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ABSTRACT

The method of recursive coordinate reduction (RCR) offers solutions fo the forward
problem of multibody dynamics at a cost in which the number of operations is linear in
both the number of generalized coordinates, n, and the number of independent algebraic
constraints, m (e.g., O(n + m)). However, the RCR is presently restricted in applicabil-
ity (albeit broad) and susceptible to formulation singularities. This article develops two
methods for avoiding formulation singularities as well as a recursive general coupled loop
solution that extends the RCR fto the complete set of multibody systems. Application of
these techniques are further illustrated with a special five-bar linkage. The existing RCR
coupled with these developments constitute a generalized recursive coordinate reduction
method that should be used in place of the traditional “O(n)” constraint technique (truly
O(n + nm® + m>)) for superior O(n + m) computational performance.
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NOMENCLATURE
Fpk The spatial acceleration vector of body k as measured in frame F
Ejk The recursive spatial vector of acceleration components associated with body k measured in frame F which are

explicit in the system generalized speed derivatives (u's)

AR The spatial vector of acceleration components associated with body k measured in frame F which are not explicit
in the system generalized speeds (u's)
An[k] The ancestral body set of a body k
b Index corresponding to the branching body in a coupled loop system
ch %] The set of child bodies of a body k
Di An arbitrary dependent coordinate on local loop i
dep; The set of dependent coordinates on local loop i
Des[ %] The descendant body set of a body k
F The spatial force vector of body k
F, The recursive spatial force vector of body k
fM A column matrix of the recursive spatial force vectors Fkiwith ke independents f; through |;
Fhi The spatial force vector associated with independent generalized speed uy, in the coordinate reduced equation
of motion on local loop i
T A spatial force vector intermediate quantity associated with body k
7 A context dependent “first” coordinate associated with a local loop i
Ghi A row matrix of spatial tensors representing the dependence of spatial velocity k; on outboard independent
generalized speeds
H i A row matrix of spatial tensors representing the dependence on outboard independent generalized speeds in
spatial velocity k;'s expression in terms of p;
HE The spatial tensor element of H' associated with independent generalized speed r
Hhi A row matrix of spatial tensors representing the dependence on outboard independent generalized speeds in
the k" coordinate reduced equation of motion (outboard of p)
Hki A row matrix of spatial tensor intermediate quantities
I An arbitrary independent coordinate on local loop i
Tk The spatial inertia tensor of body k
Tt The recursive spatial inertia tensor of body k
0 3k A recursive spatial inertia tensor associated with independent generalized speed uy; in the coordinate reduced
equation of motion on local loop i
j_k,;O, A recursive spatial inertia tensor associated with independent generalized speed uy in the coordinate reduced
equation of motion on local loop i
0, jk;o, A recursive spatial inertia tensor associated with independent generalized speed uy in the coordinate reduced
equation of motion existing only on common bodies of two coupled loops i and j
A0, A k50,
Iwm A column matrix of the recursive spatial inertia tensors Z  with k; € independents f; through |;
P P 9
S0 0, =4 . .
Iwm A column matrix of the recursive spatial inertia tensors ' 7 " with k; € independents f; through |;
0, =4 A spatial inertia tensor associated with independent generalized speed uy; in the coordinate reduced equation of
va motion on local loop i
— %30, A spatial inertia tensor associated with independent generalized speed uy, in the coordinate reduced equation of
motion on local loop i
0( v]\l . . . . . . . . . .
1 A spatial inertia tensor intermediate quantity associated with independent generalized speed uy;
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FAO A spatial inertia tensor intermediate quantity associated with independent generalized speed uy;

The central inertia dyadic of body B

i Index corresponding to an arbitrary kinematic loop

ich[ %] The body set of independent children of body k

iDes[ %] The body set of independent descendants of body k

ind; The set of independent coordinates on local loop i

7 Index corresponding to an arbitrary body, coordinate, or kinematic loop

Ji Index corresponding to an arbitrary body or coordinate number on local loop i

K; A diagonal matrix of the spatial partial velocity vectors associated with independent generalized speeds f;
through li

% Index corresponding to an arbitrary body or coordinate number

; Index corresponding to an arbitrary body or coordinate number on local loop i

/; The “last” independent coordinate associated with a local loop i

N The Newtonian (or inertial) reference frame

n The number of generalized coordinates in a multibody system

nr The number of independent coordinates outboard of the virtual terminal body p;on local loop i

n; The number of generalized coordinates in a local kinematic loop i

Mk The recursive triangularized mass matrix diagonal associated with generalized speed k

Mu A square matrix of the coupled block triangularized mass matrix terms which are Mki with k; € independents f;
through |;

m The number of independent algebraic constraint relations in a multibody system

m; The number of independent algebraic constraint relations in the local loop i

mp The mass of a body B

Pt The spatial partial velocity vector representing the partial derivative of NVk with respect to u,

