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The focus of this paper is to review hybrigcursive-complementarity formulations for multibody systems characterized
by a large number of bilateral constraints which are fretjyeancountered in robotics. Here, hybrid implies the use of
complementarity contact models with recursive forwardadygits schemes. Such formulations have a common underlying
structure which can be applied to multibody systems with mstrained tree-type topology. These common steps are
pointed out. Theoretical formulation is given for systensing three important classe®(n*), O(n) and O(log(n)))

of multibody algorithms. Further, numerical comparison tiee efficiency is given for rigid multibody systems. The
paper makes recommendations on the choice of hybrid conepimity formulations which would result in the most
efficient simulation. The paper further gives a non-iteatapproach to allow the use of explicit higher order integsa

for frictionless contacts. The difficulties in extendingstapproach to allow for frictional contact are also diseass
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1 Introduction

Modeling intermittent contact for systems characterizgd karge number of bilateral constraints is an importanbfem
especially in areas such as robotics and gait analysis.eTdrertwo important classes of contact models. The first class
involves modeling the deformation at the point of contactlevthe other focuses on kinematic and impulsive changes in
the state [5, 30, 35, 37,47]. The complementarity contadetsofall in the later class and are of primary interest i thi
paper.

A significant body of literature already exists on descrip@omplementarity contact models and their applications in
multibody simulations, a representative of which can bentbin [3, 5, 6, 23, 32, 36, 38-40, 40, 45, 47]. The majority of
this literature is devoted to modeling contact for rigid tihddy systems. [7, 13, 14] describe the contact modelimg fo
deformable bodies using a complementarity approach. Trardation in each body is modeled as a superposition of
appropriate mode shape functions. However, the majoritii@ge methods are not optimal for systems characterized by a
large number of bilateral constraints.

In this paper, the keywortlybrid implies a combination of complementarity contact modelthwecursive forward
dynamics algorithms. The resulting hybrid formulationsurprisingly, derives the benefits of the underlying fordvar
dynamics algorithm and the complementarity contact mdsi@ne of the existing hybrid formulations are combinatioins o
complementarity contact models with thAssembly-Disassembly-Algorithm [48, 49], Articul ated-Body-Algorithm[18, 28]
andDivide-and-Conquer Algorithm[7,9,16,17]. Indeed, there are several other efficient éodrdynamics algorithms to
simulate rigid and flexible multibody systems some of whiah be found in [11, 12,25-27, 33, 42]. A comparison of the
efficiency of some of these schemes is given in [43,50].

No matter what method one uses, there are certain commasstéph one must follow to implement the complemen-
tarity contact models resulting in a hybrid scheme. In ttapgy, these common steps are pointed out. This allows the
combination of the complementarity contact models with segursive forward dynamics method. This paper gives the
theoretical development of the hybrid formulation for #ienportant classesX(n?), O(n) andO(log(n))) of forward
dynamics algorithms, whene denotes the number of generalized coordinates associdtediateral constraints in the
system. The efficiency of the three methods is compared ricatlgrfor rigid multibody systems. The paper further makes
recommendations for the choice of hybrid formulations whigould result in the most efficient simulation. Addition-
ally, the paper also describes a non-iterative explicibbigprder integration approach to simulate intermitteiatimless
contact.
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2 Kishor D. Bhalerao, Cory Crean, and Kurt Anderson: Hybridrtementarity Formulations

2 Underlying mathematical structure

Before proceeding to the hybrid-recursive formulatiorg dontact model for bodies with no bilateral constraintsiss d
cussed. Further, the common steps in formulating the coatexstraints are pointed out.

A linear complementarity problem (LCP) can be defined a®¥adl Givenm x m matrix A andm x 1 vectorB, find
am x 1 vectorz > 0 such thatdz + B > 0 andz” (Ax + B) = 0. The goal is to formulate the contact constraint as an
LCP.

2.1 Contact model

The complementarity model consists of a set of conditionislvlnforce the contact constraints. The intermittentacint
models discussed here are described in [3,45] and brieflyded here for the sake of completeness.

Figure 1 shows two bodies which are separated. The leasindistbetween the two bodies is denotedyRyand is
measured between pointsand@. Indeed, for most 3D objects, computing points at leasadist itself could potentially
be a numerically intensive problem. Some of the possibleaggihes useful in finding points at least distance can bedfoun
in [39] and chapter 2 of [31]. For the current purposes, issugned that the points at least distance are directly &aila
from existing software libraries.

Body 2 IN Body 1
Q P

Fig. 1 Proximal points between two convex bodies

If A denotes the contact force acting on each body at the poinbrdfct, then the non-penetration constraint can
simply be stated a8 < gi' L Ai' > 0, where the superscriptdenotes the current time. For intermittent contact, it
is necessary to impose the non-penetration constraintsitiqgrolevel. The non-penetration constraint can be exya@at
velocity level for the case of a continual contact wjtth = 0. Another possibility is that of expressing the non-perteima
constraint at acceleration level provided that the coodgyy = 0 andgy = 0 are satisfied. The strongest condition of
the three is the complementarity relationship expresseglosition level, since physically the non-penetration ¢aist
is expressed agy > 0 and is of primary interest for the rest of this paper. The ptuatact constraint is to ensure that
the frictional force is dissipative and with a maximum magde of u )\, whereyu denotes the coefficient of friction. In
order to avoid a non-linear complementarity problem, adimegpproximation of the friction cone is used which resuits i
the frictional force taking the form

F={Awn+DAr Ay >0, Ap >0, e"Ap < pAy}, (1)

where D, is a matrix whose columns consist gfunit vectors positively spanning the possible directioh§rictional
force at the point of contacta is the normal at the point of contaet,= [1,1,--- ,1]T € R7 andAr € R". Then, the
complementarity conditions describing the contact camstican be written as

0< gt LAY >0, (2a)
0< Stle+ DTl L ALY >0, (2b)
0< At —eTAlt L s >0, (2¢c)

In equation (2)S is an approximation of the relative tangential contact dpgelv,. is the relative contact velocity vector.
Equation (2b) sets the direction of the frictional force lgld@quation (2¢) ensures that the magnitude of the frictitomee
does not exceed\y. In equation (2a), the expression fﬁél is obtained via a first order discretization of the velocity
equation and can be written as

g =g +hn-olt 4 ©)
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whereh is the time step for the scheme anig the error introduced due to discretization.

