Step 2.1; otherwise,
go to Step 3.

Step 3 Final Solve

Solve the exact single-level NLP (5a)—(5h). If it is successful, we obtain an exact solution for the CNDP
problem; otherwise, an approximate solution is achieved from the last run of Step 2.2.

For a given iteration limit M, in total M 42 runs (M 4 1 from Step 2 and the last one from the final solve in Step 3)
will be performed by the algorithm. The algorithm requires three parameters as input, namely, the initial value of the
auxiliary parameter u*© (if we set 1°° the same for any s € S), the update factor A, and the number of solves M. For
proper choices of these parameters which guarantee 1*¥, Vs € S is sufficiently small, we can obtain a point which is
very close to the true solution of the single-level NLP (5) after Step 2. Consequently, in Step 3, we can successfully
solve the exact single-level NLP for most of the cases. Note that in Step 2.1, solving each relaxed single-level NLP
is roughly equivalent to solving a UE problem. Since we usually set M to be 5-20, the relaxation method has the
potential to significantly reduce the computational time because hundreds of UE problems normally need to be solved
by other CNDP algorithms. However, since a direct solve is applied in this paper for the single-level NLP without
exploring the structure of the problem, the actual running time of the proposed relaxation algorithm could be large. A
decomposition method has just been reported by the authors [24]. Also notice that the relaxation algorithm presented
here is straightforward and easily implemented. In particular, many existing solution techniques for the NLP can be
used in Step 2.1 to tackle the single-level NLP.

4. Numerical examples

In this section, we test our proposed model and solution approach using two networks. The first one, as shown
in Fig. 1, was first presented by Harker and Friesz [25] for studying CNDP, and the second one, depicted in Fig. 2,
is for the City of Sioux Falls firstly used by LeBlanc et al. [26]. Both of these two networks have been extensively
tested in the CNDP literature [4,6,10], and the network configurations and associated data can be found in [6]. In
particular, the first network has two OD pairs, | — 6 and 6 — 1. For the second network, there are 528 OD pairs
and only ten links (namely, link 16, 17, 19, 20, 25, 26, 29, 39, 48 and 74) are selected for capacity enhancement.
These ten links were selected since they were among the most congested links in the network [7]. They were first
chosen by Abdulaal and LeBlanc [7] and followed by other researchers for testing various CNDP models and solution
algorithms [4,6,10].

In this paper, to reduce the effort of our implementation, we adopt the NLPEC (nonlinear program with equilibrium
constraints) solver by Ferris et al. [27] to solve our proposed MPCC model. NLPEC can automatically convert a given
MPCC model (e.g., our CNDP model (4)) to an equivalent NLP problem (e.g., the model (5)) and solve it using the
relaxation algorithm (e.g., replacing (5g) and (5h) with (6a) and (6b)).

The models and solution algorithms by all the aforementioned authors dealt with only the symmetric case (i.e.,
the underlying user equilibrium is indeed an NLP). Since our model can handle both the symmetric and asymmetric
cases, we will first compare the results of our method with existing models for the symmetric case and then we will
test the proposed model for asymmetric cases.



J.X. Ban et al. / Mathematical and Computer Modelling 43 (2006) 493-505 499

205 4| [14
17
7
> »
° e 54
55
=5 18
56/ /60

Fig. 2. Testing network #2 (Sioux Falls).
4.1. Symmetric cases

Symmetric cases adopt the BPR function to compute link travel cost since it has been widely accepted and applied
in many static traffic assignment applications. The BPR function can be expressed in Eq. (7).

tij(xij, yij) = Aij + Bij(xij/(Kij + i)Y, 7
where A;j, B;;, and K;; are parameters for link (7, j) as listed in [6]; in particular, K;; is the capacity for link (i, j).
For the convenience of comparison, we first list the abbreviations of the previous algorithms as well as the one in
this paper in Table 1 (revised from Table 1 in [10]). Among all the previous models, SA is regarded as the one which
could produce the global optimal solution [4].
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Table 1

Abbreviations of algorithms

Abbreviation Title of the algorithm Source

MINOS Modular in-core nonlinear system Suwansirikul et al. [6]

HJ Hooke-Jeeves algorithm Abdulaal and LeBlanc [7]
EDO Equilibrium decomposed optimization Suwansirikul et al. [6]

SA Simulated annealing algorithm Friesz et al. [4]

AL Augmented Lagrangian algorithm Meng et al. [10]

RELAX Relaxation method Presented in this paper
Table 2

Comparison of results for scenario I of network 1?