Pt The constrained spatial partial velocity explicitly accounting for the constraint through the direct embedding of
the constraints in the equations on motion

Pi Index corresponding to the virtual terminal body of the local loop i

plA] The parent of a body k

Qi A scalar intermediate quantity associated with the local kinematics of loop i and body k

Ry A spatial tensor intermediate quantity associated with the local kinematics of loop i and body k

r Index corresponding to an arbitrary body or coordinate number

St The spatial shift tensor which represents the position vector cross product coupling of linear and angular
relationships associated with body k and it's parent body

rSk The spatial shift tensor which represents the position vector cross product coupling of linear and angular
relationships between body k and body r

T* The spatial triangularization tensor associated with generalized speed k

u The spatial unity tensor

[7 A unity dyadic

u, The generalized speed associated with the motion of body k relative to it's parent body

u; A matrix of the independent generalized speeds f;through |;

uy The generalized acceleration associated with the motion of body k relative to it's parent body
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Fyk The spatial velocity vector of body k as measured in frame F

Fyk The recursive spatial vector of velocity components associated with body k measured in frame F which are
explicit in the system generalized speeds (u’s)

Ry k The spatial vector of velocity components associated with body k measured in frame F which are not explicit in
the system generalized speeds (u's)

F5° The velocity of a body B's center of mass as measured in frame F

Whi A spatial tensor intermediate quantity recursively relating the kinematics of body k; pl[k], and n;through the
direct embedding of constraints on loop i

Xki A spatial tensor intermediate quantity recursively relating the kinematics of body k; plk], and n;through the
direct embedding of constraints on loop i

Vi A spatial tensor relating the kinematics of body k; p;, and n;through direct embedding of constraints on loop i

Zki A spatial tensor relating the kinematics of body k; p;, and n;through direct embedding of constraints on loop i

0; The base body of loop i which branches to form the loop

" The angular velocity of body b as measured in frame f

1. INTRODUCTION

'The complexity of a multibody system model is often
simplified to obtain solutions in a desired (or realistic)
time scale for applications such as realtime operator or
hardware-in-the-loop simulation, robotics and control
simulation, model-based predictive control, virtual pro-
totyping, design optimization, and the like. The fidelity
of such applications is most generally compromised by
both the model reduction and simplification required
to realize simulation/analysis time constraints. In this
respect, rapid computation of the forward dynamics of
multibody systems has an important role in many areas.
This has prompted researchers whose interests lie in a
wide variety of fields to investigate methods for increas-
ing the performance of multibody forward dynamics
methods, which had traditionally computed solutions for
the 7 independent coordinate accelerations in order 7*
(O(»*)) operations overall.

In 1983, Featherstone [1] presented an efficient for-
mulation of existing O(z) methods (those of Vereshe-
gin [2] and Armstrong [3]), called the articulated body
algorithm (ABA). Based on Walker and Orin’s efficient
O(n®) forward solutions [4], which were in turn derived
from recursive O(n) solutions of the inverse problem
[5,6], the ABA achieved linear cost versus complexity
(O(n)) for the forward problem through the exploitation
of additional recursive relationships.

Since the ABA’s introduction, myriad O(7) meth-
ods that extend the applicability and flexibility of the
recursive formulation have followed. Most notably are
the extensions involving various classes of flexible bod-
ies [7-9], integration with optimal filtering and control
[10,11], design sensitivity [12,13], and parallel com-
puting [14-17]. Suffice it to say that improvements to
the underlying recursive O(n) formulation benefit all
of these areas.

The first recursive O(n) algorithms could be applied
only to tree-type multibody systems but were quickly
extended by Featherstone [18] and Bae and Haug [19]
to include those with kinematic (closed) loops. However,
these and most other subsequent closed loop solutions
require the formation and inversion of an 7 x m con-
straint matrix, involving O(nm°) and O(m”) operations,
respectively (where m is the number of independent
algebraic constraints). Because of the cubic nature of
the constraint solution, these “order 7” algorithms can
be outperformed by efficient traditional O(»*) methods
for modest to heavily constrained systems.

As an alternative to existing O(#) closed-loop meth-
ods, Valasek [20] outlined two methods for the treat-
ment of multibody loop systems, in which the effects of
dependent loop coordinates could be obtained in terms
of the independent loop coordinates in a number of
computations linear in the number of dependent co-
ordinates. In an independent development, Anderson
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[21] formulated similar, though more general, equa-
tions based on his O(n) algorithm, which implements
Kane’s method [22]. Anderson espoused the potential
benefits of such a method, which, apart from offering the
improved computational complexity cited by Valasek,
also included superior constraint stability relative to the
traditional “O(7)” constraint formulation.

More recently, the authors [23] have extended the
formulation, now referred to as recursive coordinate reduc-
tion (RCR), to include a broad array of heavily coupled
multiloop systems. This work directly demonstrates
the predicted results of Anderson [21] and details the
limitations of the formulation.

