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Abstract

This paper presents a complementarity formulatiod #s solution algorithm for asymmetric
traffic assignment. A link-node based nonlinear ptamentarity formulation is first proposed
for modeling the asymmetric user equilibrium, wildporous proofs of equivalence, and solution
existence and uniqueness conditions. To solve théemwe develop a decomposition scheme
based on individual origins. For each origin, anspag and acyclic sub-network is constructed
and maintained throughout the iterations. Then @igposed sub-problem is derived on each
sub-network and solved using an efficient solutapproach developed in the mathematical
programming community. Numerical examples providedhe paper show that the proposed
model and algorithm can solve efficiently mediumesasymmetric traffic assignment problems
and have the potential to be applied for largeespadblems.
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1. Introduction and Motivation

Following Wardrop’s seminal workl), numerous models and solution algorithms haven bee
developed for the static traffic assignment probleentered with the user equilibriurg, 3).
Majority of the solution algorithms have been fdogson the separable user equilibrium
problem, based on the nonlinear programming (NloPhtilation by Beckmann et al)( Here,
“separable” means there is no link interactionanrs of computing link travel times; in other
words, the travel time of a link only depends oa traffic flow of the link itself. Although a
well-defined NLP, Beckmann’s formulation has a vepecial structure that the objective is
defined on the aggregated variables (total linkwflp and the constraints are defined on
disaggregated variables (path flows in this casbgrefore, standard NLP solution techniques
are not feasible for solving Beckmann'’s formulaterectly, especially for large scale problems,
since the dimension of the resulting NLP could be large for any standard NLP solver to
handle effectively.

In order to efficiently solve Beckmann’'s formulatjocertain decomposition (or column
generation) scheme has to be applied. In the fiterathree major decomposition schemes have
been developed, based on different aggregationslemamely, the link-based, path-based, and
origin-based. The Frank-Wolfe (FW) algorithm hadoag history in the traffic assignment
literature to solving Beckmann’s formulatioB).( FW is link-based and requires the minimum
computer memory when implemented. However, thech#ay direction generated by FW tends
to be perpendicular to the gradient of the objecfnction, implying the convergence rate of
FW becomes very slow after certain number of iterst Although many refinements of FW
were proposed in the literaturé-8), it can only be used for producing approximatkitsans.
The gradient projection (GP) and disaggregated Igtrapdecomposition (DSD) are two path-
based approaches. GP has different versions andidedy used one is due to Bertsek@sd4nd
Bertsekas and GallagetQ). In the transportation field, GP was firstly atkgp by Jayakrishnan
et al. 1) and later extensively studied and tested by GHeal. (12). The DSD approach was
proposed by Larsson and Patriksst8).(Both GP and DSD showed significant improvements
in terms of solution accuracy and convergenceiefficy compared with FW; however, they also
need much more computer memory to store path-flds. origin-based algorithm (OBA) for
symmetric user equilibrium 14) reformulates Beckmann's model using origin-based
disaggregated variables, thus having an aggregkeiah between the link-based and path-based
algorithms. A distinctive feature of OBA is thatsiblves the traffic assignment on origin-based
restricting sub-networks. Due to careful designBAQuarantees each sub-network is spanning
and acyclic. Two advantages then follow. Firsthe sub-network is generally smaller than the
original network, implying it is more efficient tassign traffic flows on sub-networks. Further,
since each sub-network is acyclic, no cyclic flooeukd be generated and network flow
algorithms, e.g. finding the shortest path, camteh more efficiently performed. Therefore,
OBA converges very quickly. Secondly, the memorgureement of OBA is much less than
path-based algorithms because the aggregation &dvEIBA is much higher. Consequently,
OBA can be used for solve large size traffic assignt problems 15) that path-based
algorithms may not be able to handle.

Current implementation of OBA, however, targets Beckmann’s formulation only.
Hence, it can not account for traffic interacti@mong different links. This is not as realistic as



Ban et al. 3

the asymmetric (or non-separable) case where #welttime of a given link is dependent on
both its own flow and those on the adjacent linkkile asymmetric traffic assignment,
particularly the asymmetric user equilibrium (AUBRs already been extensively studied. Due
to the asymmetry feature of the problem, AUE cah b formulated (at least directly) as an
NLP; rather, a variational inequality (VI) or namdiar complementarity problem (NCP)
formulation has to be adopteii6(20). In particular, all NCP models proposed so far AQJE