The complementarity conditions in equation (2) describ&alastic contact. It is straightforward to include ragiin
based models by incorporating new complementarity camulitafter the first impact. The overall process is divided int
two phases. In the first phase, sufficient impulse is applifitegpoint of contact so thaty = 0. During the next time-step,
a modified set of complementarity conditions is used depgnaipon the restitution condition. It is possible to use viyo
or impulse restitution in both normal and tangential diiats$. Details of such restitution models can be found in [243.
The procedure to include these additional complementeoitylitions into the recursive scheme is identical to thahef
inelastic model. Henceforth, the discussion is limitedhte lhybrid formulations using an inelastic complementaritdel
with the understanding that restitution models can beyeasibrporated in the same framework.

Using equation (3), equation (2) can be rewritten as

0< gh+hn-olft LAFE >0, (4a)
0< S'*le+ Dol LAY >0, (4b)
0<  pAft—eTAE! | st >, (4c)

Thus, the complementarity conditions given by equationaf4)to be solved along with the equations of motion for
the body to obtain the contact forces. If there are multigletacts on the body, then each contact is given an identical
treatment. A larger LCP must be solved at each time step hilsize of the unknown vector dependent on the number of
contacts.

2.2 Kinematicsand dynamicsof arigid body

Let O denote the origin of a body with an impending contact at pginkf w andvp denote the angular and linear velocity
of point P, respectively, then the expression for spatial velodity & [w v’]T) of point P can be written as

Vp = (8™ Y, (5a)
u rpX

S = (5b)
2 u (6x6)

In equation (5)rp x is the skew symmetric matrix for realizing the cross proadithe matrix representation of the position
vectorr p. Vectorrp locates pointP? with respect to the origin of the body andi/ denote the3 x 3 zero and identity
matrix, respectively. Similarly, it anda? represent the angular and linear acceleration of pBinespectively, then the
expression for the spatial acceleration of pditApr = [a, a”’]T) can be written as

Ap = (STP)T.AoﬁLAP, (6a)

. 03><1

Ap = : (6b)

w9 x (W@ xrp)| 4.,

Next, the equations of motion for this rigid body can be wentas

MoAo =71 + 12AN + 13AF, (7)

where,y; are known from the state of the systeml is the spatial mass matrix of the body about the or@inwith this
background discussion, the common structure for hybridnsee formulations is next discussed.

2.3 Common structurefor hybrid complementarity formulations

It is clear from the equation (4) that an expressiondpr! is needed as a function of the unknown contact forces to set
up an LCP. Here, a useful fact is that the acceleration of amytjpn the multibody system can always be represented as
a linear function of an applied force acting on any point & fystem. This statement is true for both rigid and flexible
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4 Kishor D. Bhalerao, Cory Crean, and Kurt Anderson: Hybridrtementarity Formulations

multibody systems. Noting this fact, the expressionfor' is then obtained via a first order discretization of the eggian
for acceleration of the point of interest.

For example, consider a body with an impending impact attpBinAssume that the body does not have any bilateral
constraints acting on it. Then the expression for the spatizeleration4o) of the origin “O” can be written as

Ao = & +&AN +E3Ar. 8)

In equation (8), the matrices are completely known based on the state of the system attirfiée next step is to use the
kinematic relationship given in equation (6) to obtain apression for linear acceleration of poifitas

ap = E1 + ExAn + E3ArF. ()]

The first order discretization of equation (9) gives the esgpion for the velocity of poin® (v,) as

41 _ = | = 41 &yt
Up =1 HQ)\N +'—'3>‘F . (10)

It should be noted that equation (10) has a first order digertean error. Further, the inverse of the mathixo is embedded
in the expressions fGE;. This expression can now be substituted in the complemigntanditions given by equation (4)
to obtain a linear complementarity problem (LCP) in the form

1 141 1 I+1
X111 Xi2 0 AN * aq AN
0<1lx21 Xo2 x23| |AF + o L |Ar > 0. (11)
X31 Xz2 O S as S

In equation (11)y;; anda; are completely known based on the state vector of the systéimet!. This is now in the
standard LCP form and can be solved using any of the availa®R solvers, e.g. PATH solver described in [19]. The
other possibility is to use a scheme based on Gauss-Seidatidns described in [21]. At this point, it is worth memiiog
that the LCP could be side-stepped completely by using aipbpoint formulation as described in [21, 29]. However, it
has been pointed out in [13] that such alternative formaietiare comparable in speed and accuracy to the LCP methods.
Henceforth the discussion is limited to formulating andssaj an LCP of the form of equation (11). The solution to this
LCP gives the contact forces acting over the time-stép +'+! and can be substituted in equation (8) to obtdjn. From
this expression, a first order Euler integration can be useibtain the state of the system at tithe' and the procedure
repeats itself.

Thus, the general procedure to formulate the compleméptamditions in the form of equation (11) can be summarized
as follows.

e Step 1: As afirst step, the expression for the spatial aat@erof the center of masdo (or the origin) of the body
is written as a linear function of the unknown contact forasimg any appropriate procedure.

e Step 2: Next, using the kinematics of the body, the expradsioacceleration of the point of impending contétis
derived. This expression is again a linear function of thienamvn contact forces.

e Step 3: A first order discretization of this equation gives éixpression foo!*! as a linear function of the unknown
normal and tangential contact forces. This expressionlistguted back into the complementarity conditions given
by equation (4) to obtain an LCP in the standard form as gimesguation (11).