This article presents modifications to the RCR for
the limiting cases of Anderson and Critchley [23],
which pertain to arbitrary selection of dependent
coordinates and coupled loops with different /oop base
bodies. Surpassing these limitations results in a gen-
eralized recursive coordinate reduction method capable of
accommodating arbitrary multibody systems. Indeed,
this approach is now being applied by the authors to
model systems with such different applications (as well
as spatial and temporal scales) as automotive drive-
lines and suspensions, microelectromechanical systems
(MEMS) and aspects of their manufacturing/assembly
processes, and detailed modeling of the dynamic behav-
ior and material characteristics of nanostructures and
molecular systems.

2. PRELIMINARIES

In this section, specialized multibody notations are in-
troduced and used to illustrate the recursive relationships
and procedures fundamental to the O(#) algorithms,
which will aid in the subsequent developments.

2.1. Spatial Tensor Notation

A spatial tensor notation has been adopted to greatly
simplify the form of the equations used to describe
properties of multibody systems. Spatial tensors are
linear algebraically augmented three-dimensional ten-
sors (vectors and dyadics) used to combine translational
and rotational information into a common uppercase
script symbol. For example, a spatial velocity tensor 1
and a spatial inertia tensor Z may be given as

Volume 1, Number 2&3, 2003

185

0'e’ 0
NVB=|:| 0
Vg2l
0 0
EB"B/B* E EEIB/B* O[}E
B _ _
z 0O 0 " od = =[
B B EOU mBUH

where the left superscript Vis the frame of reference, B

is the body name with B* denoting the center of mass,
B =BIBY
I is the central inertia dyadic, mp is the body’s
mass,and U is a unity dyadic.
Thus, a spatial momentum could be defined as the dot
product of spatial inertia with spatial velocity

[k ZBIB” 0
TEOVVE = O O’ O
D —B" |:|

not to be confused with the tensor multiplication Z2NV5,
which would instead produce two third-order tensors.

Note that the transpose of a spatial quantity implies
an interchange of basis vectors (an interchange of indices
on dyadic quantities).

2.2. Body Sets
A general multibody tree system, such as that shown in
Figure 1, allows a number of useful body sets to be defined.

We note that each body 4 in the system:

* has a single parent body plk], except the base body,
which has the inertial reference V as its parent

* has a set of child bodies ch[ k], which may be empty

* is said to be a terminal body if ch[£] is empty

* has an ancestral body set An[k], which contains the
body’s parent p[£], that body’s parent p[p[#]], and

subsequent parent bodies back to and including the
base body
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FIGURE 1. System schematic of an arbitrary tree system.

* has a descendant body set denoted Des[£], which con-
tains the body’s children cA[£], the children’s children
chlch[#]],and subsequent child bodies out to and in-
cluding terminal bodies

2.3. Recursive Kinematics

Many recursive definitions in the kinematics of mul-
tibody systems are trivial, occurring naturally through
the use of relative coordinates. However, before these
relationships are expressed in the spatial notation of
Section 1, the velocities and accelerations are decom-
posed into portions, which are explicit in the coordinate
velocities, their derivatives, and all remaining terms.
Furthermore, observing linear transformations from
coordinate velocities ¢ and accelerations ¢ to generalized
speeds u and their derivatives#, (as is commonly done
with Kane’s Method [24]) allows increased efficiency
[25] without loss of generality.

The velocity and acceleration decompositions are
given by

Fk = F]’y +FVt/< (1)
FA/& :F:Zt,e + FAt/z, (2)

where 7'V# and £4% are the portions of the velocity and
acceleration that are not explicit in the generalized

CRITCHLEY & ANDERSON

speeds « and their derivatives 7, respectively. The £ V*
and £A* have the following recursive definitions

F)’}k :(Sk)T ﬂ ]’>p[1c] +7);”k

C=(SHT AN+ 4)

where u; is the coordinate generalized speed, P is the
spatial partial velocity vector,and S %is the spatial shift dy-
adic, which represents the position vector cross-product
coupling of linear and angular relationships.

An arbitrary spatial partial velocity P* can be con-
structed as:

Nk NPT rOB Anlk]
Pt a( vy _H'S )
%) else
where
Uu r=*%
rGt =l gl geteloplplddh-l ol gk o An[ k]
%) else (6)
And U is the spatial unity
5 a
U= " g
-0 =0
7 YH

We note that the quantities VA% ¥A4 Pf, and S*
for all bodies % can be formed in O(n) operations for a
given system state.

2.4. Recursive Dynamics
The spatial form of the equations of motion for a

multibody tree system containing only single degree of
freedom joints is given by Kane’s Method [24] as
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(R Uzt 0A - F) =0

=1

(7)

where F* contains all forces and moments on body £ ap-
plied about the center of mass as well as the inertial force
contributions known in terms of the system state.