are path based. To solve AUE models, a humbergafrithms have been developed, including
the diagonalization method2X), the decomposition method®22( 23), and the simplicial
decomposition method24). The diagonalization approach relaxes link inteoms at each
iteration of the algorithm and then the relaxedopgm can be cast as a standard NLP. Dafermos
(21) established conditions under which the iterasilgorithm can converge globally. However,
these conditions generally require strong monottyniwhich may not be satisfied by traffic
assignment problems. AashtinaR) and Pang43) proposed decomposition schemes for solving
asymmetric user equilibrium. In particular, Par&B)(provided conditions under which the
schemes can converge locally or globally. The dwoiby Pang for local convergence only
requires strict monotonicity which is weaker thange by Dafermos. Since the defining set of
AUE is linear, its solution can be represented éisemr combination of extreme points of the
defining set (a polyhedron). The simplicial decosipon thus aims to find these extreme points.
Lawphongpanich and Hearn24) established convergence conditions for simplicial
decomposition and tested on small size problems.detailed reviews of AUE models and
algorithms, we refer to Patrikssa) (

All of the above AUE models and algorithms, neveldls, were not fully tested for
solving even medium size AUE problems. One reaspas reported in Aashtingd), that no
efficient solution algorithm for solving a geneXdlor NCP was available at the time when these
algorithms were proposed. Recently, in the matheadgbrogramming community, Ferris et al.
(25) developed the path search algorithm which is idemed as a break-through for solving
large scale NCP<26). The algorithm is globally convergent with a quetet convergence rate.
Therefore, how to derive a model for AUE so asrapprly integrate the path search method to
develop more efficient solution algorithms for Aizan interesting research topic.

In this paper, we propose a complementarity model @ decomposition scheme for
efficiently solving medium to large size AUEs. Riys we present a link-node based NCP
formulation for AUE with a rigorous proof of the wgalence of the model and the user
equilibrium condition. The solution existence andqueness conditions of the model are then
established. To solve the model, we develop a dposition scheme based on individual origins
with a decomposed NCP solved for each origin. Tdta pearch algorithm is applied in the paper
to solve the decomposed NCP. In order to furthgirave the efficiency, we construct and
maintain a sub-network for each origin, similarly the restricting sub-network in OBA. The
sub-network is guaranteed to be spanning and acselthat the decomposed NCP can be solved
very easily. Numerical examples conducted in theepalemonstrate that the proposed algorithm
can solve efficiently medium scale AUE problemshvhigh accuracy and has the potential to be
applied for large scale problems.

This paper is organized as follows. The link-no@sdal NCP formulation for AUE is
presented in Section 2. This section also inclikdequivalence proof of the model and the user
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equilibrium condition, as well as establishing Hmution existence and uniqueness conditions.
In Section 3, the solution algorithm for the propdsmodel is discussed. It starts with a
decomposition scheme based on individual originsenT issues on how to construct and
maintain sub-networks are addressed. Section 4d@®wnumerical examples demonstrating the
effectiveness of the proposed algorithm. Finallphauding remarks and future research
directions are given in section 5.

2. Link-Node NCP Formulation for AUE

2.1 Link-Node NCP Formulation

As depicted in FIGURE 1, the user equilibrium roci®ice condition, whether symmetric or not,
can be stated in a link-node fashion as follows.

If, from any origin to any decision node, the paths that are being used have equal and minimal
travel times, then the traffic flow in the network isin a user equilibrium state.

Here a decision node with respect to an origingsgnts any node in the network except
the origin itself. Mathematically, the above comahtcan be expressed as follows

7 +t,Qu) -7 >0=u =00r OROG, ) DA
rOR (1)

7 +t,Qu) -7 =0= 4, 200r DROG, j) DA

rodRrR

whereR andA denote the set of origin nodes and all links, eetipely, u; the disaggregated
link flow on link (i,j) with respect to origim OR, u" = (Uj) aow, 77, the minimum travel

time from originr to a nodg (j #r), andt; (z u") the link travel time for linki,j) which is a
rOR

function of the aggregated link flow= Zu“ . It is easy to see that (1) is equivalent to the
rorR

following complementarity condition:

o<z +t, QO u")-710u 200r OROG, ) DA 2)

rorR

Together with the flow conservation constrainteath nodej [1 N, we have the
following formulation for AUE:

o<[n +t,Q u")-710u 20,0r OROG, ) DA, (3)
rOR

dui- >u-df =00rOROION,j#r, (3)

i:(i,j)0A I:(j.HOA

7 200rOROON,j#r, ()
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whereN denotes the set of nodes in the network dndhe travel demand from originto
nodej 1N, j #r. Note that here we assume a node will never gguglto itself. So we set

d; =0and7; = O Itturns out that, as stated in Theorem 1, m¢8lehas the following NCP
equivalence:

O<[ D ui- Duy-d10m 200rOROON,j#r, (4a)
i:(i,j)0A 1:(j,OA
O<[n +t,;Q_u")-7]10u; 20,0r OROG, j)OA, (4b)

rOrR

Theorem 1If the link travel time function, =t, (> u"),0(, j) O A is strictly positive for any

rOR

Xx=>u =0 and the demand; >0,0r OR, jON, j #r, then model (3) is equivalent to the NCP

rOrR

model (4).