Variable (thousand vehicles) MINOS HJ EDO SA AL RELAX
y2.1 (Link 3) 1.2 0.13 0.0062

v3.1 (Link 6) 6.58 3 6.26 3.1639 5.2631 5.19458
¥3.2 (Link 7) 0.0032

V4.6 (Link 11) 0.0064

v6.4 (Link 15) 7.01 3 0.13 0.7171

v6.5 (Link 16) 0.22 2.8 6.26 6.724 6.7561 7.596208
Obj. value (thousand vehicle hours) 211.25 215.08 201.84 198.1038 202.9913 199.6253
Number of solved UE problems - 54 10 18,300 2700 -

2 Note: Demand 1 — 6 = 5, Demand 6 — 1 = 10, total traffic demand is 15.0. 0 < yij =10,V(G, j) € A for EDO, SA, AL, and RELAX.

Table 3

Comparison of results for scenario II of network 1#

Variable (thousand vehicles) MINOS HJ EDO SA AL RELAX
v1.3 (Link 2) 4.61 54 4.88 4.6153 4.614426
y2.1 (Link 3) 9.86 8.18 8.59 10.174 9.8804 9.910446
¥3.1 (Link 6) 7.71 8.1 7.48 5.7769 7.5995 7.373796
v3.2 (Link 7) 0.26 0.0016

¥3.5 (Link 8) 0.59 0.9 0.85 0.6001 0.592238
V4.2 (Link 9) 0.001

¥s5.3 (Link 12) 0.113

v5.6 (Link 14) 1.32 39 1.54 1.3184 1.315255
v6.4 (Link 15) 19.14 8.1 0.26 2.7265

v6.5 (Link 16) 0.85 8.4 12.52 17.2786 17.5774 20.000000
Obj. value (thousand vehicle hours) 557.14 557.22 540.74 528.497 532.71 522.6439
Number of solved UE problems - 134 12 24,300 4000 -

2 Note: Demand 1 — 6 = 10, Demand 6 — 1 = 20, total traffic demand is 30.0. 0 < yij =20,V(G, j) €A for EDO, SA, AL, and RELAX.

Two scenarios for the network in Fig. 1 are tested in this section, with the results shown in Tables 2 and 3. Scenario
I is designed to test for a lower demand level, while scenario II aims to test on a higher demand level. Notice that the
upper bound of capacity enhancement for each link in these two cases are also different. For the relaxation algorithm,
we set the initial auxiliary parameter u*® = 10, Vs € S, the iteration limit M = 6, and the update factor A = 0.1. We
can see from Table 2 that for scenario I, we achieve a solution whose objective value is very close to that obtained by
the SA method, while for scenario 2 in Table 3, our method can find a solution whose objective value is significantly
smaller than the one obtained by SA. Another advantage of the relaxation method is that we do not need to solve so
many UE problems as are generally required by other methods, as shown in Tables 2 and 3, which could be expensive
for large-scale networks.
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Fig. 3. Objective value vs. iteration # (Scenario I).
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Fig. 4. Objective value vs. integration # (Scenario II).

In Figs. 3 and 4, we show the value of the objective function at each iteration for scenario 1 and 2, respectively.
Note that initially the value of the auxiliary parameter is large (10 in our case), implying that the lower-level variables
(v¥, %), Vs € § are constrained by a larger set. Thus we can obtain a smaller objective value. However, as we restrict
the auxiliary parameter values in later iterations closer and closer to zero (with a scaling factor 0.1), we essentially
reduce the defining set of (v¥, %), Vs € S. Then, larger objective values would be gradually obtained. Moreover, for
the final solve, we enforce the auxiliary parameter value to be zero which means that the lower-level user equilibrium
condition holds exactly. It turns out that RELAX can perform successfully for the final solves for both scenarios;
therefore, we eventually obtain (local) optimal solutions for them. It is worth noting that an objective value which is
very close to the optimum can be obtained even when the value of the auxiliary parameter is not trivial. For example, at
iteration #4 in Fig. 3, the objective value (199.6069) is very close to the final one (199.6253, at iteration #8) although
the value of the auxiliary parameter is still pretty large (0.01). This implies that in order to obtain an approximate
solution to the original bilevel model, it is reasonable to adopt a relaxation scheme to the lower-level user equilibrium
condition. Similar results can also be observed for scenario II as shown in Fig. 4.