The equation of motion (7) readily reduces to (8)
by observing the partial velocity decomposition given

in (5).

GO Stazt A A - F =0 ®)
KDes[ 711 »

One may now make the assumption that the form of
the £th equation of motion can be expressed as

(P Mz A -FY =0 9)

Thus, trivial boundary data is extracted from the
equations of motion associated with terminal bodies #

(10)

Substituting the recursive form for NA* of (4) into
(10) gives

A 0z sH A + Pl -F =0 (11)

And solving for u, yields

= ~-MOYEH @ usH VAN -7 (12)
with
M =y T P (13)

Now performing similar operations on the equation
of motion associated with the parent body’s degree of

Volume 1, Number 2&3, 2003

187

freedom, and substituting the previous solution (12)
follows as

0=(RIN L > M@ A )]
]eDex[]ﬁ[ﬁ]]UP[k] (14)
= (P [ A - ety
?
N Z A0Sz VAT - F))] (15)
JODes| p[£]]
= (P mz M A" - F)
+ sz’ oA -F) (16)

JEen pl4]]

= (P I A" - )

+ S s sy A +pay-F)

JOATALAT] (17)
= (P T YA - F )
+ 5 ST sy oAt -p My Py
J0ch] p[£]]
0z’ ns))yr A -y -7

(18)
=y gz ora™ - 7 (19)

and the recursive intermediate quantities are obtained
through grouping of terms as

plA]

A P N Sl vl S (20)
JOeAl plA]]

FU=py v 7/ F (21)
Ceil pl4]]

T =8 -7 B™)YF)E @

'The O(n) solution then involves calculating the recur-
sive intermediate quantities (20) and (21) inward from
the terminal bodies, effectively lower triangularizing
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the system mass matrix. Then forward substituting for

the solution using equations (12) and (4) noting that
NAN = 0.

3. RECURSIVE COORDINATE REDUCTION

'The traditional “O(n)” constraint technique (which actu-
ally performs as O(7 + nm” + m®) where m is the number
of independent algebraic constraint relations [23]) cuts
joints to produce tree topologies from general multibody
configurations containing kinematic loops. By contrast,
the method of recursive coordinate reduction generates
an associated tree topology through the introduction of
phantom bodies, which are massless copies of the logp base
body (the first body outboard of the inertial reference
that branches to form the loop). This construction is
demonstrated in Figure 2 as well as a local loop num-
bering scheme.

3.1. Kinematics
“Open loop” systems resulting from the addition of a

phantom body to a previously “closed loop” are subject
to the velocity and acceleration constraints

0y = (23)

Loop i

Phantom copy of 0,

CRITCHLEY & ANDERSON

Oi A7 = 0 (24)
The velocity constraint may be decomposed exactly
as with the unconstrained system, resulting in

O:Oivn, :019”' +0,]}tnl (25)

0=(S")" BV + P, 421" (26)

u,,; is always a valid choice for a dependent coordinate,
and therefore it can be solved for as

u, ==Q" (BT (S™)T BV 4417 27)
with
Q" =[(R) BT (28)

Equation (27) can be substituted back into (26) to
obtain the ;-1 form of the velocity constraint

0=R" IS BV 40 1] (29)

Dependent
Coordinates

FIGURE 2. Opening a closed loop using a phantom body
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where
R =U-PQ"(P")" (30)

Making an appropriate selection for the recursive
form of the 4" equation and solving follows as

O - R/z,.ﬂ [D(lzt Snl )T ﬂi}k +O,1}tn1] (31)
- Rk’ﬂ [E(k, Sn, )T [P;’Z/lk_ +(k,—l Sn’ )T
m)l]’}k,—l _'_0Y ]}tn,] (32)
And therefore the general solution
u, =-Q" (P 18" IR
[E(ki_lsn’ )T ﬂ’i)ki_l +0 ]}tni] (33)
is obtained with
Q' (B BS" R 'S BT (34)

(under the assumption that the last 7; consecutive
coordinates constitute a valid selection of dependent
coordinates—e.g., the first p; coordinates form a valid
set of independent coordinates).

Satisfying the £;—15t equation

0= Rk,.+1 [E(/zl S™ )T ﬁn’}k +0,1)tn1] (35)
reveals the recursive relationship
R/zi = Réﬂ [Elu _( @Sni )T
QNP DS R (36)
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~ For the dependent bodies, we note that in the usual
V decomposition of (37) it is valid to substitute (33),
resulting in (38)

OV = (S BVE + B, (37)
=W OV +xt O (38)

with
Wh =(ki—18k‘- )T + Xk m&i—lsni )T (39)
Xt = =Pt (BH) IS R (40)

The relationship (38) can then be used to write ad-
ditional recursive relations expressing the dependent
velocities in terms of the last independent coordinate
in the loop p;

0Pt =Yk AP + 24 Y (41)

Ye=wh ! (42)

Zh =Xt + Wt (43)
with the trivial boundary data

vt =y and Zt =0 (44)

This same procedure can be followed with the de-
pendent accelerations resulting in

Ak =Y BAT + 25 A (45)
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3.2. Dynamics

The constrained form of the equation of motion is

given by

0= z P Tt Y A* - F4) (46)

where P are the constrained non-holonomic spatial
partial velocities (which explicitly account for the con-
straint through direct embedding of constraints into the
equations of motion).