Proof. Denotey = (Uirj)(i,j)DA » T :(n{)jDN,j:tr’ u= (ur)rDR’ﬂ: (n.r)rDR' We need to prove that Gﬁ’n)
solves NCP (4) then it also solves (3) and vicsaer

a). It is obvious that any solution to (3) must alstve NCP (4).

b). Assume(u,77) solves NCP (4), we next show that it also sol\&s Ify order to do this, we
use contradiction and suppo@e ) is not a solution of (3). Then we must have astleme
origin r0R and one nodg N, j#r such that Su - Yul-d >0 - This will have two

ix(i,j)0A 1:(j.HOA

implications. Firstly, we must havg = féom (4a). Secondly, we havt{:ui; > >uj+d] =0
ii(i,j)0A 1:(j,HOA

since bothuj, andd; are nonnegative. This in turn means that we mase fat least one link

going into nodg, denoted as linki{), such thau >0. Then from (4b), we can conclude that

7+t O u) -7 =0. Since we already proved =0, we have 7 +t,(Cu)=0 implying

rOR IR

T = Oandt”_ (Su)=0 which contradicts our assumption thigt: t, > u") is strictly positive.

rOR rOR

From a) and b), we proved this theorem.
Model (4) can be rewritten in a matrix form as:
O<[Au" -d"107 20,0 0OR, (5a)

O<[-Aj7' +t(Q u")]0Ou" 20,0r OR, (5b)

rORrR
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whered’ =(d") o . 0O 777 = () o0 . 0ONE,  @ndt is the link travel time vector which is a
function of the total link flow VeCtor -3y - Further denoteA O™ as the link-node

rOr

incidence matrix, them go®™<4 representsA with the row corresponding to origin
removed which essentially guarante®sa full row rank matrix.

2.2 Model Properties

In order to further study the mathematical propsrof the NCP model (4), we first impose the
following assumption on the link travel time furaotit.

Assumption 1The link travel time has the following properties:

a).t is a smooth function of the total link flowzzur : i.e.,t:t(zur).

rOR rOr

b) tis strictly monotone in terms a&f i.e., (x, - x,)"[t(x) —t(x,)] > 0, Ox, # X, -
C) t(x) >0, Ox=0.
d) t(X) <o if x<oo .

. . - o u't(u) _
e)tis a coercive function in terms ok (u'), ., i-€., |IHmoo W = o0

Ju

Note that under Assumption 1, the conditions neefdedestablishing Theorem 1 are
satisfied. With these assumptions in place, weatdain some nice properties regardinghich
are listed in Lemma 1.

Lemma 1 The link travel time function has the followingoperties.

a) The partial derivative of the link travel time the disaggregated link flow variable
corresponding to any origin is the same for a gial link flow vectorx. That is,

O, t=0,t0r,sOR. (6)

b) For a given originOR, if the disaggregated link flows with respect tbadher origins are
fixed, then the link travel time is a strictly mdooe function in terms of', i.e., 0 t,0r OR is

positive definite.
Proof. These two results can be straightforwardly derivech Assumption 1. L]
We now are ready to prove NCP model (5) has at taas solution.

Theorem 2 The NCP model (5) has at least one solution ifufgstion 1 holds and the AUE
problem is feasible.
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Proof. Due to the equivalence between (5) and (3), we oeed to prove model (3) has at least
one solution. For this purpose, rewrite (3) in @mmdorm as:

O<[-A\7" +t(Q u")] 0Ou" 20,0r OR, (i)
rOR
Au"=d"=0,0r0R, (ii)
7 20,0r OR, (ii)
Denote a mapping F:0"R _ OWR  with  F=fu’ - ], and a set

K :{u:(ur),DRDD'A'”R' [A,u"-d"=0,u" 20,0r ORy. ThenVI(K,F) is a linearly constrained VI
since setK is a polyhedron. ObviouslyI(K,F) has a nonempty and compact solution set
according to Proposition 2.2.7 of Facchinei andgR@6), provided Assumption 1 (e) is satisfied.
On the other hand, according to the relationshijwéen linear constrained VI and mixed
complementarity problem (MiCP) described in Chapteof Facchinei and Pand@f), the
solution ofVI(K,F), denoted a$l, must satisfy the following MiCP for sonfe = (77")