The procedure described above is unique for a rigid or flexdmdy which does not have any additional bilateral
constraints acting on it. However, for a multibody systerthveeveral bilateral constraints, different proceduragatbe
followed to obtain equation (8) resulting in hybrid formtidens which are discussed next.
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3 Hybrid recursive formulation

The forward dynamics algorithms for rigid multibody systewithout algebraic constraints can be broadly classifieal in
three categorie€)(n?®), O(n) andO(log(n)), wheren denotes the number of generalized coordinates associittethe
bilateral constraints in the system. In the following dission, the development of a hybrid LCP for each of these nastho
is described.

Irrespective of the chosen forward dynamics method, theetsteps described in section 2.3 must be applied for each
contact in the multibody system. All forward dynamics metbgield the identical LCP. Consequently, the cost of sgjvin
the LCP is identical in each hybrid formulation. Thus, them@Hl computational cost is governed by the step 1. In the
following discussion, it is assumed that there abéodies in the system and there is a potential contact on eabh b

3.1 Traditional approach
Itis possible to write the equations of motion for an uncoaieed multibody system in the form

Mu = F+GyAN"Y +GrAE™, (12a)
— 4 = M 'F4+ M 'GyAY" + M'GrAL"Y, (12b)

whered denotes the unknown time derivatives of the generalizeddspef the system. The other unknowns in equation
(12) are the normal/(}\}"b) and tangential/@i"b) contact forces. All other terms in equation (12) are knovemfthe state
of the system. There are several ways to obtain equation{fizh are collectively referred to &3(n?) methods.

Equation (12b) is equivalent to the step 1 described in @e@i3. The kinematic relationship described in equation
(6) is then used for each body to obtain the expression foelaation of the point of impending contact in the form
ak, ==k + EEAL 4 E’;A}g"l’. Here the superscriptrefers to the representative boklyn the multibody system. A first
order discretization of this equation gives the requirgaregsion ofv/*! for bodyk in a form identical to that of equation

(10). This expression can now be used in equation (4) for badk to obtain an LCP in the form

ol o 11
X111 Xi2 0 : A}\}nb o (851 : A}\}nZ
. 1:
0< Xo21  Xo22  X23 AF™ + a2 LjAg" = 0. (13)
X31 Xzz2 O stnt a3 stnt

A significant portion of the literature on the subject (e2).3, 40, 45]) follows a procedure similar to the one desctibe
above. Such an approach, however, is inefficient for systdrasacterized by a large number of bilateral constrainishvh
are common in the robotics. This is because thered$(a)?) cost involved in formulating equation (12b) from equation
(12a). This additional computational cost is avoided omgishore efficient forward dynamics algorithms as will be seen
in the following discussion.

3.2 Articulated body algorithm (ABA)

There are several(n) methods for efficient simulation of multibody systems. A ardy of these methods follow a
common underlying structure which has been described ih [A5detailed derivation of the ABA for rigid multibody
systems is beyond the scope of this paper and the releenatlite is cited in section 1. Here the part relevant to fdaiting
a complementarity problem is discussed.

ABA requires a backward and forward sweep at each time stepagn in figure 2. In absence of contact, the equations
of motion for bodyk during the backward sweep can be written as

IkAk +-7:k, (14a)
at = GFAF 4 FF. (14b)

In equation (14), the unknowns a#® andw”*. A* represents the spatial acceleration of the origin of bady* denotes
the time derivative of the generalized speeds associatbdhvd joint between bodigsandk + 1 as shown in figure 2. The
rest of the quantities in equation (14) are known and reeelscalculated during the backward sweep.

Next, if it is assumed that each body in the system has a patenpending contact, then equation (14) can be modified
as
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Backward Sweep

\/

Forward Sweep

SN

Fig. 2 Articulated Body Algorithm

~ ~ ~k:nb . ~k:nb .
Wb = GPAF L PR Gy AR + G AR (15b)

In equation (15)A%"* and A% denote the list of normal and tangential contact forcesgain bodies: to nb, respec-
tively. On completing the backward and forward sweep, th@ession of the spatial acceleration of origin of each bady i
obtained as a linear function of the unknown contact for€éss is equivalent to step 1 described in section 2.3. Faligw
the remaining two steps, one obtains an LCP for the systenfidmasimilar to that of equation (13).

For ABA, the procedure one needs to follow to complete stepskation 2.3 is identical to that of imposing algebraic
constraints on the system at acceleration level at point:ipénding contact. This is hardly surprising since the goal
both the cases is to obtain the expression of acceleratiapgbpriate locations as a linear function of an unknowriiegp
constraint force. The primary advantage of using ABA over iore traditional methods is that the cost of this step is
linear in the number of joint variables. Indeed, there isddlittonal cost associated with propagating the unknownagin
forces from the body to the root node and back to the body. Mewéhis cost is also linear in the number of intermediate
relative joint coordinates encountered. This makes theitiykBA-complementarity approach superior to the traditib
complementarity approach for multibody system with margtbral constraints.

3.3 Divide-and-conquer algorithm (DCA)

ABA is optimal for serial implementation but is not well sedt for parallel implementation. For several applications
(e.g. biped simulation), it is desirable to use parallebathms for analysis to achieve increased computationetgg.
The DCA presented in [16, 17] achievedlog2(n)) complexity onO(n) processors for tree type topologies. The
previous efforts on developing logarithmic complexityaighms were limited to chain topologies [20] or were iteraf1].
Subsequently, there are other methods (e.g. [11, 34, 49phwibllow the DCA framework with some differences in the
actual implementation. A hybrid complementarity formidatis possible with each of these methods. However, here the
discussion is limited to the structure of equations fordigiultibody systems with contact. A more detailed desa@iptf
hybrid DCA-complementarity methods can be found in [7,9, 48

DCA consists of two processebssembly andDisassembly which must be carried out at each time step. Figure 3 shows
the assembly of two bodidsandk + 1 of a multibody system. The handle equations for bédyan be written following
the procedure described in [34] as