Here we note the additional kinematic definitions

N:Zl/e, - (0,,5@ )T @/20, +012k, (47)

NPE =08 BV +0 (48)

Substituting the acceleration relationship (47) into
(46) and restricting our attention to the local loop we
obtain

0= (P Uz* 'S’

A% +T5 B A% - F*) (49)

The constrained partial velocities are the partial
derivatives of the velocities written in terms of the
independent coordinates as in (41). These partial de-
rivatives are

k Uind, and £ ind,

k. Odep, and £] ind,
r Odep, (50)

where ind; and dep; are the sets of independent and
dependent coordinatees (respectively) on local loop i.

CRITCHLEY & ANDERSON

Substitution of (50) into (49) results in
’_1 ~ ~
0= p; (Pf )’1‘ mI/z, mo,sk,)'r A% + T @A&’ _]_-k,)
+(P2 )’ Di 8T [Tk 0 ST A% + 74 Iﬂ;\l’? -Fh)
k=P

(51)

Ar/l\d 0":2{/6" for the dependent bodies is given in terms
of %A% by equation (45), which allows us to rewrite
(51) as

2i _ R _ N _
0= (R RI DA 4070 OA -F4) (52)

with

» E[z-ki mo,sk )T 'éi ¢ Pl-

= EZZ":P’ (yf, )T |If; mOiSji )T ki = Pi (53)
o k% p,

- EZZ’::P,» (Y’ oy k= p; 54
e ke
" Ezj;p V) QF - B DA & =p,

(55)

'The coordinate reduced equation of motion (52) may
then be solved recursively in exactly the same fashion
as the unconstrained equations of Section 4. That is,
substitution of (5) into the ;! equation of motion (52)
results in

2i

\7 . - ~ -
O: 7)], (j18k, mz—/e,;o, E’TJAO, +0’Ik’
(7] 2 (56)
oAk - F4))
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And again, the recursive assumption is that the jth
equation is of the form

0=(P/) 2" A" +°7 B A% -F")  (57)

and trivial boundary data is obtained for the last inde-
pendent coordinate in the loop p;

P =geo Ok =0T Fh =Fh (58)

The recursive form of “A” from (4) is then sub-
stituted into (57), and the unknown ;, is solved for in
terms of the dynamics of the parent body.

i = <) (PO (T YA 407

msjf )T @2?[/‘,1 _j}ﬂ) (59)

In the equation of motion associated with the parent
of the j body (e.g., [56] with j; replaced by j; — 1), the
first term can be extracted from the sum and the remain-
ing sum replaced through appropriate substitution of
the recursive quantities in (57). Further substituting the
solution of #; and grouping terms reveals the solution
for the recursive relationships

T = T e [T (60)
0757 0 i (8T S )T 61)
Fit=Fit T F (62)
T/ =8 U ="T" P (MR (63)
Mo =P/ 817 P/ (64)
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At the loop base body we note that %A% =0, thereby
dropping the additional term and following the defini-
tions for unconstrained tree systems (20-22). An ad-
ditional recursive triangularization of equations (not
shown) is also required and trivially obtained when
observing that the partial derivatives of (50) change
form on the loop base body.

'The most constraining limitation of this, the RCR for-
mulation, is the assumption that the last 7; coordinates of
an opened loop constitute a valid selection of dependent
coordinates. For this reason, solutions for many looped
multibody systems cannot be modeled by the presented
form of the RCR, and many more have the possibility of
entering singular configurations and/or areas of numeri-
cal ill conditioning during simulation. Two methods for
avoiding singularities by altering the dependent coordi-
nate selection within the framework of the RCR will be
described and evaluated in the following sections.

4. ARBITRARY SELECTION OF DEPENDENT
COORDINATES

The first method of avoiding singularities associated
with the RCR involves the specification of arbitrary
dependent coordinates directly in the formulation of the
RCR algorithm. In other words, independent general-
ized coordinates will be included between the dependent
coordinates. We also note that the last coordinate in the
loop can and will always be chosen as dependent. This is
because not doing so would require the phantom body
to have mass properties, which, although trivial, adds
needless additional complexity to the formulation (e.g.,
some steps can be skipped by noting that the spatial
inertia associated with body 7, is always zero). Figure 3
illustrates a possible selection of dependent coordinates
as well as additional numbering information that will
be required by the new formulation.