O<[-A 7 +t(> u")]0u" 20,0r OR, (iv)
ror
AU -d" =00r0R, (v)
where 77* OOMN™, Or OR is the multiplier of the constraink u" —d" = i@ the definition of set

K. Originally, 77',0r OR can be arbitrary; however, we next show that urfdgrand (v), we
can always findz > 0 such that(u, 77) also satisfy (iv) and (v) wher&=(77'),x - ToO see this,

we focus on one originJR and one nodglIN, j #r. Denotef; = ZUi’j the total flow to
i(i,))0A

nodej. Apparently, f, >0 since allu;’s are nonnegative. Then, there are two casesdiggar

the value off;.

a). If f, >0, then there must exist a path frorto j such that this path will carry positive flows

since we assume the problem is feasible. Denaseptith ag - j, - j, - - - ], - ] . We
can obtain from equation (iv) that

n

= — = —_—
7Tj1 _r['.' +trj1 _O+trj1

1
+
—_

—x 1
S

=5
3 B
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Jicdka

. . . -1 .
Summing all these equations together, we can ob;tjeanrj +”Zt_ .+t >0 Since every
k=1 "

individual link travel time is strictly positive aording to Assumption 1 (c). In this case, we can
set7r; =71 >0.

b) If f, =0, then allt; =0,0(, j)JA andu; =0,0(j,1) 0 A, and furtherd; =0. In this case
all (iv) and (v) involved with nodg¢ are satisfied trivially which impliesz; can take any

arbitrary value. However, in this case, we canjget 0.

Therefore, from a) and b), we can always find>0,00j R, jON, j#r such that
(T, 1) solves (iv) and (v), provide(l1, 77) satisfies (iv) and (v). In other words, we provhdt
(i), (ii), and (iii) has at least one solution.,.i(@, 77) . L]

Several observations can be easily obtained foNGE model (5). Firstly, it is a well-
defined NCP problem which has at least one soluti®acondly, it is defined on the
disaggregated link flow variables, while the lim&vel time function can be treated as a function

of the total link flow. Thirdly, since the link tval time is a function of all", Or O R, the model
(5) can represent AUE for which the link interan8meed to be considered when computing the
link travel time function.

The Jacobian matrix of NCP (5) is as follows.

/T, s N TE uR
o - 0 A, O 07 7#
oo o . 0
M= 0 « 0 0 0 Ag| 7~ O
Y Out - Ot u?
i - /\TIRI 0.t Uymt | ul®

According to part a) of Lemma 1, we can dendtgt = Q,0r [JR and the Jacobian can
be rewritten as (8).

T .- Vs ut u®
0 0 A, O 0] T
: ) : o . 0
M = 0 0 0 O AIRI R’ (8)
Ay Q Q ut
I ‘/\T|R| Q - Q | uR
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whereQ is strictly monotone as stated in b) of Lemma 1.
Theorem 3The Jacobian matriM in (8) is positive semi-definite.

Proof. Clearly,M can be compactly written as:

0O B
M = , 9
o ©)
/\1 . . .
where B{ ] is full row rank since each\,,OrOR is full row rank and
AIRI

A{; ] is positive semi-definite (see Lemma A4 ig7]). Then Ux,y with proper

dimensions[x" yT]M|:X} =[-y"B" x'B+ yTA]|:X} =y" Ay =0 sinceA is positive semi-definite.
y y

This impliesM is a positive semi-definite matrix. L]

Note thatM is not positive definite which implies that mul8gsolutions may exist for model (5).
However, as stated in Theorem 4, the aggregatkditiw must be unique.

Theorem 4 Denotex:Zur the vector of total link flows. Assume part b) Afsumption 1
rOR

holds. Then NCP (5) has a unique solution in tesfrike total link flow vectox.

Proof. Supposéu,,7;) and(u,,7,) are any two solutions to NCP (5), we need to prihad
> uf => u; . To see this, we note from (5b) that

rOR rOR

> ) -Al +un =0 (10-a)
S )AL (S un=o (10-b)
) -n7 s =o (10-c)
> ) A + (S un =0 (10-d)

We obtain by subtracting (10-b) from (10-a) that
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> (u -w) ATz 1 u] <0 (10-e)

ror rOR

Similarly, by subtracting (10-c) from (10-d), wetge

> (u - u ) 1-AT 2+t w2 0 (10-f)

rOr rOR

We then obtain from (10-e)-( 10-f) that

-l - ) AT G -+ S rlur - u) @ u) -t ug)] < 0 (10-g)

rOrR ror rOr ror

Using the same derivation, we can obtain from {ba)