One scenario is tested for the Sioux Falls network. We set the initial auxiliary parameter u*® = 1,V¥s € S, the
iteration limit M = 10, and the update factor A = 0.4 for this particular example. The results are shown in Table 4.
Similarly as for network 1, RELAX can find a solution whose objective value is slightly smaller than that by the SA
method. Moreover, the value of the objective function at each iteration for network 2 also changes in the same manner
as for network 1. Such observations may have further impacts on designing solution algorithms for CNDP, especially
when an approximate solution is desired. In other words, if an approximate solution is required with objective value
close to the true minimized one, we only need to solve the relaxed NLP several times (4 or 5 in the two examples).
This will significantly reduce the computational time of the solution process.



502 J.X. Ban et al. / Mathematical and Computer Modelling 43 (2006) 493-505

Table 4

Comparisons of results for network 22

Variable (thousand vehicles) MINOS HJ EDO SA Al RELAX
Initial value of y; ; 2 1 12.5 6.25 12.5 12.5

v6.8 (Link 16) 4.8 3.8 4.59 5.38 5.5728 5.279134
v7.8 (Link 17) 1.2 3.6 1.52 2.26 1.6443 1.957131
¥8.6 (Link 19) 4.8 3.8 5.45 5.5 5.6228 5.279134
vg.7 (Link 20) 0.8 2.4 2.33 2.01 1.6443 1.957131
¥9.10 (Link 25) 2 2.8 1.27 2.64 3.1437 2.51829
¥10.9 (Link 26) 2.6 1.4 2.33 247 3.2837 2.51829
¥10.16 (Link 29) 4.8 32 0.41 4.54 7.6519 3.038993
¥13.24 (Link 39) 44 4 4.59 4.45 3.8035 4.991152
¥16.10 (Link 48) 4.8 4 271 421 7.382 3.038993
¥24.13 (Link 74) 4.4 4 2.71 4.67 3.6935 4.991152
Obj. value (thousand vehicle hours) 81.25 81.77 83.47 80.87 81.752 80.5157
Number of solved UE problems 58 108 12 3900 2700 -

Note: 0 < y;; < 25.¥(i, j) € A for EDO, SA, AL, and RELAX.

4.2. Asymmetric cases

Interestingly, testing examples for CNDP under AUE are sparse in the literature. This is probably due to the fact
that unlike the BPR function for the symmetric case, there is no standard way to design the link cost function for
AUE, although some preliminary research has been done previously [28]. Normally empirical analysis needs to be
done before any reasonable functional form can be derived. In this section, however, in order to demonstrate that our
proposed model and solution method can be applied to asymmetric cases, we revise the BPR cost function in (7) so
that link interactions could occur among adjacent links. In particular, the cost function for link (i, j) € A is defined
as follows:

> Pijkjxkj + Pij,jixji
(k,j)eA (j.heA

tij(x, yij) = Aij + Bij «-Kii + i
- R ij

) (®)

where 0 < p;jxj < 1 (or 0 < p;j i < 1) denotes the “impact factor” of the flow on link (k, j) (or link (j,))
to the travel cost of link (i, j). Apparently, we have p;;;; = 1,V(i,j) € A. If pjj; = 0,Vj € N,(,j) €
A, (k,j) € A,i # kand p;;; = 0,Vj € N,(,j) € A, (j,]) € A, (8) will reduce to the standard BPR
function for the symmetric case. Note that « > 1 in (8) represents a factor to increase the original capacity of the
selected links. In this paper, we set « = 1 for network 1 and o = 1.5 for the Sioux Falls network since the latter
is already in a high congestion level even for the symmetric case. Furthermore, for illustrative purposes, we set
pijkj = 0.15,Vj e N,(i,j) € A, (k,j) € A,i #kand p;; ; =0.1,Yj € N, (i, j) € A, (j,[) € A. Note that,
in the literature, there are several ways to construct the link travel time for AUE [28]. Eq. (8) is probably the most
general expression which considers the impacts of all adjacent links to a given link. However, we should point out
here that although Eq. (8) is only an intuitive way to achieve (asymmetric) link interactions among adjacent links.
How to design a practically reasonable asymmetric link cost function for a given network is beyond the scope of
this paper.