The kinematic solution (36), which solves for the
behavior of a coordinate in a loop, involves the inversion
of an independent constraint relationship. Because there
are exactly ; independent constraint equations associ-
ated with loop 4, this inversion is not admissible for the
independent coordinates f; through /; (where f; and /; are
the joint coordinates associated with bodies F; and L;
of Fig. 3). Instead, contributions from these coordinates
appear directly in the kinematics formulation as
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First Independent
Outboard of P,
Fi
Dependent
Coordinates
Ni
e
7
Last Independent 7/
Outboard of P, L,
N -1

Phantom copy of 0,

FIGURE 3. Body numbering in the
selection of arbitrary dependent

coordinates.

0=R“T (S BV + 0"
+ Y US) Pl

j0iDes[ %]

(65)

where iDes is the set of independent descendants on the
local loop (e.g., iDes[%;] = Des[4;] M ind;) and

W _ (k;Sn, )T mﬁgk‘ (,P/f )T D
P51 o m/e.ﬂ S ,é,. DdEPi
] (66)

4 % Oind,

Hence, the solution for the dependent generalized
accelerations can be obtained by the acceleration form

of (65) and are given by

in = Q" (By))" 8" IR

PS8 ) AP +% A" + (/8" P/ 4,1 (67)

J0iDes| D; ]

We now note that the velocities of the bodies associ-
ated with the dependent coordinates D; are given by

CRITCHLEY & ANDERSON

P+l P,
P

-1

Loop i

Loop Base Body 0,

0P = (2T (D2 + PPy, (68)
= WP DD+ X0 )"+ XD
0Oy (8" P (69)

j0iDes| D; ]

where WPi and A7 are given exactly as in (39-40).
And the independent coordinates I; can be cast in a
similar form,

OV =(SM) VT + By, (70)

=WH OV 4 X D + B, (71)

with W/ = (§7)T and X% = 0.
Combining these two relationships for a general body
k; on the loop and outboard of p; (e.g., 4; € Des[p;])

results in
0,9@ = Wh ﬂ,i}/@,—l +x% B th, +gk; m:iui (72)
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where

%) 0u 0 - o8 % Oind,
gk an, (spatial)
=
% (0.0 (PA1S»yT . (h8™)"T & Odep,
H I? Hlxn, (spatial) P
(73)
K, = diag %Pf/f" )(73/ )B, o (74)
i = %lf’ ul' a‘,xl(scalar) (75)
HS@ )" k Qind,
Wi =1 (76)
gski )T + in m/c,—lsn, )T él- Ddepi
& Uind,
Xt EO (77)

TERIQH R BSR4 Ddg,

with ich[£;] = ch[%;] M ind; and nyequal to the number of
independent coordinates outboard of p; (e.g., the number
of independents in f; through 7).

Once again the velocities may be written in terms of
p; and the known portion of 7;, but with an additional
contribution from all of the independent variables lying
between them (u;).

OPE =Yk P2+ 28 BV +HE K, (78)
where

YE=wt (79)

Zh = X8 +wWh BV (80)

Hk, - gkz + Wk, mk,—l (81)
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'The constrained equations of motion associated with
the last independent coordinates f; through /; of the local
loop are given by

0= z (PHT ! TV A" - FH) (82)
k=p;+1
or
0= 5 (P (T TS
k=p+1
A" + T A - FF) (83)
It should be clear that
Pt =H'TP’ (84)

where H? is the element of H* corresponding to the
contribution of the 7™ generalized speed. Using this
relationship, Eq. (83) becomes

0 =(73rr)T Dnz (Hrk)T [Gz-ie mO,Sk)T

k=p; +1

DAY + TP DAL + T4 2

A, " + T TH K, - F*) (85)
and grouping terms results in
0 :(Rr)T Dz (Hr/c)T mz'vk,;Q ﬂ/zo,
k=p;+1
+OTH AN +HE Ku, - FF) (86)
with
I =7 [ sY (87)
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O,fk = Ik Q}k (88)
Fr=F'-T'B*BA" (89)
Ht =T* [H* (90)

which can also be written as
0=(BH) WZ*" A" +°T* A"

+HY K, - F*) (91)

where for independent coordinates f; through /;

7= z (K" 7™ (92)
J=pitl

"Th= Y (M) T (93)
J=pitl

Fr='S (B OF (94)

R
He=y () (95)

JEpitl

And the solutions for the independent generalized
accelerations must satisfy the set of linear scalar equa-
tions

Mtu, = ~APL)" @ BA° 43

A% - F*) (96)

with
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M =R Y K, (97)

which may be written in matrix form as
Murw, = K W DA% +T0 BA" ~Fo)  (98)

’\0, opi o~ .
where the Zm,Zym,and Fp are appropriate column
/\Ox;)éx ~ ~,
matrices with elementsZ ~, %Z% and F¥%, respec-
tively,and My is the square matrix constructed from

the M* for k; from f; to /.