() tAu -ar1=0: (10-h)
> () 1Ay -d 120 (10-i)
3 () 1A u; a1 =0 (10-))
> () AU -d]=0- (10-k)

rOrR

We then obtain

iz - ) A, -up) <0 (10-1)

rir

Sincelu -u;) AT (7 - 72) = (72 - )" A, (uf -us ), Or DR, We can obtain by adding (10-g) and (10-l) that

il -u) e u) -t up <o (10-m)

rOrR rOrR rOrR

Denotey - S andy - 3 g Inequality (10-m) impliesx, - x,)"[t(x) -t(x,)]<0. Due to
rOrR rorR

the strict monotonicity assumption of link traviehé vectort with respect to the total link flow,
we conclude thak, = x, . ]
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3. Solution Algorithm for AUE

3.1 A Decomposition Scheme

Although a well-defined NCP model, (5) is hard tdve directly for large scale multiple origin
problems for two reasons. Firstly, the dimensionthe problem could be too larg8)y and
secondly, the problem is “less monotone” with morigins. Ban 27) tested such a direct solve
with certain regularity scheme by carefully addprgximal perturbation to the Jacobian matrix
M in (8). However, it is still only feasible for sithg small to medium size AUE problems. Ban
(27) further tested the Gauss-Seidel decompositiomoaeproposed by Pang3), enhanced by

a synchronization scheme to compute an optimal sisp for each origin, and showed some
promising results.

In this paper, we propose a scheme to apply thendeasition method on origin-based
sub-networks. The algorithm decomposes the sin@® N5) into multiple smaller size NCP
problems, one for each origin, by temporarily fxithe disaggregated link flows for all other
origins. In other words, for each origina decomposed NCP (DNCP) is constructed as follows

O0<[AU =d"]10m =20,
O<{-A\7" +t[( Y. 4" +u']} Ou" 20,

r'OR,r'#r

(11)

where(" is the temporarily fixed disaggregated link flowctor with respect to origin'zr .
Therefore, At each iteration, instead of solvingedily the originally large dimensional NCP
problem with size(| A|+| N |)|R]|, we try to solvg R| smaller dimensional NCP problems

with size (|A|+|N|). For most of the times, the path search algorittam solve DNCP (11)
very efficiently. The decomposition scheme is ot as follows.

Sep 1 Initialization
for each originr OR
Solve DNCP (11) by fixing",0r'# r,r'OR to zero ifr'>r and(a"f
if r'<r . Denote the solution &s" ", (7' ).
Set the iteration counter0;
Sep 2 Main Loop
2.1 Solve DNCPs
for each originr R

Perform DNCP (11) by fixing",0r'#r,rrOR to (@) if r'>r and (@) if
r'<r. Denote the solution g’ ) (7 ")

2.2 Convergence checking
If certain convergence criterion is met, g&tep 3; otherwise, go to Step 2.3.
2.3 Update and Move

set(o’ )™ = @)™, 0r OR andn=n+1, go to Step 2.1.
Step 3 Find an optimal solution (o’ )", (7 )™*").
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The above serial decomposition method will try tdiae the latest disaggregated link
flow information from DNCP solves of other origi{Step 1 and 2.1). In the literature, it is also
called the Gauss-Seidel (GS) decompositi8). (

3.2 Constructing Sub-Networks

To further improve the efficiency, we construct amdintain a sub-network for each origin.
Then the DNCP can be performed on the sub-netwatker than the original entire network.
The sub-network is guaranteed to be spanning agdi@cAdvantages of maintaining sub-
networks are a) the sub-network is generally mumblier and therefore DNCPs can be solved
more quickly, b) because each sub-network is acyob cyclic flow could present, which will
speed up the convergence of the algorithm, andetyark flow algorithms, e.g. finding the
shortest path, are much more efficient (most likelybe linear with respect to the number of
nodes or links of the network) on an acyclic netwtian on a general cyclic network. However,
in order to ensure the spanning and acyclic-nefsnstworks must be updated carefully.

Initially, the minimum spanning tree rooted frontkarigin can be used to construct the
sub-network. Then, after solving all DNCPs for ameind, each sub-network needs to be
updated. Apparently, all used links, i.e. thosehwbsitive disaggregated link flow from last
DNCP solve for the subject origin, should be inelddn the updated sub-network. Denote such

a network asA| (read as “used sub-network for origi). Then we have
A ={(1, ) O AJuj >0}, (12)

where u; denotes the current disaggregated link flow fok Iii,j) with respect to origirr.