AF = CRFF A+ CRFE + (s + AN + (AR, (16a)
A3 = T+ GuFy + Gy + AN + Cas A (16b)
In equation (16),Ff and F¥ are the spatial constraint forces acting on handlésand H%, respectively. The handle

equations can be written for all the bodies in the systemigftdrm. On performing théssembly-Disassembly operation
(see [7,9] for details), one obtains
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Joint Motion Subspace

Fictitious assmebled body

Fig. 3 Divide-and-Conquer Algorithm

Al = G+ GRARN" + G1sAL, (17a)
A3 = G+ GnAN" + G5AL". (17b)

Equation (17) completes step 1 as described in section 2Bowkng the procedure described in steps 2 and 3, it is
possible to obtain an LCP for the system in a form identicahgt of equation (13). As was the case with ABA, the
procedure to obtain the LCP for contact constraints in DCgaisie as the procedure which needs to be followed to impose
algebraic constraints. Each point of contact is treatedhaglditional handle and on performing thssembly-Disassembly
operation, the expression for spatial acceleration of thetf contact on each body is obtained as a linear comloinatf
the unknown contact forces. Thus, the order of method resnaichanged for formulating the LCP.

3.4 Numerical comparison of hybrid complementarity methods

In the previous section, the procedure for hybrid complaarity methods was given along with the theoretical computa
tional complexity in formulating the LCP. In this section americal comparison is given for the three classes of method
All the methods are serially implemented. The system ctgeizannb rigid body planar chain which is released from rest
under the influence of gravity as shown in figure 4. All the lesdn the system are initially held in a horizontal position
at a height of 1 above the ground and are identical with maddesngth equal to 1. Each simulation is performed for the
duration of 2 seconds with a fixed time stepl6f 3. The number of bodies selected for timings studies are 8,1@,32,64
and 128.

Fig. 4 System simulated for time comparison

Figure 5 shows the timing comparison for the three methodbgence of any contacts. The simulations are performed
in Matlab and the average time taken for 5 runs are reportdigume 5. The plot of efficiency of the methods was as
expected. Although DCA and ABA are both(n) methods for serial implementation, DCA is slower than AB/Ada the
excess matrix manipulations required as compared to ABA.

Next, the efficiency of each method is tested in presencertdfcts. Two different cases are simulated. An inelasti¢aszin
is defined, first between point poiftand liney = 0 and then between poinf3 and@ and the liney = 0. Figure 6 gives
the comparison of the efficiency of the hybrid complemetyamiethods. The plots can be explained as follows.
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Fig. 5 Computational efficiency of three different methods in alogeof contact

In each hybrid method, the three steps discussed in sectoare followed. The computational cost of steps 2 and 3
are comparable in all hybrid formulations. Consequently,dverall cost of the hybrid methods is dictated by step & Th
additional computational cost of solving the LCP is ideailtia all hybrid formulations.

The overall cost of the traditional method is, unsurpriin@(n?) as is clearly seen in figure 6(a). The vertical shift in
the efficiency curve in presence of contacts correspondeetadditional time required to solve the LCP.

In DCA and ABA, the efficiency curves shown in figures 6(b) a(t) 6or no contact and one contact are exactly parallel.
This was also anticipated and can be explained as follows. point P is chosen as the root node in both the methods.
Consequently, the unknown contact forces appear in thetiequanly on reaching the root node. At this point an LCP can
be set up and solved to obtain the contact forces. Thus, ttleMaad and forward sweepassembly anddisassembly for
DCA) are identical with one contact and with no contacts. Eesv, the situation is different in presence of two contacts
In that case, the unknown contact forces from p@irdre propagated back to the root node. At this stage, the ssipre
for the acceleration of poinP can be obtained as a linear function of unknown contact foateointsP and@. This
however, is not sufficient to set up an LCP. Consequentlyfadhgard sweep must be completed to obtain an expression
for acceleration of poin) as a linear function of the unknown contact forces at pafhend@. At this point an LCP can
be set up in the usual manner and solved for to obtain the cofiot@es. The additional cost of propagating the unknown
contact force from poin® to the root node and back is aléi{n) in both DCA and ABA for serial implementation. This
additional cost is reflected in the change in slopes of theiefffty curves for two contacts in both DCA (figure 6(b)) and
ABA (figure 6(c)). Figure 6(d) gives a comparison of all thestda hybrid methods in presence of two contacts.

These results can now be extrapolated to the more geneeabtasnbd body chain with an arbitrary number of contacts.
The efficiency of hybrid complementarity methods is priryatictated by step 1 of section 2.3. In each hybrid formolati
the cost of formulating an LCP for each additional contaatdmparable. As a result, the choice of forward dynamics
algorithm for efficiently formulating an LCP is independefnthe number of potential contacts in the system. This ie®pli
that if a forward dynamics algorithm for a given system tagyl is most efficient in absence of any contact, the same
method would also be the best in presence of an arbitrary supftcontacts. The results from existing literature for the
efficiency of forward dynamics algorithms are briefly sumized here.

For serial implementation with > 7, the O(n) method is faster than the tradition@(n?) approach [43]. The order
of anO(n) method is the same for a chain and branched topology for wtiGined systems. However, &{n) method
incurs an additionaD(nm? + m?) cost associated with independent algebraic constraints. A better approachufcin s
constrained systems is to uRecursive-Coordinate-Reduction (RCR) [10] which results in a®(n + m) formulation.

For parallel implementation, a DCAe-complementarity [Approach would achieve the fastest results when used for
larger systems. Other parallel algorithms such as DCA [Ih,ADA [49] and ODCA [34] are also expected to achieve
an improved performance over traditional methods when ugtdthe complementarity contact models. However, the
obtainable speedups for branched topologies are highlgrasmt on the structure of tlassembly tree. A more detailed
discussion on the subject can be found in section 2 of [17]. oparison of some of the parallel forward dynamics
algorithms is given in [50].