The solution

w, = (M) K7 W DA% +T%

A% - F ) (99)

is then obtained for the outermost independent general-
ized accelerations u;.

For the remaining independent coordinates on the
loop (%; < p;), the associated quantities and equations of
motion are almost those of Section 3, differing only in
the definitions of the terms associated with the virtual
terminal body p;, which are instead

S 0 o

k=g

K, (M) K Lo

T = 20 _

(100)

O;jp, =07t — nz Q;/e)T m:{k
k=p;+1

OC. (M) KT T (101)

Fr=Fr-y O ot
k=p;+1

O (M) KT OF (102)

And the recursion proceeds exactly as before.
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FIGURE 4. Arbitrary singular loop.

5. GENERAL COUPLED LOOPS

A second method of avoiding singularities in the RCR
formulation involves altering the topology of the multi-
body system so that valid dependent degrees of free-
dom are adjacent and at the end of all open loops. The
topology adjustment involves the addition of fictitious
(although completely valid) joints to the system and
relies on the ability to handle systems of coupled loops
that do not share a common base body.

An arbitrary closed loop with an invalid set of ter-
minal joints is illustrated in Figure 4. A trivial solution
to this problem, which may be valid in many cases, is to
simply “work the loop in the opposite direction.” Thus
in the presence of singular coordinate selection at “both
ends,”adjusted loops such as that shown in Figure 5 can
be used to avoid the singularity.

'The computation of two coupled loops 7 and 7 with
different base bodies 0, and 0; requires two different rep-
resentations of the spatial acceleration relative to inertial
frame for bodies along the intersection of both loops.

N:Zlk :(O,Sk)T ET]:ZlO’ +01:Zlk (103)

VAR =S A%+ A (104)
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Loop i

New Joint

FIGURE 5. Nonsingular representation of the loop of Fig. 4.

Noting the relationships

VA =8 VA% 40 A% (105)

CA= (VST AN + YA (106)

substitution and simplification of either results in

NAR=(CSHT A" (VST A% +V AR (107)

Using relationship (107) to handle coupled loops
within the RCR is simply a matter of bookkeeping. The
local kinematics remain unchanged, and the dynamics of
the branching body & from which the two open chains
extend are given by

Z (PH Uzt ¥ A - FH =0 (108)
ADes| 60 &

If the branching body’s associated generalized coor-
dinate is an independent coordinate (which it is not in
coupled loops resulting from topology “adjustments”for
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the purposes of avoiding a singular coordinate selection),
the equation of motion is

(,P;)T EGI/; @72/7 —fb)

+ Y (B QYA -F4) =0

KDes[ 4]

(109)

Substituting from the recursive equation of motion
(57) associated with each of the first bodies (f; and f))
in the two branching “opened”loops, and again assum-
ing that both bodies have associated independent co-
ordinates (which one is not in the case of the topology
“adjustment”), one obtains

Oz(,P;)T [GI}’ mv;ib _]_—/7) +(7);)T Bﬁ
QZ70 A% +°27 BAS - FF)y+(B) 87

AEoN AN+ T AN -Fr) (110)

Plugging in the usual recursive relationships (4) for
% A/ and %A’ aswell as the form of the solutions for iy,
and L'tﬁ given in (59), results in an equation explicit only
in contributions from quantities associated with bodies
0;, Oj,Aand Za.AHowAever the fgur spatial inertia coeflicients
of NAY NAY 0iA% and YA’ cannot be used directly to
form recursive spatial inertias Z. Instead the coefficients
are combined and distributed as indicated by equations

(105) and (106) to produce three coefficients of the spa-
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tial accelerations VA% %A% and %A%, And Using (107)
to decompose NA? one may write

50, [fv:floi 4 0750, @,20,

0
_ oN\T
R 1 O

(111)

The three-term representation of (111) only ap-
plies on the bodies which are common to both loops.
As on the base body of the inner loop (in this case j)
%A% = 9%AY% = 0, and the reduction “back” to two terms
is automatic.

In the case of dependent coordinates being present
at the intersection of the two loops, relationship (45)
allows the three terms to be constructed at the first
independent coordinate inboard of 4. And solutions
involving dependent f; are similarly solved.

6. DISCUSSION AND RESULTS

One of the simplest multibody configurations for which
the RCR formulation of Section 3 will break down is the
planar five-bar linkage represented in Figure 6. In this
system, the action of coordinates ¢1, ¢2, and ¢3 are that
of revolute joints, and ¢4 and ¢s represent the motion
of telescoping prismatic joints. It should be clear that
when restricted to a forward sweep of the five-bar, the
RCR will break down as a result of the invalid selection
of dependent coordinates (3-5).

g — %

ds
FIGURE 6. Planar five-bar

mechanism.
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1.4 T T T T T T T T T
O AUTOLEV q1 (radians)
* AUTOLEV g4 (meters)

— ACS q1 and g4

12k GCL g1 and g4

value

FIGURE 7. Five-bar simulation

results.