Obviously, A, is acyclic since the solution from DNCP (11) is BeverthelessA, may not be

spanning. This can be illustrated in FIGURE 2 inclkhnode 1 is the only origin and 6 is the
only destination. Suppose after the latest DNCResfdr origin 1, only five links carry positive
flow, namely, like (1,2), (1,3), (2,5), (3,5), af6l6), as marked bold in the figure. Clearly, the
sub-network constructed by these five links, i4., is not spanning since node 4 is not included.
In order to add all missing nodes to the updatdédretwork, we can first find the shortest path
from the origin to the missing node, e.g. from X4tm FIGURE 2. Suppose path 1->2->4 is the
one we obtained. Then in order to include node thénsub-network and also ensure the acyclic-
ness, we can add the sub-path of the shortestfpath the last node that is in current sub-
network to the node that is not yet included,lirkk (2, 4) as shown in the dash line in the figure

More formally, we denote the set of these linksAas(read as “missing links for origirf) and
we have

A, ={(, DOa=k - K-k, - klaO p(rk), OKOA; Kk OA; Kk OA, O =2,--,w}, (13)

where p(r,k) denotes the shortest path from ned® nodek in the sub-network. Note that in
(13),i 0 A for nodei actually meansjoN such thatg, jyoA: or (j,i)OA' .
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The updated sub-networl O A, is obviously spanning since all missing nodes are
included. It is also acyclic. The reason is tat] A. can be constructed as follows. We start

with A which is acyclic and for any nodlenot included inA , we add the path as defined in

(13). Sinceg is a sub-path of the shortest pathk), it is acyclic. Also because only the starting
node ofq is included inA;, the cycle formed by adding if any, must include all links iq.

However, this is impossible since there is no Imk4, [0 g whose starting node ks(the ending

node of pathg). In the same reasoning, adding the sub-pathsalfanissing nodes ta@, will
create no cycle.

To allow improved solutions, as discussed in BaraG#4), we compute the maximum
cost from the origin to each node 10 A, and add every link whose ending node has a higher
cost than its starting node. Note that adding thiegs still guarantees that the sub-network is

acyclic as proved in Bar-Gera (Lemma 8 14]). To sum-up, the updated sub-netwakk can
be defined as follows, which is spanning and acycli

A=A OA DG OALV >V, (14)
whereV' is the maximum cost from originto nodei (i #r ).

3.3 The Solution Algorithm
Finally, the solution algorithm for solving AUE, nieted as DECOMP, is listed as follows.

Sep 1 Initialization.
For each originr, construct the minimum spanning tree and perfone all-or-nothing
assignment. This will generate the initial sub-r@&vfor the origin, denoted a8", and
disaggregated link flow vector gs')°. Set iteration counter=0.
Sep 2 Main Loop.
2.1 Solve DNCPs on Sub-Networks
For each origir O R

Solve DNCP (11) orA" by fixing @, 0r'# r,r'OR to (U“')n if r'>r and
[@ " if r'<r . Denote the solution aga' ", (7' ")
2.2 Convergence Test
If certain convergence criterion is met, go to ;eptherwise, go to Step 2.3.
2.3 Update Sub-Networks
Update total link flow and link travel time for datnk based on results from Step 2.1.
For each origir OR
2.3.1 Constructp’ as defined in (12JUse (') as the disaggregated link flow.

2.3.2 In the current (not updated) sub-netwakk, find the shortest path fromto any
node that is not yet included ify, . ConstructA,, as defined in (13).
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2.3.3 Find the maximum cost fromto any nodd #r in A/ O A, i.e.v . Construct
A" as defined in (14).
End
2.4 Update and Move
Set(o')™ = (@)™, 0r OR andn=n+1, go to Step 2.1.

Step 3 Find an optimal solution, i.e. (@' )™, (7' )™*").

Note that during solving the DNCP for originin Step 2.1, the latest information for
solving DNCPs for alk'<r is applied — the reason why it is called GS deawsitjn. Since the
shortest path search in Step 2.3.2 and computmgnidximum cost in Step 2.3.3 are performed
on acyclic sub-networks, they can be done veryiefiitly, particularly, in a linear time with
respect to the number of nodes in the sub-netwkukther, the path search algorithm can solve
very effectively the DNCPs on sub-networks. Theref ECOMP is very efficient as we will
see in the next section.

Obviously DECOMP can produce origin-based link ffowhich are more detailed than
solutions by link-based algorithms. On the otherchahe used paths and path flows can also be
constructed by an enumeration procedure in eacstviork (4). Since the sub-network is
acyclic, this enumeration procedure can be perfdrre&atively efficiently.