We first test the two scenarios of network 1. We use the same settings for RELAX as those in previous section.
The final results are shown in Table 5. As we would expect, the objective values for both scenarios are increased
due to the link interactions (note that « = 1 for network 1). Correspondingly, the optimal link enhancement
for each individual link is also changed. The final results for network 2 for the asymmetric case are shown in
Table 6. Note that although we increased the link capacity of each selected link by 50%, the objective value
for AUE has still increased substantially due to link interactions. Similarly, the optimal link enhancement is also
changed.
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Table 5

Results of network 1 under AUE

Variable (thousand vehicles) Scenario [ Scenario IT
y1.3 (Link 2) 6.477080
v2.1 (Link 3) 0.849351 12.376940
¥3.1 (Link 6) 6.046094 12.313064
v3.5 (Link 8) 1.942252
5,3 (Link 12) 1.255003
¥s.6 (Link 12) 4.662409
v6.4 (Link 16) 20.000000
v6.5 (Link 16) 10.00000 2.438337
Obj. value (thousand vehicle hours) 221.7194 648.8585
Table 6

Results of network 2 under AUE

Variable (thousand vehicles)

Initial Value of y;; 12,5

Ye.8 (Link 16) 6.153192
v7.8 (Link 17) 2.919601
8.6 (Link 19) 5.548870
vg.7 (Link 20) 4381182
¥9.10 (Link 25) 4.477047
y10.9 (Link 26) 2.261691
y10.16 (Link 29) 5.389955
y13.24 (Link 39) 5.462957
yi6.10 (Link 48) 9.358611
¥24.13 (Link 74) 5.891133
Obj. value (thousand vehicle hours) 140.1709

4.3. Discussions on relaxation parameters

The three relaxation parameters are crucial for the relaxation algorithm. Firstly, the number of iterations of the
algorithm, M, cannot be determined arbitrarily; rather, it has to be decided according to the value of the initial auxiliary
parameter 1*0 and the update factor A. Generally, for large values of +*° and A, M must be set large enough to assure
that the last solve of Step 2 in the relaxation algorithm can produce a solution close enough to the true solution of the
CNDP. This can be roughly checked by whether the auxiliary parameter for the last solve in Step 2, i.e. u*M, is small
enough.

To obtain an initially feasible solution to the CNDP easily, a large *? is usually preferred. However, as j1*°
increases, M has to be increased also, which may slow down the convergence of the relaxation algorithm. Therefore,
a proper value of 1*¥ is problem specific and represents a certain tradeoff between speed and convergence accuracy
of the algorithm.

The update factor A, on the other hand, represents how aggressively the auxiliary parameters are reduced. Large
values of A (which should be less than 1) mean the change of auxiliary parameters between two iterations is small.
Hence, the entire solution process tends to be smooth and easier. However, large values of A also imply that the number
of iterations needed (M) is large, which might require more computational time. To further study the impact of A on
the performance of the relaxation algorithm, we test on the two scenarios on network 1 by ranging A from very small
(0.001) to very large (0.6). Fig. 5 depicts the average number of iterations for solving the relaxed single-level NLP in
Step 2.1 with respect to the change of A. In the figure, IS (IIS) and IA (ITA) denote the symmetric and asymmetric
case for scenario I (II), respectively. Note that the solution algorithm for an NLP is itself an iterative procedure. We
can easily observe from Fig. 5 that as A increases, the number of iterations required for solving the single-level NLP
decreases approximately monotonically. This clearly shows that as X increases the effort for solving each single-level
NLP is reduced. Therefore, although M increases as A does, the computational effort for solving a CNDP is roughly
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Fig. 5. Average # of iterations for a single-level NLP.

the same for different values of L. Based on such an observation, A should be chosen large enough (normally >0.1) to
ensure the smoothness of the relaxation process.

5. Conclusions

In this paper, we formulated CNDP as an MPCC model with an NLP to represent the upper-level optimization
problem and an NCP for the lower-level user equilibrium. The proposed formulation can handle both symmetric and
asymmetric user equilibria, which extends previous CNDP studies. The MPCC model is converted to a single-level
smooth NLP problem and solved by a relaxation scheme using existing NLP solution techniques. The model and
solution approach were implemented and tested, and promising results were achieved for several well-known CNDP
testing problems. In particular, we showed that in order to obtain an approximate solution, the relaxed problem needs
only to be solved several times, which makes the solution approach computationally efficient.

For future study, we need to test the model and algorithm for large-scale problems. In order to do this, however,
we notice that the lower-level AUE has to be defined using the disaggregated variables. This may bring in the
dimensionality problem [10] for a large-scale CNDP if the single-level problem is to be solved directly. That is,
the resulting single-level NLP might have a large number of defining variables, especially for multiple origin and
multiple destination (many-to-many) problems [26]. However, the lower-level AUE has a very special structure such
that it can be easily decomposed according to individual destinations. Therefore, certain decomposition approaches
may be employed to efficiently solve the single-level NLP for large size problems. We have recently reported some
preliminary results by applying the Gauss—Seidel decomposition scheme for solving the proposed MPCC model [24].
Further research on this topic is currently under investigation by the authors and more results will be reported in
subsequent papers.
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