Based on the above discussion, a suitable method for areeff&imulation may be selected depending upon the system
under consideration and the computational architectuaiadle.
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Fig. 6 Computational efficiency of the hybrid complementarity hoets

4 Accuracy of Complementarity Time-Steppers

It is possible to formulate an LCP following the procedursa#ed in section 2.3, solution to which yields the contact
forces. In this section, the accuracy of the complementhesed time-steppers is discussed along with severaligabct
issues pertinent to simulation of multibody systems freqyeencountered in robotics.

Recall that the complementarity formulation is dependenthe first order discretization of the acceleration equmatio
of the point of contact. Here it is worth mentioning that tlemtact force and acceleration are theoretically infinitd an
cannot be calculated at the exact time of impact. Howevemiyy around this was to look at the impuldg € fét F, dt)
instead of the contact forcE. at each contact. In all the complementarity time-steppaigmes, the contact impulse is
approximated using a first order decretizationas~ AtF,, whereAt = t't1 — ¢! is the fixed time-step of integration.
This allows the expression of acceleration, also referoedst ‘pseudo-acceleration’ in [29], to be written as desdtib
before. The set of contact forces obtained from solving {6 lare such that the contact constraints are satisfied aasong
a first order Euler integration is employed for the integnaiof the equations of motion. However, a first order intégrat
is rarely used in any multibody simulation.

A higher order method for simulating frictional contact plems is given in [44, 46]. This approach assumes some
information about the nature of solution and the discoritiiesi resulting from thestick-slip phenomenon in presence of
friction. [29] describes a four-stage Runge-Kutta methmabntact problems which achieves fourth order accuracypgu
the smooth parts of the motion and a first-order accuracy ifrgract is encountered during the time-step. These methods
are still inadequate for several important systems whiadoenter an impact at every time-step, e.g. bipeds and tdacke
vehicles. An iterative higher order integration schemedfefiormable bodies undergoing intermittent contact is idesd
in [13, 15]. The derivation is given for both explicit and itigit higher order integration. This approach required ta
be expressed as a linear function of the generalized caatetin To achieve this, absolute coordinates are used taloesc
the position and orientation of each body and a Taylor sesgansion is employed. This, however, is rarely possilie fo
3D systems employing internal coordinates. A second oraghad for frictional contact which requires the solution of
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a single LCP per time step is described in [22,41]. This metthmes not make any restrictive assumption to achieve the
second order convergence and hence differs from thoseltede.

In the following discussion, a non-iterative scheme foctfanless contact is described which allows the use of any
explicit higher order integration method along with the gd@mentarity solver. The difficulties in extending this inzd
to include frictional contacts are also discussed.

4.1 Explicit Higher Order Integration for Frictionless Contact

As stated before, although the contact forces are infirtitgy effect is approximated{ = AtF.) in the time-stepping
scheme using a first order discretization. This practicemmon for all complementarity time-steppers and the swfuti
to the LCP yields the contact impuldg. The contact impulse is further used to compute the statbeo$ystem at time
t+1 without computing the acceleration. However, the statdefsystem at timé¢*! can also be computed by assuming
that a constant forcé, = % acts on the system from timé-t'+! as long as a first order integration is used to integrate
the equations of motion. This idea is further extended afbr any higher order explicit integration scheme as fofio

First, calculate the contact impulsds)(acting over the time-stefdt using the standard LCP procedure. Next, equivalent
constant contact forces. are computed using, = ﬁ At this point the state of the system is known at titheAll the
forces acting on the system are known for the time-stept!. As a result, any higher order integration scheme can be
utilized to integrate the system from tinfeto t/+1. This simple modification however has some other numeritedis on
the contact problem. The first and most obvious problem istteacomplementarity conditions given in equation (4) are
no longer exactly satisfied. The complementarity condgiaould be satisfied only if a first order Euler integration was
used to advance the simulation. Indeed, on using a first antkgration, the complementarity conditions can be satisfi
to a user defined precision. However, the resulting simaatvould be of little practical use because of the large error
present in the system as a consequence of using a first otegration for a highly non-linear system.

To demonstrate this point, a simple 8 planar body pendulushasn in figure 4 is simulated using a forward Euler
integration and a Runge-Kutta 4th order integration wittxaditime step ol0~—3s. There are no contacts defined in the
system and the poin® is connected to ground via revolute joint. The system isasde from a horizontal position with
zero initial velocity and allowed to move under the influenégravity. The system is expected to conserve energy since
there are no dissipative forces acting on it. As can be glesén from figure 7, the first order integration introduces
errors of magnitud€ (10°) higher than the explicit Runge-Kutta integration. Thisutegasily shows that even if the
complementarity conditions are exactly satisfied to a higérée of precision, the first order Euler integration introes
significant errors in the simulation. This is especiallyetfar highly non-linear systems frequently encountereabotics.

4 T T
—— A E (First order Euler)
—— A E (Fourth order Runge—Kutta)

-2} 4

0(107%

-8 ! ! !

Time

Fig. 7 Driftin total energy, At = 103 s.

Thus, in the modified higher order time-stepper, some ea@€ertainly introduced in satisfying the complemenyarit
conditions. It is numerically demonstrated that such erare still of an acceptable magnitude. The system shown in
figure 4 is simulated for 3 bodies with a frictionless inalasbntact defined between poin&Q and liney = 0. In the
initial state, the center of mass of the first body is locategoint (x, ) = (0,2.3) and it's orientation angle with respect
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to ground fixed reference frameisg. The other relative angles are settoSince the chosen system does not have any
frictional force acting on it, it is expected that the cemtbmass of the system should not change imtlirection. Further
the complementarity conditions should enforce a non-patieh constraint at point® and@. The results are shown in
figure 8 and the drift in center of massardirection is denoted byc ;.
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Fig. 8 Accuracy of complementarity time-stepperst = 1073, u = 0.