4. Numerical Examples

In this section, we test the proposed NCP modelBE@GOMP algorithm on the Sioux-Falls and
several other medium size networks. The purpose evaluate the effectiveness of the model
and algorithm. All experiments were conducted drGwith 3.8GHz CPU and 1GB memory,

using the Windows XP operating system. The codese weitten in C++. The path search

algorithm is used to solve DNCPs. Especially, tAd'R solver developed by Dirkse and Ferris
(29) is adopted since this paper does not focus omldpwng solution algorithms for NCPs.

PATH solver is called as an external package ineciiimplementation.

4.1 Link Travel Time Function

Since we are dealing with AUE, we adopt the follogvlink travel time function:

t; (%) =ti?{1+a[K Zloij,kj X4t Zpij,jlle)/(zm:ij )17}, (15)
(k. )IA (iHoA

whereos< p, , <1 (or p; ;) denotes the “impact factor” of the flow on lifk, j) (or (j,1)) to
the travel cost of linki, j) . Apparently, we havey, , =1,0(, j) O A and further ifp, , = p, ;, =0,
Oy ON,G, DOA K, ))OA(j,DOAI #k, equation (15) will reduce to the standard BPRcfiam.
In this paper, we sep,, =p,; =015 O ON,G( ))OAK HOA(HOAIzk. a,B are
constants and we set= 015, 5 =4 in our study. We should point out here that inlttezature,
there are a number of ways to construct the liakdl time for AUE 80). Equation (15) is
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probably the most general expression which consither impacts of all adjacent links to a given
particular link.

4.2 Test Networks

We test on three networks in this paper, namely Sioux-Falls network, Anaheim network, and
Winnipeg network. The network and OD data for Siéiatls network can be found iBX). The
Anaheim network contains 416 nodes and 914 linkk @8 OD zones (sed]) for data of the
network). The Winnipeg network contains 1052 noaied 2836 nodes with 147 OD zones. The
network and OD data for this network can be obthifrem 31). In our study, since we set
a=015/p=4, we change the capacity of each link to 2200. @abl summaries key

characteristics of the three networks.

4.3 Results Analysis

To check the convergence of the algorithm, a medifiersion of the relative gap4) is used in
this study, as shown below.

RelGap= ztij (X) QXJ - Xi'jAON)/ Ztij (X) D_ﬂ.'-; . (16)

(i,))0A (i, 1)PA

In equation (16)X denotes the solution and™ the all-or-nothing (AON) flow by
fixing the link cost ag;(X) for each link(i,j). Apparently, from (16), the relative gap will

always be nonnegative and if it goes to zero, thi& Aroblem is solved. Lawphongpanich and
Hearn @4) used a very similar gap function as (16) for ¢eg the convergence of their
simplicial decomposition algorithm.

4.3.1 Convergence Performance

We list the convergence of the algorithm (in tewhghe relative gap) with respect to both the
number of iterations and the CPU time in this sectNote that in our implementation, PATH is
called as an external program and data transfeisidgne through file I/O which takes majority
of the running time. Therefore, for fairness, welade the file I/O time for the results shown in
this paper. Future implementation of the algorittmili integrate the PATH solver within the
C++ codes.

FIGURE 3 depicts the convergence of the algorithith wespect to the number of
iterations for the three test networks. We carlyeadserve that for each of them, the relative
gap converges quickly with the number of iterationgeasing. In particular, we can see that the
number of iterations needed for converging to aaeably accurate solution (less than 1.0e-10)
is relatively small. For the Sioux-Falls network ialnis very small and has been extensively
tested, using 100 iterations, the relative gagdsiced from 0.1 to 3.7e-13. For the two medium
size networks, the iterations required for conveogeare around 40 and 30, respectively, for
Anaheim and Winnipeg. These numbers are roughlyséinee as the restriction updates in OBA
as reported in Bar-Gerd4). However, after updating each restricting sulwogk once, OBA
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requires multiple iterations (20 or more) to bakflows among links (paths). In our proposed
DECOMP algorithm; nevertheless, only one DNCP sotv@eeded. The reason is that each
DNCP solve (i.e. model (11)) aims to balance tistridbution of origin-based demands according
to the UE condition, by assuming origin-based filmkvs of other origins are temporarily fixed.
Since we set the convergence threshold for DNC¥esol be pretty accurate (1.0e-7 is used in
this paper) and thus the flows are well balancédxdkrdfore, there is no need to solve the DNCP
for multiple times. Furthermore, as discussed irskan and Patrikssod3), solving the DNCP
sub-problem with high accuracy will tend to spepdhe convergence of the algorithm.