0.5
time (seconds)

0.2 0.3 0.4 0.6

'The arbitrary coordinate selection (ACS) method of
Section 4 does, however, exhibit the expected solution
(as obtained with AUTOLEV) as demonstrated by the
independent coordinate trajectories shown in Figure

Y
L4z Phantom
Y Z Ground

777

% \
q, Body 3
9,
(a)

Body

0.7

L, =
=

0.8

0.9 1

7.In this example, coordinates g3, ¢3, and ¢s are used
as the dependent coordinates, all bars are thin rods of
unit length (meters) and mass (kilograms), and the
linkage is released from rest in the vertical plane with

_q4

Phantom
Body 3

Y%

Phantom
Ground
Body

%

soe |
Vi .
Js a, gl
a
9,
(b)
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FIGURE 8. Available five-bar

tree topologies.
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the initial conditions ¢, =%, ¢, =%, ¢; = -3, ¢, =0,
g5 =0).

The general coupled loop (GCL) solution of Section
5 for the same five-bar mechanism is also shown in
Figure 7 (the motions are identical). In the case of this
simple mechanism, the two multibody tree topologies of
Figure 8 are possible to avoid the singularity. It should
be noted that the system of Figure 8b is actually an
existing solution of a type demonstrated in Anderson
and Critchley [23] (e.g., coupled loops with the same
base body), the form of which is only available for planar
and some special spatial loops. For this reason only the
solution indicated by Figure 8a corresponding to the
general coupled loop procedure is given in Figure 7.

Although each of the two methods discussed in Sec-
tions 4 and 5 obtain the same result, the computational
order of the algorithms is very different. The complexity
of the arbitrary coordinate selection method is a cubic
function of the number of independent coordinates
ny located in between the dependent ones (p; + 1 and
n;), owing to the inversion of My . In this respect, 77
is bounded only by the total number of independent
coordinates participating in a given loop (7; — m; — 1)
and should therefore be treated as a loop local O(n;)
operation. This worst case behavior can best be observed
in the case of spatial loops with large planar portions
adjacent to the loop base body.

'The additional complexity of the coupled loop solu-
tion, if applied intelligently, never exceeds O(72,). The low
order resulting from the addition of multiple loops that
may be required to avoid several singularities is obtained
because the newly formed loops need never be coupled
to each other. Hence, the worst case behavior is an ;
coordinate growth in the description of the loop, which
is solved in linear time O(n + 2m;) or simply O(n + m).

The coupled loop solution also represents the last
piece of a generalized recursive coordinate reduction
(GRCR) method which yields O(n + m) performance
for arbitrary multibody system configurations. As such,
the GRCR should be used to replace the traditional
“order n” constraint formulation in any application
save those where the constraint forces are both explic-
itly required and few in number. That is, the constraint
forces can be extracted from the GRCR in the usual
way, which zay be less efficient only in the case of very
lightly constrained systems.

It should be noted that in the presence of heavy local
loop coupling, such as one would find in a multibody
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lattice (or mesh), the local coupling will produce 7,
spatial inertia terms on each body in a local loop. The
computational complexity of such methods in general
is unclear, because optimal tree representations of such
systems are required. In some cases the results can still
be obtained in O(n + m), in others O(n + nym) is more
appropriate, while O(log,, 7) may be an appropriate
upper bound. The application of RCR methods to such
systems is a topic of current and future research.

The GRCR presented in this paper can also be ex-
ploited to obtain a parallel computation algorithm with
logarithmic time complexity (O(log; 7)). This forthcoming
work promises a theoretical minimum order of computa-
tions (O(7)) on the theoretical minimum order of proces-
sors (O(n)) as well as increased flexibility and accuracy as
a result of the form of the constraint treatment.

7. CONCLUSIONS

The recursive coordinate reduction method which has
previously been shown to offer true O(7 + ) performance
for alarge class of multibody systems has been expanded
to accommodate the complete set of multibody systems.
"Two methods have been derived to cope with singularities
in the original formulation resulting from the fixed selec-
tion of dependent coordinates. The arbitrary coordinate
selection method requiring the inverse of a 72; x 7; matrix
is locally cubic, O(77%), and is superior to the traditional
O(n) closed-loop solution if the system loops are small
or the coordinates need only be altered slightly.

'The other solution involving the creation of a coupled
loop representation of the singular loop offers O(n + m)
complexity. The fully recursive general coupled loop so-
lution presented also completes a generalized recursive
coordinate reduction method that can be applied to
arbitrary multibody systems resulting in O(n + m) per-
formance for all but the most heavily coupled multibody
latices. As such, this method should be used in place
of the traditional O(7) constraint method for superior
computational performance.
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