Figure 8(a) shows that a first order integration causes afisigmt drift in the center of mass of the system. This drift is
magnified by an order of magnitude for a 3D system as has bewwnsh [9]. The error in inter-penetration constraint is
of O(10~°) which is acceptable.

Next, an explicit fourth order Runge-Kutta integrator isgayed following the procedure described in the beginning
of this section and the results are shown in figure 8(b). THeidithe center of mass is improved by a factor@f10*) as
compared to the Euler integration. However, an unexpeaedde is encountered at the points of inelastic contacts Thi
can be explained as follows. The forces obtained from the &f@Psuch that the complementarity conditions are satisfied
if a first order integration is used. However, in this caseftiiees obtained from the LCP solver are used in a fourth order
Runge-Kutta integration. This violates the non—pene.’mactbnstraintgﬁ\’;1 < 0) to amuch higher degree than the case with
forward Euler integrationg ! ~ 0). If the contact occurred between tintfe- t/+1, then the system is under considerable
strain at timet!*+! aSgﬁ\]+1 <0 and|g'§\f1| > 0. If the non-penetration constraint is again imposed at tstjon level, the
simulation gives incorrect contact forces for the timepste! — t/+2. This is because the contact force applied between
t+1 — t1+2 s, by definition, sufficient to reverse the direction of nootiof the point of contact so thaty ~ 0 at timet!*+?2
based on a first order discretization. This results in plafisicncorrect and excessively large forces being appliedhe
system during the time-step™! — ¢/+2.

This problem, however, can be easily resolved by switchiegptosition level complementarity constraint to a velocity
level constraint after the first impact. The new complemegtytaondition is then simply stated @s< n - v!+? L )\l]ﬁ >
0. Indeed, the actual implementation of this modified conditis trivial and can be achieved by the following simple
conditional statement in the simulation code.d,(< 0), then sey, = 0. This automatically ensures that once contact is
established, the position level non-penetration relatigmis replaced by complementarity condition at veloaiyel. The
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additional advantage is that as soon as the contact ishestamplementarity condition automatically changes tatjpos
level. Figure 8(c), shows that on switching the complenréytaonstraint to velocity level on impact, the bounce seen
previously (see figure 8(b)) disappears. However, the-jpégretration constraint errors are two orders of magnihigleer
than those seen in figure 8(a). Another possible drawbackalf an approach is the accumulation of position level errors
as the simulation progresses [8].

This problem can be corrected in the following manner. Rnesly, the complementarity solver was not allowed to
see any inter-penetration by imposing the complementadhdition at velocity level after the first impact. In order t
correct this, the amount of inter-penetration seen by thepdementarity solver is limited explicitly with another ath
modification to the conditional statement. A < gn¢), then setyy = gne, Wheregy. < 0 is user defined and is
dependent on the time-step of integration and the systersechdr he effect of this modification is that the contact force
applied by the complementarity solver is not exceedinglydaHowever, care must be taken in selecting the valygof
since settingyy. < 0 for a certain time-step is equivalent to adding a small arhofienergy to the system during this
time step to correct the errors in inter-penetration cemstr Indeed, the value @fy. is not arbitrary and it is possible to
make an intelligent guess. The valuegaf. is of the same order as the errors in inter-penetration cainsintroduced on
using a first order integration. In this case, the forwarceEurdtegration results in an inter-penetration error of dinger
of O(107°). Hencegy. = —107°. With this modification, the errors introduced in the inpmetration constraint on the
first impact are reduced by two orders of magnitude as seemffgure 8(d). This clearly shows that the errors introduced
in the complementarity condition due to use of the higheeoidtegration can be kept in control. At the same time, the
accuracy of the overall simulation is improved by four osdef magnitude.

Using a higher order integration following the procedursatibed above has some important disadvantages for fradtio
contacts. The frictional force is no longer guaranteed tdibsipative or achieve maximum dissipation. In the tradiil
LCP approach, itis possible to prove that the frictionat&obtained on solving the LCP achieves maximum dissipation
long as a first order integration is employed to advancedithelation. However, it must be pointed out that the maximum
dissipation is limited by the number of directions of fraoti associated with the polygonal approximation of the ifsitt
cone (the columns of matri®,. is equation (1)) chosen at each contact. In other words pibssible to get closer to the
theoretical maximum dissipation by selecting a sufficietgtge number of direction vectors. This is not done in pcact
Additionally, the first order integration required to prabhe maximum dissipation itself cannot be treated as a truttiah
due to the large errors introduced in the integration of &goa of motion.

The proposed approach is expected to work well for fricgésslcontacts. In the presence of friction, the method is not
guaranteed to produce accurate results.

4.2 Practical Issueswith Flexible Multibody Systems

The hybrid formulations described above can directly beraéd to include flexible bodies in the systems as well and hav
been described in [7,13-15]. Aoating Frame of Reference approach is employed to model the deformation in each body.
All the discussion regarding the accuracy of integratodirisctly applicable for flexible bodies as well. Modelingtact

in flexible bodies gives rise to additional difficulties whiare briefly discussed in this section.

The steps given in section 2.3 can be used for a hybrid comgsitarity formulation for flexible multibody systems.
The deformation field in each body is modeled as a superposifipreselected mode shape functions. During the impact
of a flexible body, all the possible deformation modes of thdybare excited. It is not physically possible to include all
the mode shapes in the simulation. In the least, the modesshvapich are expected to play an important role in restitutio
of the flexible body must be included. Here it should be noted the simulation can be performed without including the
higher order modes. This however does not guarantee anageaimulation. The errors introduced in the simulation on
neglecting the higher order mode shapes excited on impa&bgrected to depend on the system under consideration and
its effects are hard to quantify. Note that a velocity or itspurestitution model can also be included for flexible bedie
However, in reality, the elastic behavior of the body is mesgible for the restitution. Consequently, the high fretue
modes which do not play a significant role in the dynamics efdyistem in absence of contact must also be included for a
correct contact simulation.