FIGURE 3 also lists the convergence of the relagiap with respect to CPU times. The
same trends can also be observed, i.e. the algpatmnverges quickly vs. CPU times. Table 1
further summarizes the detailed convergence datthéothree test examples. Normally, it takes
DECOMP seconds to solve small size AUEs and minotesiedium size networks.

4.3.2 Equilibrium Solutions

The solution of DECOMP contains origin-based limbwis which can provide more detailed
information than link-based algorithms. Furtherthpflows for all used paths can also be
constructed by performing a path-enumeration searaach sub-network. FIGURE 4 — 5 list
the origin-based link flows for origin 1 and 17spectively, for Sioux Falls. We can see that the
sub-network for origin 1 is exactly a tree struetwith only one path from node 1 to any other
nodes. However, for origin 17, a relatively comated network is formed. We can easily
observe that there are five paths from origin 1ddstination 12 in FIGURE 5. For comparison
purposes, FIGURE 6 depicts the origin-based liokvfsolution for origin 1 of Sioux Falls for
thesymmetric case. Note that our proposed DECOMP can solve $yottmetric and symmetric
UE problems. Comparing FIGURE 6 and FIGURE 29 14),(we can see that our approach
produces almost the identical solution as that lBBAOTable 1 further lists more detailed
information for origin-based solutions for the thrst examples. For this table, we can observe
that averagely each sub-network only contains dlgmetion of links in the original network
(from 8% to 30% for the test examples). That is wiy DNCPs can be very efficiently solved
by the path search algorithm.

4.3.3 Memory Requirement

This paper mainly focuses on the efficiency of tbegin-based algorithm and the
implementation may not be the one with least menusgge. Table 1 demonstrates the memory
usage for the three test examples. From this tallesan see that for medium size networks like
Winnipeg, only 20 MB memory is used. Therefore, tiemory usage for DECOMP is relatively
small. Combined with its high efficiency in termisconvergence, the algorithm has the potential
to be applied for large scale problems.

5. CONCLUSIONS

In this paper, we proposed a complementarity madel a decomposition scheme for solving
asymmetric user equilibrium. We first presentedn&-hode based NCP formulation for AUE
with a proof of the equivalence of the model arel wser equilibrium condition. We proved that
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the model has at least one solution and under coihdlitions, the aggregated link flow is unique.
Built on this new formulation, a decomposition stigewas developed based on individual
origins to convert the single large dimensional N@B multiple smaller size decomposed NCPs.
DCNPs can be efficiently by the path search alporitdeveloped in the mathematical
programming community. To further improve the a#fitcy, we constructed a sub-network for
each origin and solved the DNCP on the sub-netwdtke sub-network was carefully
constructed and updated such that it remains spgramd acyclic. The proposed algorithm thus
combines the strengths of path search algorithmlaatbasic ideas of the origin-based algorithm
for symmetric user equilibrium. Numerical examptdwwed that the proposed algorithm can
solve medium size AUE with rapid convergence arghhaccuracy, and has the potential to
solve large scale AUE problems.

For future study, we need to rigorously prove tbevergence of the proposed algorithm.
Pang 23) and Bar-Gerald) provided starting points for such a topic. Théhats are currently
investigating conditions under which the proposedeme converges and the results will be
reported in subsequent papers. This paper teseedlgforithm on selected medium size AUE
problems. Given the potential of the proposed mae algorithm for solving large scale
problems, extensive evaluations of the algorithen dill needed in the future study. Especially
we will compare our algorithm with existing apprbas for solving medium size AUE and
further test it for solving large scale problems.
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Table 1 Data and Results of Test Examples

Network Sioux Fall Anaheim Winnipeg
Zones (Origins) 24 38 147
Nodes 24 416 1052
Links 76 914 2836
OD Pairs 528 1406 4345
CPU Time 1 second 1 minutes 18 minuteg
# of Iterations 10d 40 30
Relative Gap 3.73E-18 3.10E-10 4.90E-11
Links with flow > capacity 58 (76% 62 (6.8%) 152 (5.4%)
Origin-based used links 572 6952 34751
Average links in one sub-network  23.8 (31.3%6)182.9 (20.0%) 236.4 (8.3%
Total # of routes 585% 1596 4477
Average routes per OD pair 1.11 1.14 1.03
Maximum routes per OD pair 5 5 2
Average links per route 3.2 17.2 25.8
Memory Usage 0.9 MB 9.5 MB 20.4 MB
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FIGURE 2 lllustration of Updating the Sub-Network: to Guarantee Spanning
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