This leads to other problems. The error introduced in theesgion forv! ™! (see equation (10)) now also depends on
the frequency of the mode shapes. Consequently, the agooiréite computed contact forces depends on the frequency
of the mode shape and the time steps of integration. Inafulligh frequency mode shapes would then demand smaller
time-steps to control the errors in the simulation. For ssygdtems it is better to use the complementarity contact irmode
described in [4,41] to account for the stiffness of each fikxbody.
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5 Conclusion

This paper discussed the simulation of intermittent cdritexobotic systems characterized by a large number ofdy#éht
constraints. A clear guideline is given for hybrid complertaeity formulations which allows the use of complemeryari
contact models with any of the recursive forward dynamitestes. Each hybrid formulation results in an identical LCP.
The cost of solving this LCP is the same in all the hybrid folations. Consequently, if a forward dynamics algorithm is
optimal for a given system in absence of any contact, the sdgwithm would also be optimal in presence of contacts.
Thus, the comparative studies of recursive forward dynamsitiemes for serial [43] and parallel implementation [0], 5
directly apply to the case of simulating multiple contactgg a hybrid LCP formulation. Additionally, it was thedrzstly
and numerically shown that the traditional approach foluding complementarity contact models in multibody system
with many bilateral constraints is inefficient. The traglital approach for modeling intermittent contact is expetdegive
optimal results for smaller systems. A hybtidn)-complementarity method results in the most efficient imm@atation
for larger systems simulated on a single processor. In poesef parallel architecture, any of thg(n)-complementarity
methods would result in an efficient simulation.

Additionally, a modified approach for integration of mot®is presented which allows the use of any explicit higher
order integrator with the LCP solver for frictionless cartta=or frictionless case, it is numerically demonstratet such
a modified approach is better than the first order integragqguaired for the traditional LCP time-steppers. In the pneg
of friction, this modified approach could result in inacderaimulations. Using higher order integrators for intetemit
frictional contact results in well documented difficultisd is not possible without making some restrictive assiangt
about the system. Currently, the only method to achieve engkarder convergence is described in [22,41] and should be
the method of choice for simulating intermittent frictidicantact.

References

[1] K.S. Anderson and S. Duan, A hybrid parallelizable lowl@ralgorithm for dynamics of multi-rigid-body systemsrfRaChain
systems, Mathematical and Computer Modelddg193-215 (1999).
[2] M. Anitescu, A fixed time-step approach for multi-bodyr@dynics with contact and friction, Tech. Rep. ANL/MCS-P1@®B03,
Mathematics and Computer Science Division, Argonne Natibaboratory, Argonne, lllinois, 2003.
[3] M. Anitescu and F. Potra, Formulating multi-rigid-bodgntact problems with frictionas solvable linear complataéty prob-
lems, ASME Journal of Nonlinear Dynamitd, 231-247 (1997).
[4] M. Anitescu and F. Potra, A time-stepping method forfstitiltibody dynamics with contact and friction, Internata Journal
for Numerical Methods in Engineeririgp(7), 753—784 (2002).
[5] A.A.Barhorst, On modelling variable structure dynasaf hybrid parameter multibody systems, Journal of Souxddvéloration
209(4), 571-592 (1998).
[6] D. Barhorst, Issues in computing contact forces for penetrating rigid bodyes, Algoritmick), 292—352 (1993).
[7] K.Bhalerao and K. Anderson, Modeling intermittent cacttfor flexible multibody systems, Nonlinear Dynamét§1-2), 63—79
(2009).
[8] K. Bhalerao, On Methods for Efficient and Accurate Desam Simulation of Multibody Systems, PhD thesis, Rensselae
Polytechnic Institute, 2010.
[9] K.D.Bhalerao, K.S. Anderson, and J. C. Trinkle, A reduesybrid time-stepping scheme for intermittent contaaniulti-rigid-
body dynamics, Journal of Computational and Nonlinear Dyina4(4), 041010 (2009).
[10] J.H. Critchley and K. S. Anderson, Recursive coordiraduction method for multibody systems dynamics, Jouwdidultiscale
Computational Engineerint(2-3), 181-199 (2003).
[11] J.H. Critchley, K. S. Anderson, and A. Binani, An effiotenultibody divide and conquer algorithm and implemewiatiournal
of Computational and Nonlinear Dynami4g), 021004 (2009).
[12] S.Duan and K. S. Anderson, Parallel implementationlofiaorder algorithm for dynamics of multibody systems onstrithuted
memory computing system, Engineering with Compuié(®), 96—108 (2000).
[13] S. Ebrahimi, A Contribution to Computational Contacb&edures in Flexible Multibody Systems, PhD thesis, Unsitg of
Stuttgart, 2007.
[14] S. Ebrahimi and P. Eberhard, On the use of linear comgiearity problems for contact of planar flexible bodies,deexlings of
the ECCOMAS Thematic Conference on Multibody Dynamics 800
[15] S. Ebrahimiand P. Eberhard, A linear complementaotyrfulation on position level for frictionless impact of pkr deformable
bodies, Zeitschrift fuer angewandte Mathematik und Mei#h86(10), 808—-817 (2006).
[16] R. Featherstone, A divide-and-conquer articulateditaigorithm for paralleD(log(n)) calculation of rigid body dynamics. Part
1: Basic algorithm, International Journal of Robotics Resk18(9), 867-875 (1999).
[17] R. Featherstone, A divide-and-conquer articulatetditaigorithm for paralleD(log(n)) calculation of rigid body dynamics. Part
2: Trees, loops, and accuracy, International Journal obRobResearch8(9), 876—-892 (1999).
[18] R. Featherstone, Robot Dynamics Algorithms (Kluweademic Publishers, Boston, Massachusetts, 1987).
[19] M. Ferris and T. Munson, Interfaces to PATH 3.0: Designplementation and usage, Computational Optimization/oulica-
tions12(1), 207—-227 (1999).

Copyright line will be provided by the publisher



14

Kishor D. Bhalerao, Cory Crean, and Kurt Anderson: Hyl@amplementarity Formulations

(20]
[21]
(22]

(23]
(24]

(25]
(26]
[27]

(28]
(29]

(30]
(31]
(32]
(33]
(34]
(35]
(36]
(37]
(38]
(39]
[40]
[41]
[42]
(43]
(44]
[45]

[46]
[47]

(48]

[49]
[50]

A. Fijany, |. Sharf, and G. M. T. D’Eleuterio, Parallel(log n) algorithms for computation of manipulator forwargndmics,
IEEE Transactions on Robotics and Automatidif3), 389—400 (1995).

M. Foerg, F. Pfeiffer, and H. Ulbrich, Simulation of latieral constrained systems with many bodies, Multibodst&y Dynam-
ics 14, 137—154 (2005).

B.l. Gavrea, M. Anitescu, and F. A. Potra, Convergenta olass of semi-implicit time-stepping schemes for nonstimaigid
multibody dynamics, SIAM Journal on Optimizatid8(2), 969—1001 (2008).

C. Glocker and F. Pfeiffer, Multiple impacts with friot in multibody systems, Nonlinear Dynamies471-497 (1995).

C. Glocker and C. Studer, Formulation and preparatimmfimerical evaluation of linear complementarity systémdynamics,
Multibody System Dynamic&3(4), 447—463 (2005).

A. Jain, Unified formulation of dynamics for serial rigimultibody systems, Journal of Guidance, Control, and Dyina14(3),
531-542 (1991).

S.S. Kim and E. J. Haug, Recursive formulation for flégimultibody dynamics: Part I, Open-loop systems, CompMtethods
in Applied Mechanics and Engineerifid(3), 293-314 (1988).

S. Kim and E. Haug, A recursive formulation for flexiblauttibody dynamics, Part II: closed loop systems, Computethdds
in Applied Mechanics and Engineeriitg(3), 269 (1989).

E. Kokkevis, Practical physics for articulated chaeas, in: Proceedings of Game Developers Conference, 2004

R. Leine and C. Glocker, A set-valued force law for spla@oulomb—Contensou friction, European Journal of MeidsaA
Solids22(2), 193-216 (2003).

P. Loetstedt, Mechanical systems of rigid bodies suttije unilateral constraints, SIAM Journal of Applied Matiatics42(2),
281-296 (1982).

B. Mirtich, Impulse-based Dynamic Simulation of Rigdady Systems, PhD thesis, University of California at Bé&ke1996.
J.J. Moreau, Unilateral contacts and dry friction iritBrfreedom dynamic802 (1988).

R. Mukherjee and K. S. Anderson, A logarithmic comptgxdivide-and-conquer algorithm for multi-flexible artiated body
systems, Computational and Nonlinear Dynan2i@g, 10-21 (2007).

R. Mukherjee and K. S. Anderson, An orthogonal complenimsed divide-and-conquer algorithm for constrainedtibndy
systems, Nonlinear Dynamid§(1-2), 199-215 (2007).

M. S. Pereira and P. Nikravesh, Impact dynamics of rhally systems with frictional contact using joint coordesmaind canon-
ical equations of motion, Nonlinear Dynami@s53—71 (1996).

F. Pfeiffer, Applications of unilateral multibody dgmics, Phil. Trans. R. Soc. Lon859(1789), 2609-2628 (2001).

F. Pfeiffer, The idea of complementarity in multibodyrémics, Archive of Applied Mechanic®(11-12), 807—816 (2003).

F. Pfeiffer, Unilateral multibody dynamics, MultideaComputational Engineerinf2 & 3), 311-326 (2003).

F. Pfeiffer and C. Glocker, Multibody Dynamics with Uatieral Contacts. Wiley Series in Nonlinear Sciences (YWWkew York,
1996).

F. Pfeiffer and C. Glocker, Multibody Dyanmics with Uatieral Constraints, CISM Courses and Lectures No. 42&rrational
Centre for Mechanical Sciences (Springer, 2000).

F. Potra, M. Anitescu, B. Gavrea, and J. Trinkle, A lifgamplicit trapezoidal method for integrating stiff mibbdy dynamics
with contact, joints, and friction, International Jourfial Numerical Methods in Engineerir@f(7), 1079-1124 (2006).

S. K. Saha and W. O. Schiehlen, Recursive kinematicsdgndmics for parallel structured closed-loop multibodgteyns, Me-
chanical Structures and Machin2¥(2), 143—-175 (2001).

W. Stelzle, A. Kecskemethy, and M. Hiller, A comparatistudy of recursive methods, Archive of Applied Mechar@i6gl-2),
9-19 (1995).

D. Stewart, A high accuracy method for solving odes wligtontinuous right-hand side, Numerische Mathen&g{t), 299-328
(1990).

D.E. Stewart and J. C. Trinkle, An implicit time-stepgischeme for rigid body dynamics with inelastic collisi@m& coulomb
friction, International Journal of of Numerical MethodsEngineering39, 2673—-2691 (1996).

D. Stewart, A numerical method for friction problemstwimultiple contacts, The ANZIAM Journ&7(03), 288—308 (2009).
J. Trinkle, D. Pang, S. Sudarsky, and G. Lo, On dynamidtimigid-body contact problems with Coulomb friction, #schrift
fur Angewandte Mathematik und Mechanik(4), 267—279 (1997).

K. Yamane and Y. Nakamura, A numerically robust LCP soffor simulating articulated rigid bodies in contact, Rredings of
Robotics: Science and Systems IV, Zurich, Switzerland 8200

K. Yamane and Y. Nakamura, Efficient parallel dynamiomputation of human figurels 530-537 (2002).

K. Yamane and Y. Nakamura, Comparative study on sendlgarallel forward dynamics algorithms for kinematic ctsailnter-
national Journal of Robotics Resea8(5), 622—629 (2009).

Copyright line will be provided by the publisher



